Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


/ 


\ 


\ 


I 


TREATISE 


O   K 


MENSURATION, 


BOTH       IN 


THEORY  AND   PRACTICE. 


^■■■■■iM«"MP«l» 


I 


THE  SECOND  EDITION,  WITH  MAN*  ADDITIONS. 


By  CHARLES  HUTTON,  LL.D.  F.R.  S.  &c.  &c. 

PROFESSOR    OF   MATHEMATICS    IN    THE    ROTAL  MILITARY 

ACADEMY. 


London: 

PRINTED  FOR  G*  G.  J.  AND  J.  ROBINSpN,  AKD  R.  BACI>WIK| 

PATERNOSTER-ROW 3    AND  G.  AND  T«  WILKIS9 

ST.  PAUj:.'s  CHURCH-YARD« 


MPCCIiXJCXyXXIt 

h  %  8'. 


1 


1 786 


si-nsix 


TO 

THE   MOST  NOBLE  AND   PUISSANT  PRINCE, 

H       U       G       H, 

DUKE  AND  EARL  OF  NORTHUMBERLAND, 


MY   LORB, 

IF  the  high  honour  this  Work  formerly  re- 
ceived in  the  countenance  of  Your  Grace's 
illuftrious  Father,  had  not  particularly  encouraged 
the  Author's  prefumption,  in  thus  feeking  the 
proteSion  of  his  noble  Reprefentative,  he  is  con- 
vinced that  he  could  not  eafily  }iave  found  among 
the  great  and  elevated,  a  chara^^er  under  whofe 
A  2  aurpice»  . 


aufpices  he  fhould  more  earneftly  have  wiflied  to 
prefent  it  to  the  world  in  this  its  improved  date. 

The  great  progrefs  of  all  the  ufeful  arts  and 
fcLences  in  this  country,  iince  the  happy  sera  of 
the  acceflion  of  our  auguft  Sovereign,  muft  be 
afcribed,  next  to  his  benign  and  munificent  influ- 
ence, to  that  eminent  countenaiice  which  fome  of 
the  greateft  charaSers  have  fhewn,  by  their  per- 
fonal  example  in  the  cultivation  of  them,  not 
lefs  than  by  their  patronage  and  protection, 

w 

To  the  hereditary  fame  of  Your  Moft  Noble 
Progenitors,  Your  Grace's  perfonal  bravery  and 
military  talents  have  added  great  and  diftinguifhed 
luftre.  The  public  confidence  and  efteem  which 
neceffarily  follow  fuch  accomplifliments,  ftamp  a 
value  on  every  thing,  however  inconfiderable, 
which  is  honoured  with  Your  Grace's  patronage: 
And  the  accurate  judgment  which  Your  Grace  is 
known  to  poflefs  on  all  fubjedts  of  extenfive. 
practical  utility,  makes  it  the  wiftf  of  fuch  as 
cultivate  them,  ardently  to  feek  Your.  Grace's 
proteftion. 

With  thefe  impreflSons,  I  prefume  to  lay  the 
following  performance  at  Your  Grace's  feet  j  and 
am,  with  the  profoundeft  refpeCl^ 

My  Lord, 

Your  Grace's 

moft  obedient,  and 

moft  devoted  humble  fervant, 

CHARLES    HUTTON* 


*— *■*— ■^i"i— — i^^^w^  I     '■  '  ■  ■   ■  ■■■■■■  I       I     ■ 


PREFACE. 


BY  Menfunidon  I  underHand  the  art  and  icience  which  ia  con- 
cerned about  the  meafure  of  exteafion,  or  the  magnitude 
of  figures  ;  and  it  is,  next  to  anthmetic^  a  fubje^  of  the  great- 
eUt  ufe  and  importance,  both  in  affairs  that  are  abfolutely  ne- 
ceBsLry  in  human  life,  and  in  every  branch  of  the  mathematics : 
a  fubje£t  by  which  iciences  are  eflabliihed,  and  commerce  is  con- 
du6led;  by  whofe  sud  we  manage  our  bufinefs,  and  inform 
ourfelves  of  the  wonderful  operations  of  nature ;  by  which  we 
meafure  the  heavens  and  the  earth,  eflimate  the  capacities  of 
all  velTels,  and  bulks  of  all  bodies :  gauge  our  liquors,  build 
edifices,  meafure  our  lands  and  the  works  of  artificers,  buy  and 
fell  an  infinite  variety  of  things  neceilary  in  life,  and  are  f up- 
plied  with  the  means  of  making  the  calculations  which  are  ne- 
cellary  for  the  conilrudion  of  almoft  all  machines. 

It  is  evident  that  the  dofe  .conneddon  of  this  fubjed  with  the 
ordinary  affairs  of  life,  would  very  early  evince  its  importance 
CO  mankind  ;  and  accordingly  we  find,  that  the  moff  celebrated 
philoibphers  have  paid  the  greateil  attention  to  it ;  and  the  chief 
and  moiL  eijential  difcoveries  in  geometry  in  all  ages,  have  been 
made  in  confequence  of  their  attempts  to  improve  this  fcience* 
Socrates  thought  that  the  prime  ufe  ofgeometry  was  to  meafur« 
the  ground,  and  indeed  this  bufinefs  gave  name  to  the  fubje6t; 
and  moff  of  the  ancients  feem  to  have  had  no  other  end  befides 
menfuration  in  view,  in  all  their  laboured  geometrical  difquifi- 
tions.  £uclid's  Elements  are  almoft  entirely  devoted  to  it ;  and 
jd though  there  be  contained  in  them  many  properties  of  geo- 
metrical figures  which  may  be  applied  to  other  purpofes,  and 
indeed  of  which  the  modems  have  made  the  greateft  ufe  in 
moff  other  fciences ;  yet  £uclid  himfelf  feems  to  have  adapted 
them  entirely  to  this  purpofe.  For,  if  it  be  confidered  that  hia 
Elements  contsun  a  continued  chain  of  reaibmng,  and  of  truths, 
of  which  the  former  are  fucpeffively  a^iplied  to  the  difcovery  of 
the  latter,  one  propofition  depending  on  another,  and  the  fuc* 
feeding  propofitions  ffill  approximating  towards  fome  particular 
obje£^  near  the  end  of  each  book ;  and  .when  at  the  laff  we  find 
that  object  to  be  the  equality,  proportion,  or  relation  betweea 
^e  magmtudes  of  figures^  both  plane  and  folid  j  it  is  fcarcely 
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poffible  to  avoid  allowing  this  to  have  been  Euclid V  grand  ob- 
je^«  And  acq>rdingly  he  determined  the  chief  properties  in  die 
itienfuration  of  rectilineal  plane  and  folid  figures ;  and  (quared 
all  fuch  planes^  and  cubed  all  fuch  folids.  The  only  curve 
figures  which  he  attempted,  are  the  circle  and  fphere ;  and  when 
be  could  not  accurately  determine  their  meafures,  he  gave  an 
excellent  method  of  approximating  to  ttl&m,  by  ihewing  how 
in  a  circle  to  infcribe  a  regular  polygon,  which  fiiould  not 
touch  another  cifclc,  concentric  with  the  former,  although  their 
circumferences  ihould  be  ever  {o  near  together;  and,  in  like 
manner,  between  any  two  concentric  fpheres  to  defcribe  a  poly- 
hedron, which  fiiould  not  any-where  touch  the  inner  ofi^ :  and 
approximations  to  their  meafures  are  all  that  have  hitherto 
'been  given.  But  although  he  could  not  fquare  the  circle,'  nor 
cube  the  fphere,  he  determined  the  proportion  of  one  circle 
to  another,  and  of  one  fphere  to  another,  as  well  as  the  pro* 
portions  of  all  redilineal  fimilar  figures  to  one  another. 

Archimedes  took  up  menfu  ration  where  Euclid  left  it,  and 
carried  it  a  great  length.  He  was  the  firft  who  fquared  a  cur- 
vilineal  fpace ;  unlefs  Hypocrates  muft  be  excepted  on  account 
of  his  lunes.  In  his  time  the  conic  fe6tiolis  were  admitted  into 
geometry,  and  he  applied  himfelf  dofely  to  the  meafuring  of 
them,  as  well  as  other  figures.  Accordingly  he  determined 
the  relations  of  fpheres,  ipheroids,  and  conoids^  to  cylinders 
and  cones  ;  and  the  relations  of  parabolas  to  redtilineal  planes 
whofe  quadratures  had  long  before  been  determined  by  Euclid* . 
He  hath  left  us  'alfo  his  attempts  upon  the  circle :  he  proved 
that  a  circle  is  equal  to  a  right-angled  triangle,  whofe  bafe  is 
equal  to  the  circumference,  and  its  altitude  equal  to  the  radius ; 
and  confequently,  that  its  area  is  equal  to  the  re^angle  of  the 
radius,  and  half  the  circumference;  and  fo  reduced  the  qua- 
drature of  the  circle  to  the  determination  of  the  ratio  of  the  dia- 
meter to  the  circumference ;  but  which,  however,  hath  not  yet ' 
been  done.  Being  difappointed  of  the  exa^  quadrature  of  the 
circle,  for  want  of  the  re(ftification  of  its  circumference,  which 
all  his  methods  would  not  ctk€t,  he  proceeded  to  afiign  an  ufe* 
ful  approximarion  to  it ;  this  he  effected  by  the  numeral  calcu- 
lation of  the  perimeters  of  the  inicribed  and  circumlcribed  poly- 
gons ;  from  which  calculation  it  appears,  that  the  perimeter  of 
the  circumfcribed  regular  polygon  of  192  fides,  is  to  the  dia- 
meter, in  a  lefs  ratio  than  that  of  3f  (3fv)  to  i,  and  that  the 
infcribed  polygon  of  96  fides,  is  to  the  diameter,  in  a  greater 
ratio  than  that  of  3|y  to,i ;  and  confequently  much  more  that 
the  circumference  of  the  circle  is  to  the  diameter,  in  a  lefs 
ratio  than  that  of  3!  to  1,  but  greater  than  that  of  3^$  td  i : 
The  firft  ratio  of  3  f  to  i,  reduced  to  whole  numbers,  gives  that 
of  22  to  7,  for  3I  :  I : :  22  :  7,  which  therefore  is  nearly  the 
ratio  of  the  circumfisrencb  to  the  diameter.    From  this  ratio  of 

the 


PREFACE.  ,tU 

tlic  circumference  to  the  diameter,  he  computed  the  approximate 
area  of  the  circle,  and  found  that  it  is  to  the  fquare  of  the  dia« 
meter,  as  ii  is  to- 14.— He  likewiie  determined  the  relation  be- 
tween the  circle  and  ellipfe,  with  that  of  their  fimilar  parts. 
It  is  highly  probable  that  he  iikewife  attempted  the  hyperbola  1^ 
but  it  IS  not  to  be  imagined  that  he  met  with  any  fuccefs,  £nce 
approximations  to  its  area  are  all  that  can  be  given  by  the  vari- 
ous methods  that  have  fince  been  invented. 

Befides  thele  figures,  he  hath  left  us  a  tceatife  on  the  fpiral, 
defcribed  by  a  point  moving  uniformly  along  a  right  line,  which 
at  the  fame  time  moves  with  an  uniform  angular  motion  ;  and 
he  determined  the  proportion  of  its  area  to  that  of  the  circum- 
fcribed  /nrcle ;  as  alfo  the  proportion  of  their  fe6tor8« 

Throughout  the  whole  works  of  this  great  man,  which  are 
chiefly  on.  menfuration,  he  every  where  difcovers  the  deepeft 
defign,  and  the  fineil  invention ;  and  feems  to  have  been,  with 
Euclid,  exceedingly  careful  of  admitting  into  his  demonftrations 
nothing  but  principles  perfectly  geometrical  and  unexcepdon- 
able :  and  although  his  mofk  general  method  of  demonftrating^ 
the  relations  of  curved  figures  to  f^raight  ones,  be  bjr  infcrib- 
ing  polygons  in  them  ;  yet  to  determine  thofe  relations,  he 
does  not  increafe  the  number,  and  diminiih  the  magnitude,  of 
the  fides  of  the  polygon  in  infinitum ;  but  from  this  plain  fun- 
damental principle,  allowed  in  Euclid's  Elements,  viz.  that  any 
quantity  mav  be  fo  often  multiplied,  or  added  to  itfelf,  as  that 
the  refiilt  fhould  exceed  any  propofed  finite  quantity  of  the 
fame  kind,  he  proves  that  to  deny  his  figures  to  have  the  pro- 
pofed relations,  would  involve  an  abfurdtty. 

He  demonfirated  alfo  many  properties,  particularly  in  the 
parabola,  by  means  of  certain  numeral  proerefiions,  whofe 
terms  are  fimilar  to  the  infcribcd  figures  ;  but  uill  without  con- 
fidering  fuch  feries  as  continued  in  infinitumy  and  then  fumming 
up  the  terms  of  fuch  infinite  feries. 

He  had  another  very  curious  and  fingular  contrivance  for  de- 
termining the  meafures  of  figures,  in  which  he  proceeds  as^  ic 
were  mechanically,  by  weighing  them,  or  from  the  properties 
of  the  center  of  gravity. 

Several  other  eminent  men  among  the  ancients  wrote  upon  this 
fubje6t,  both  before  and  after  Euclid  and  Archimedes ;  but  their 
attempts  were  ufually  confined  to  particular  parts  of  it,  and 
made  according  to  methods  not  efientially  different  from  theirs. 
Among  thefe  are  to  be  reckoned  Thales,  Anaxagoras,  Pytha- 
goras, Bryfon,  Antiphon,  Hypocrates  of  Chios,  Plato,  Apollo- 
nius,  Philo,  and  Ptolemy;  moftof  whom  wrote  of  the  quadra- 
ture of  the  circle ;  and  thofe  after  Archipnede^,  by  his  method, 
iifually  extended  the  approximation  to  a  greater  degree  of  accu- 
racy. 
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Many  of  the  moderns  alfo  have  profccuted  the  fame  problem 
of  the  quadrature  of  the  circle^   after  th?  fame   methodd^  to 

freater  lengths  j  fuch  are  Vieta,  and  Metius,  whofe  proportion 
etween  the  diameter  and  circumference,  is  that  of  ^13  to  355, 
which  is  within  about  r^^z^vz^z  ^^  ^be  true  ratio ;  but  above 
ally  Ludolph  van  Collen,  or  a  Ceulen,  who,  with  an  amazing 
degree  of  mduftry  and  patience,  by  the  fame  methods^  extend- 
ed the  ratio  to  36  places  of  figures,  making  the  ratio  to  be  that 
of  I  to  3M415926535897Q323846264358327QJ0288  +  org—. 
And  the  fame  was  repeatea  and  confirmed  by  hi9  editor  Snellius, 
The  firft  material  deviation  from  the  principles  ufed  by  the 
ancients,  in  geometrical  demondrations,  was  made  by  Cavale-^ 
rius :  the  fides  of  their  infcribed  and  circumfcribed  figures,  they 
always  fuppofed  to  be  of  a  finite  and  affignable  number  and 
length;  he  introduced  the  dodrine  of  indivifibles,  a  method 
which  was  very  general  and  cxtenfive,  and  which,  with  great 
cafe  and  expedition,  ferved  to  meafure  and  compare  geometrical 
figures.  Very  little  new  matter,  however,  was  added  to  gcoi 
metry  by  this  method,  its  facility  being  its  chief  advantage* 
But  there  was  great  danger  in  ufing  it,  and  it  foon  led  the  way 
to  infinitely  fmall  elements,  and  infinitefimals  of  endlefs  orders; 
methods  which  were  very  ufeful  in  refolving  difficult  problems^ 
and  in  inveftigating  or  demonftrating  theories  that  are  general 
and  extenfive  ;  but  fometimes  led  their  incautious  followers 
into  errors  and  mifiakes,  which  occafioned  difputes  and  animo- 
iities  amongft  them.  There  were  now,  however,  many  exn 
cellent  things  performed  in  this  fcience ;  not  only  many  new 
properties  were  difcovered  concerning  the  old  figures,  but  ne.w 
curves  were  meafured  ;  and  although  feveral  of  them  could 
not  be  exaftly  fquared  or  cubed,  yet  general  and  infinite  ap- 
proximating leries  were  affigned,  of  which  the  laws  of  their 
continuation  were  manifed,  and  in  fome  of  which  the  terms 
were  independent  of  each  other.  Dr.  Wallis,  Mr.  Huygens, 
and  Mr.  James  Gregory,  performed  wonders  :  Huygens  in  par-* 
ticular  muft  always  be  admired  for  his  folid,  accurate,  and  very 
mafterly  works. 

During  the  preceding  ftate  of  things,  feveral  men,  whofe  va-i 
nity  feemed  to  have  overcome  their  regard  for  truth,  affcrted, 
that  they  had  difcovered  the  quadrature  of  the  circle,  and  pub« 
liflied  their  attempts  in  the  form  of  flritft  geometrical  demon- 
flrations,  with  fuch  afTurance  and  ambiguity,  as  ilaggered  and 
milled  many  who  could  not  fo  well  judge  for  themfelves,  ai\4 
perceive  the  fallacy  of  their  principles  and  arguments.  Among 
thofe  were  Longomontanus,  and  our  countryman  Hobbes,  who 
obftinately  refufcd  all  conviction  of  his  errors. 

The  ufc  of  infinites  was,  however,  diiliked  by  feveral  people, 
and  panicularly  by  Sir  Ifaac  Newton,  who,  among  his  nume- 
rous 
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reus  and  great  difcovenes,  hath  given  us  that  of  the  method 
of  fluxions ;  a  difcovcry  of  the  greateft  importance,  both  in 
philoibphy  and  mathematics ;  being  a '  method  fo  general  and 
cjctenfire,  as  to  include  all  invelligations  concerning  magnitude, 
diftance,  motion,  velocity,  time,  &c*  with  wonderful  eaie  and 
.brevity ;  a  method  eftablifhed  by  its  great  author  ypon  true  and 
incontedable  principles;  principlesperfedtly  coniiilent  with  thole 
of  the  ancients,  and  which  were  free  from  the  imperfedtions 
and  abfurdities  attending  fome  that  had  lately  been  introduced 
by  the  moderns :  he  rejetfted  no  quantities  as  infinitely  fmall, 
nor  fuppofed  any  parts  of  curves  to  coincide  with  right  lines  ; 
but  propofed  it  in  fuch  a  form  as  admits  of  a  itvi6k  geometrical 
demonftration.  Upon  the  introduction  of  this  method,  moft 
fciences  aifumed  a  different  appearance,^  and  the  moft  abftrufe 
problems  became  eafy  and  familiar  to  every  one  ;  things  which 
before  feemed  to  be  infuperable,  became  eafy  examples,  or  par<* 
ticular  cafes,  of  theories  ftill  more  general  and  extenfive ;  rec* 
tifications,  quadratures,  cubatures,  tangencies,  cafes  de  maximis 
(sf  minimisy  and  many  other  fubjects,  became  general  problems, 
and  were  delivered  in  the  form  of  general  theories,  which  in* 
eluded  all  particular  cafes :  thus,  in  quadratures,  a  formula  was 
afligned,  which  would  exprefs.  the  areas  of  all  poflible  curves 
whatever,  both  known  and  unknown,  and  which,  by  proper 
fubftitutions,  gave  the  area  for  any  particular  cafe,  either  in 
finite  terms,  or  in  infinite  feries,  of  which  any  term,  or  any 
number  of  terms,  could  be  eafily  aiCgned ;  and  the  like  in  other 
things.  And  although  no  curve,  whofe  quadrature  was  unfuc<< 
cefsfully  attempted  by  the  ancients,  became  by  this  method 
perfectly  quadrable,  yet  many  general  methods  were  difcovered 
for  approximating  to  their  areas,  of  which  in  all  probability  the 
ancients  had  not  the  leaft  idea  or  hope ;  and  innumerable  curves 
were  fquared  which  were  utterly  unknown  to  thenu 

The  excellency  of  this  method  revived  fome  hopes  of  fquar- 
ing  the  circle ;  and  its  quadrature  was  attempted  with  eager- 
nefs.  The  quadrature  of  a  fpace  was  now  reduced  to  the  find- 
ing of  the  fluent  of  a  given  fluxion  ;  but  this  problem,  however, 
was  found  to  be  incapable  of  a  general  folution  m  flnite  terms :  the 
fluxion  of  every  fluent  was  found  to  be  always  aflignable,  but  the 
reverfe  of  this  problem  could  be  effected  onlyiin  particular  cafes: 
among  the  exceptions,  to  the  great  mortification  of  geometri- 
cians, was  included  the  cafe  of  the  circle,  with  regard  to  all  the 
forms  of  fluxions  attending  it* 

Another  method  of  obtaining  the  area  was  tried  :  of  the  quan- 
tity exprelTing  the  fluxion  of  any  area,  in  general,  the  fluent 
could  always  be  af&gned  in  the  form  of  an  infinite  feries ;  which 
feries,  therefore,  deflned  all  areas  in  gene  Fa  1,  and  which,  on 
fubflituting  for  particular  cafes,  was  often  found  to.  break  off 
and  termmate,  and   lo  afford  an  area  ix\  iiuite  rerms :  but  here 

again 
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again  the  cafe  of  the  circle  failed,  its  area  beiiig  ftill  an  infinite 
Kries. 

All  hopes  of  the  quadrature  of  the  circle  being  nov^  at  an 
end,  the  geometricians  employed  themfelves  in  diicovering  and 
feleding  die  beil  forms  of  infinite  ferics  for  determining  its 
.  area ;  among  which  it  is  evident,  that  thofe  were  to  be  prefer- 
red which  wer^  fimple,  and  would  converge  quickly ;  but  it 
commonly  happened  that  thefe  two  properties  were  divided,  the 
fame  feries  very  rarely  including  them  both.  The  mathema- 
ticians in  moft  parts  of  Europe  now  applied  themfelves  di- 
ligently to  thefe  new  difcoveries,  and  many  feries  were  afilgned 
on  all  hands,  fome  admired  for  their  fimplicity,  and  others  for 
their  rate  of  convergency ;  thofe  which  converged  the  quickef)', 
and  were  at  the  fame  time'  fimpleft,  which  therefore  were  moft' 
ufbful  in  computing  the  area  of  the  circle  in  numbers,  were  thofe 
in  which,  befides  the  radius,  the  tangent  of  fome  certain  arc 
of  the  circle^  was  the  quantity  by  whofe  powers  the  feiies  con* 
"Verged ;  and  from  fome  of  theie  feries,  the  area  hath  been  com- 
puted to  a  great  extent  of  figures.  Dr.  Edmund  Halley  gave 
a  remarkable  one,  from  the  tangent  of  30  degrees,  by  means  of 
which  the  very  induftrious  Mr.  Abraham  Sharp  computed  the 
area  of  the  circle  to  72  places  of  figures ;  but  even  this  was  af- 
terwards far  exceeded  by  Mr.  John  Machin,  who,  by  means 
hereafter  defcribed  in  this  book,  compofed  a  feries  fo  fimple, 
and  which  converged  fo  quickly,  that  by  it,  in  a  Very  little 
time,  he  extended  the  quadrature  of  the  circle  to  100  places  o£ 
figures;  from  which  it  appears,  that  if  the  diameter  be  i,  the 
circumference  will  be 
3^^15926535,8979323846,2643383279,5028841971,6939937510, 
5820974944,5923078164,0628620899,8628034825,3421170679, 

and  confequently  the  area  will  be 
•7853981633,9744830961,5660845819,8757210492,9234984377, 
^455H373^H8o76954i»oi57iSS224,  9657008706,3355292669. 

An(l  1  have  lately  given,  in  the  Philofophical  Tranfa6tions, 
Tarious  other  feries  for  the  fame  purpofe,  which  are  Hill  fim- 
pler  in  their  form,  and  converge  more  readily  than  thofe  above 
mentioned. 

Whilft  I  have  been  giving  the  preceding  account  of  the  pro- 
grefs  of  this  fubjed^,  I  have  at  the  fame  time  unawares  been 
writing  its  panegyric;  for,  from  hence  it  appears,  that  mofl 
d  the  material  improvements  or  inventions  in  the  fcience  of 
geometry,  have  been  principally  made  for  the  improvement  of 
menfu ration ;  which  fufficiently  fhews  the  dignity  of  this  fub- 
je£t;  a  fubjedt  which,  as  Dr.  Barrow  fays,  **  deferves  to  be 
more  curioully  weighed,  becaufe  from  hence  a  name  is  impofed 
Upon  that  mother  and  mifbefs  of^he  reft  of  the  mathematical 
feiences,  which  is  employed  about  magnitudes,  and  which  is 
'\  wont 
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went  to  Be  called  geometry  (a  word  taken  from  ancient  ufe» 
becai^fe  it  was  firft  applied  only  to  meafuring  the  earth,  and 
fixing;  the  limits  of  poifeilions),  though  the  name  feemed  rery 
ridiculous  tb  Plato,  who  fubilitutes  in  its  place  that  more  ex- 
tenfivc  name  of  Metrics  or  Menfuration;  and  others  after  him 
gave  it  the  title  of  Pantometry,  becaufe  it  teaches  the  method 
of  meafuring  all  kinds  of  magnitudes." 

But  notwirhftanding  the  dignity  and  importance  of  this  fub- 
jedl,  the  books  which  have  lately  been  offered  td  the  public  under 
the  title  df  menfuration,  have  treated  it  in  a  very  unworthy 
manner,  and  have  brought  it  into  much  contempt.  It  is  intend* 
«d  in  this  wprk,  therefore,  to  place  the  fubje6t  in  a  more  fa- 
^  Tourable.  light,  and  in  fome  meafure  to  endeavour  to  retrieve 
its  reputation. 

The  work  confifts  of  five  principal  parts,  each  part  beifig  di- 
vided into  feveral  fe£lions,  every  fe^ion  containing  feveral 
problems  or  propofitions,  which  are  all  demonftrated  after  th«\ 
limplefl  and  fliorteft  methods  that  could  be  devifed ;  the  proceCs 
being  fometimes  by  pure  geometry,  and  fometimes  by  algebra, 
the  method  of  fluxions,  the  method  of  increments,  &c,  accord- 
ing as  the  one  or  the  other  appeared  beft  iuited  to  the  purpofe* 
And  thus,  by  uiing  various  modes  of  demon flration,  I  was  en- 
abled to  make  this  work  much  more  complete  than  it  could 
otherwife  have  been  ;  not  only  by  employing  that  particular 
method  which  would  perform  the  bufinefs  in  the  fliorteft  or 
cleared  manner,  but  which  alfo  would  lender  the  fubje<ft  ftill 
more  extenfive.  However,  I  had  not  always  my  choice  of  the 
method  of  demonflrarion,  the  fub^ed  fometimes  requiring  one 
mode,  and  fometimes  another  ;  for  although  the  method  of 
iluxions  be  generally  the  mod  concife,  and,  in  other  refpefts, 
,  the  moft  proper  for  inveftigating  the  meafure  of  extenfions,  yet 
there  are  fome  things  in  this  bufinefs  which  are  too  fimple  for 
it,  as  well  as  fome  others  which  rife  above  its  reach :  thus, 
the  method  of  fluxions  cannot  determine  the  meafure  of  a  re<fK 
angle,  that  determination  being  below  its  root,  being  prior  to 
the  fluxionary  method  of  determining  areas ;  for  in  this  mode, 
that  determination  is  fuppofed,  and  its  refult  afTumed  in  the  very 
notation ;  for  the  red^angle  which  is  confidered  as  the  fluxion 
of  a  fufface,  is  denoted  by  its  length  drawn  into  its  breadth : 
and  on  this  account  thofe  fluxionifls,  who,  in  their  chapter  of 
quadratures,  attempt  to  determine  the  meafure  of  a  re<Sangle, 
argue  in  a  circle,  or  deduce  as  a  conclufion  what  was  neceffarily 
fuppofed  in  the  premifea :  the  fame  may  be  faid  with  regard  to 
pnfmsa  And,  on  the  other  hand,  that  method  alone  would 
not  extend  to  the  determination  of  the  equality  of  a  triangle  ' 
and  hyperbola  pf  the  fame  bafe,  and  of  an  infinite  length,  it 
being  there  neceflfary  to  call  in  the  affiflance  of  the  method  of 
incrementtt 

As 
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As  extenfions  are  of  three  kiads,  longitudinal,  fuperficial,  and 
Iblid,  £o  in  this  work  the  fcience  is  treated  of  as  diftinguiihed  by 
nature  into  thefe  three  principal  parts ;  that  is,  fo  far  as  the  na- 
ture of  geometrical  figures  would  conveniently  admit.  With 
regard  to  right  lines,  plane  furfaces,  and  folids,  the  diftin£Uon 
is  general ;  but  it  does  not  obtain  with  regard  to  curved  lines  and 
furfaces.  For,  by  prefcrving  this  diftindion«fo  entire,  as  to  de- 
termine the  meafure  of  all  kinds  of  lines  in  the  firft  part,  and 
o^  all  kinds  of  furfaces  in  the  fecond,  I  immediately  perceived 
that  the  book  could  not  be  fo  conveniently  adapted  to  the  proper 
fiudy  of  the  generality  of  readers :  on.  which  account,  in  the 
firft  part,  I  have  treated  only  of  the  meafure  of  right  lines ; 
and  in  the  fecond  part,  only  of  the  meafure  of  planes  which  arc 
bounded  by  right  and  circular  lines,  without  any  curve  furfaces, 
excepting  that  of  the  fphere.  In  the  third  part,  which  treats  of 
Cblids,  I  have  generally  placed  the  problems  which  relate  to  the 
meafures  of  the  lines,  furfaces,  and  folidities  of  each  particular 
figure,  immediately  after  each  other,  becaufe  the  knowledge  of 
the  one  commonly  led  to  that  of  the  others.  The  latter  parts 
of  the  book  are  employed  chiefly  about  the  applications  of  the 
general  problems    to  feveral  inte relying  practical   fubjedts  in 

So  much  for  the  diftribution  and  order  of  the  parts  in  genc- 
laL  I  ihall  now  proceed  to  defcribe  the  contents  of  the  parts 
themfelves  more  particularly. 

The  whole  work  coniifU  of  five  parts. 

Part  I.  Contains  the  menfu ration  of  right  linea  and  right* 
»Bgled  angles,  and  is  divided  into  three  factions . 

Se^.  I*  Contains  feveral  geometrical  definitions  and  problems; 
fbme  of  which  are  new,  and,  it  is  prefumed,  they  are  all  moro 
complete,  and  lefs  exceptionable,  than  thofe  inflead  of  which 
they  have  been  fubftituted.  The  problems  will  prepare  the 
learner  for  making  the  feveral  figures  which  are  afterwards 
treated  of. 

SeS.  2.  Contains  plane  Trigonometry,  or  the  meafuring  of 
lines  and  angles.  All  the  cafes  of  trigonometry,  both  rig^t 
and  oblique  angled,  arc  here  reduced  to  three  only ;  by  which 
means  they  are  ealier  to  be  remembered,  and  more  clearly  un- 
derliood.'  Befides  thefe  cafes,  which  perform  the  bufinefs  in  the 
common  way,  by  means  of  the  fines,  tangents,  and  fecants  of 
angles,  I  have  given  a  new  and  extenfivc  method,  by  which  all 
the  cafes,  of  trigonometry  are  performed  independent  of  fines^ 
tangents,  and  fecants,  and  without  any  kind  of  tables. 

Se^.  3.  Contains  the  application  of  trigonometry  to  the  deter- 
mination of  heights  and  diilanccs  ;  in  which  a  great  variety  of 
cafes  and  methods  concerning  this  curious  fubje^  are  explained* 

Part  II.  Treats  of  fuperficial  menfuration,  or  the  menfuratioa 
of  plane  figures,  and  is  divided  iiuo  two  fc<^i'a&8» 
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Se^,  u  Treats  of  the  areas,  &c.  of  right-lined  and  circular  fi- 
gures ;  in  which,  befides  many  things  that  are  new  and  curious, 
are  given  an  explanation  of  Profeflbr  Machin's  celebrated  qua- 
drature of  the  circle,  and  the  demonftrations  of  fome  ufeful  ap- 
proximations to  the  meafures  of  circular  arcs  and  areas,  which 
bad  been  given  by  Mr.  Huygens  and  Sir  Ifaac  Newton,  without 
4e  monitrations  • 

Se^.  2,  Contains  a  curious  and  ufeful  colletftion  of  queftions 
concerning  areas,  pronufcuoufly  placed,  and  refolved  by  the  rules 
in  the  former  fe^lions. 

Part  III.  Contains  the  meafuring  of  folids,  and  is  divided 
into  8  fedtions. 

«SV<S.  I  .Treats  of  bodies  that  are  bounded  by  rio^ht  or  circular 
lines,  viz.  prifms,  pyramids,  the  fphere,  and  the  circular  fpindte;. 

Se^.  2.  Treats  or  the  five  regular  folids  or  bodies. 

SeH*  3*  Treats  of  folid  rings. 

Sf^.  ^  Treats  of  the  conic  fe6tions  in  general ;  and  though  k 
be  ihort,  it  contains  feveral  things  that  are  new  and  of  great  im« 
portance* 

Se£i.  $.  Treats  of  the  eUipfe  and  the  figures  generated  by  Ic^ 
Tiz.  fpheroids  and  elliptic  fpindles. 

SeH.  6*  In  like  jnanner  treats  of  parabolic  lines,  areas,  furfaces« 
suid  folidities*    And 

SeH.  7.  Of  hyperbolic  lines,  areas,  furfaces,  and  folidi ties. 

In  thefe  fe<Stions  the  feveral  figures  and  bodies  are  very  ezten* 
iively  and  particularly  handled,  many  of  the  rules,  &c.  both  hers 
and  throughout  the  whole  book,  being  new  and  intereiling  ;  and 
I  have  given  throughout  many  neat  approximations  to  the  values 
of  ieveral  things  which  cannot  be  truly  exprefied  otherwife  thaa 
by  an  infinite  {eries ;  which  approximations  are  moflly  new^ 
excepting  tW9  or  three  that  were  given  by  Sir  I.  Newton,  and 
which  I  have  demonftrated  here  for  the  firic  time. 

SeH*  8.  Or  the  lail  of  this  part,  contains  a  promifcuous  collec- 
tion of  queftions  concerning  folids,  tq.exercife  the  learner  in  the 
foregoing  rules. 

Part  IV.  Contains,  in  3  fedions,  feveral  fubjeds  relating  to 
inenfuration  in  general. 

Se^»  I .  Contains  a  treatife  on  the  true  quadrature  and  cubature 
o£  curves  in  general.  In  which  are  contained  fome  of  the  moH 
univerfal  and  important  propofitions  that  can  be  made  in  the 
iubje^t. 

Se^,  2.  Contains  the  equidiftant-ordinate  method  ;  or,  the 
approximate  quadrature  and  cubature  of  curves  in  general,  by 
means  of  equidillant  ordinates  or  fedtions.  A  fubje^  by  which 
general  and  finite  rules  are  difcovered  for  all  figures  ;  for  fome  of 
l^hich  they  are  accurately  true,  and  lor  the  others  thev  are  very 
sear  approximations  :  which  are  otten  the  moil  uiefui  rules  thai; 
jOA  be  applied  to  many  things  in  real  practice. 
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Se0,  3.  Contains,  in  a  very  concife  but  copious  treatife,  the 
relations  between  the  areas  and  folidities  of  figures,,  and  the 
fenters  of  gravity  of  their  generating  lines  and  planes. 

Then  the. 
'  Fifth  and  laA  Par T,  in  four  fe6Hons,  contains  the  application  of 
the  general  rules  to  the  moft  ufeful  fubje6ts  of  meafuring  that 
happen  in  ordinary  life.  In  thefe  fubje^s  very  material  improve-^ 
jnents  are  almoft  every  where  made,  both  with  r©fpe£t,to  the 
matters  and  the  difpofition  of  them. 

SeH,  1.  Contains  a  very  firaple. treatife  of  land  furveying  ; 
explaining  the  ufc  of  the  inftruments,  the  methods  of  furveying^ 
of  planning,  of  computing  the  contents,  of  reducing  plans,  and 
<if  dividing  the  ground. 

Se^,  2.  Contains  a  very  curious  and  complete  tr?aiife  on- 
gauging.     As  in  like  manner  doth 

Se^.  3.  On  the  meafuring  of  artificers  works  ;  vtz,  Bricklayers, 
Mafons,  Carpenters  and  Joiners,  Slaters,  and  Tilers,  Plafterers^ 
Painters,  Glaziers,  Pavers,  and  Plumbers.  Containing  the 
defcription  of  the  carpenter's  rule,  the  feveral  meafures  ufed  by 
each,  with  the  methods  of  taking  the  dimenfions,  and  of  fquaring 
and  dimming  them  up.  The  whole  illuftrated  by  a  real  cafe  of 
a  building,  in  which  are  fhewn  the  methods  of  entering  the 
dimenfions  and  contents  in  the  pocket  book,  of  drawin^^  out  the 
abflradls,  and  from  them  drawing  out  the  forms  of  the  bills. 

Se^,  4.  Contains  a  curious  treatife  on  timber  meafuring  ;  in 
which,  among  feveral  other  things,  is  given  a  new  ^^ulcfor  mea-f 
fiiring  round  timber,  which  not  only  gives  the  content  very  exa6t, 
\>\it  it  is  at  the  fame  time  as  eafy  In  the  operation  as  the  common 
falfe  one,  either  by  the  pen  or  the  fliding  rule.  It  contains  alfo 
fonjc  curious  rules  for  cutting  timber  to  the  moft  advantage. 

The  book  then  concludes  with  a  large  table  of  the  areas  of 
circular  fegments,  extended  to  ten  times  the  ufual  length. 

It  may  be  neceflary  to  remark  that,  in  this  book,  where  a  curve 
or  a  fpace  is  faid  to  be  non-quadrable,  or  it  is  faid  that  the  value 
of  a  thing  cannot  be  exprefTed  except  b^  an  infinite  feries,  or  any 
fuch-like  exprefSon  is  ufed  ;  the  meaning*  is,  that  it  is  not  geo- 
metrically quadrable,  or  that  its  area  or  value  cannot  be  expreded 
in  a  finite  number  of  terms,  by  any  method  yet  known,  or  by  the 
method  there  ufed  ;  but  not  that  it  is  a  thing  naturally  impoffible 
JD  itfelf.  For  although  a  fpace  be  not  quadrable,  by  the  methods 
yet  known,  it  does  not  therefore  follow  that  its  quadrature  is  an 
impoflible  thing,  or  that  fome  method  may  not  hereafter  be  dif- 
covercd  by  which  it  may  be  fquared.  All  the  methods  ufed  by 
the  geometricians  before  Archimedes,  were  infufficient  for  the 
quadrature  of  any  curve  fpace  whatever  ;  but  were  they  there* 
fore  to  infer  that  no  curve  could  by  any  means  be  fquared  ?  Ar- 
chimedes difcovered  a  method  by  which  he  fquared  the  para- 
bola ;  and  by  the  lately-difcovered  method  of  fluxions,  we  can 
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find  as  many  quadrable  curves  as  we  pleafe*  It  Is  true  we  Have 
not  yet  found  the  area  of  the  circle^  and  feveral  other  iieures,  in 
finite  terms  ;  yet  for  each  of  thefe  we  can  allien  infinite  feries 
whole  laws- of  progrefEon  are  vifible  ;  which  is  more  than  the 
ancients  could  do,  or  perhaps  ever  expedbed  could  be  done,  if  they 
even  at  all  thought  of  fuch  things.  And,  perhaps,  hereafter  a 
method  may  be  difcovered  of  fquaring  any  figure  whatever* 
Which  is  the  chief  problem  in  geometry  • 

In  this  edition  have  been  made  many  large  and  ufeful  additions, 
in  almoft  every  fedion  of  the  work  ;  and  it  is  prefumed  that  the 
whole  is  arranged  in  a  more  regularand  perfect  order  than  before. 

Rcyal  Militdry  Academy^ 
Jan.  24,  1788. 
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OF    LINEAL    AND    ANGULAR    MENSURATION,    OR 
THE  MENSURATION  OlP  LINES  AND  ANGLES. 
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GEOMETRICAL  DEFINITIONS  AND  PROBLEMS* 


I*     A     POINT  has  no  parts  nor 
jItV  dimcnfions,  neither  length, 
breadth/  nor  thicknefs. 

2.  A  line  is  length,  without 
breadth  or  thicknefs. 

3.  A  furface,  or  fuperficies,  is 
an  extenfion,  or  a  figure,  of  two 
dimenfions,  length  and  breadth; 
but  without  thicknefs. 

4.  A  body  or  folid,  is  a  figure  of 
three  dimenfions,  namely,  length, 
breadth,  and  thicknefs. 
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Hence  furfaces  are  the  extremi- 
ties of  folids;  lines  the  extremiiies 
of  furfaces ;  and  points  the  extremi- 
ties of  lines. 

5.  Lines  are  either  right,  or 
curved,  or  mixed  of  thefe  two. 

6.  A  right  line,  or  ftraight  line, 
lies  all  in  the  fame  diredion,  be- 
tween its  extremities;  and  is  the 
(horteft  diftance  between  two  points. 

7.  A  curve  continually  changes 
its  direction,  between  its  extreme 
points. 

8 .  Lines  are  either  parallel,  ob- 
lique, perpendicular,  or  tangential. 

9.  Parallel  lines  are  always  at  the 
fame  diftance;  and  never  meet, 
though  ever  fo  far  produced. 

10.  Oblique  right  lines  change 
their  diftance,  and  would  meet,  if 
produced,  on  the  fide  of  the  leaft 
diftance. 

11.  One  line  is  perpendicular  to 
another,  when  it  inclines  not  more 
on  the  one  fide  than  on  the  other. 

12.  One  line  is  tangential,  or  a 
tangent  to  another,  when  it  touches 
it,  without  cutting,  when  both  are 
produced. 

1 3 .  An  angle  is  the  inclination,  or 
opening,  of  two  lines,  having  different 
direftions,  and  meeting  in  a  point. 

,  14.  Angles  are  right  or  oblique, 
acute  or  obtufe. 

15.  A  right  angle,  is  that  which 
is  made  by  one  line  perpendicular  to 
another.  Or  when  the  angles  on 
each  fide  are  equal  to  one  another, 
they  are  right  .angles. 
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1 6  An  oblique  angle  is  that  which 
i&  made  by  two  oblique  lines ;  and 
is  either  lefs  or  greater  than  a  right 
angle. 

1 7.  An  acute  angle  is  lefs  than  a 
right  angle. 

1 8  An  obtufe  angle  is  greater  than 
a  right  angle* 

19.  Superficies  are  either  plane  or  curved. 

20.  A  plane,  or  plane  fuperficies,  is  that  with 
which  a  right  line  may,  every  way,  coincide. — But  iif 
not,  it  is  curved. 

2 1 .  Plane  figures  are  ^bounded  either  by  right  lines 
or  curves. 

22.  Plane  figures  bounded  by  right  lines,  have 
names  according  to  the  number  of  their  fides,  or  of 
their  angles ;  for  they  have  as  many  fides  as  angles ; 
the  leaft  number  being  three. 

23.  A  figure  of  three  fides  and  angles,  is  called  a 
triangle.  And  it  receives  particular  denominations 
from  the  reladons  of  its  fides  and  angles. 

24.  An  equilateral  triangle,  is  that 
whofe  three  fides  are  all  equal. 

25.  An  ifofceles  triangle,  is  that 
which  has  two  fides  equal. 


26.  A  fcalene    triangle,  is    that 
whofe  three  fides  ^e  all  unequal. 

27.  A  right-angled   triangle,   is 
that  which  has  one  right  angle. 
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28.  Other  triangles  are  oblique- 
angled,  and  are  either  obtufe  or 
acute. 

29.  An  obtufe-angled  triangle 
has  one  obtufe  angle. 

'  30.  An  acute-angled  triangle  has 
dl  its  three  angles  acute. 

.  gi.  A  figure  of  four  fides  and 
angles,  is  called  a  quadrangle^  or  a 
quadrilateral. 

32.  A  parallelogram  is  a  quadri- 
lateral which  has  both  its  pairs  of 
oppofite  fides  parallel.  And  it  takes 
the  following  particular  names. 

33.  A  reftangle  is  a  parallelo- 
gram, having  all  its  angles  right 
ones. 

34.  A  fquare    is  an  equilateral" 
reftangle ;  having  all  its  fides  equal, 
and  all  its  angles  right  ones. 

35.  A  rhomboid  is  an  oblique- 
amgled  parallelogram. 

36.  A  rhombus  is  an  equilateral 
rhomboid;  having  all  its  fides  equal, 
but  its  angles  oblique. 

37.  A  trapezium  is  a  quadrilate-^ 
ral  which  has  not  both  its  pairs  of 
oppofite  fides  parallel. 

38.  A  trapezoid  has  only  one 
pair  of  oppofite  fides  .parallel. 

39.  A  diagonal  is  a  right  line 
joining  any  two  oppofite  angles  >of  a 

quadrilateral. 
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40.  Plane  figures  having  more  than  four  fides  are, 
in  general,  called  polygons :  and  they  receive  other 
particular  names  according  to  the  number  of  their  fides 
or  angles. 

41.  A  pentagon  is  a  polygon  of  five  fides;  a  hexa- 
gon has  fix  fides ;  a  heptagon,  feven ;  an  o6tagon, 
eight;  a  nonagon,  nine ;«  a  decagon,  ten;  an  unde- 
cagon,  eleven ;  and  a  dodecagon  has  twelve  fides. 

42.  A  regular  polygon  has  all  its  fides  and  all  its 
angles  equal.— If  they  are  not  both  equal,  the  polygon 
is  irregular. 

43 .  An  equilateral  triangle  is  alfo  a  regular  figure  of 
three  fides,  and  the  fquare  is  one  of  four  :  the  former 
being  alfo  called  a  trigon,  and  the  latter  a  tetragon. 


Pentagon 


Hexagon  Heptagon 
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Nonagon 


Decagon  Undecagon        Dodecagon 


44.  A  circle  is  a  plane  figure 
bounded  by  a  curve  line,  called  the 
circumference,  which  is  every  where 
cqui-diftant  from  a  certain  point 
within,  called  its  center. 

N.  B.  The  circumference  itfelf  is  often '  called  a 
circle. 
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45.  The  radius  of  a  circle,  is  a 
right  line  drawn  from  the  center  to 
the  circumference. 

46.  The  diameter  of  a  circle,  is  a 
right  line  drawn  through  the  center, 
and  terminating  in  the  circumference 
on  both  fides. 


47.  An  arc   of  a  circle,  is    any         / 
part  of  the  circumference.  I  / 


48.  A  chord  is  a  right  line  joining^ 
the  extremities  of  an  arc.   ' 


49.  A  fegment  is  any  part  of  a 
circle  bounded  by  an  arc  and  its 
chord. 


50,  A  femicircle  is  half  the  circle, 
or  a  fegment  cut  off  by  a  diameter. 


: 
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5 1 .  A  feftor  is  any  part  of  a  circle, 
bounded  by  an  arc,  and  two  radii, 
drawn  to  its  extremities, 

52.  A  quadrant,  or  quarter  of  a  j^"**'- 
circle,  is  a  feftor  having  a  quarter  of  /^    I     \ 

the  circumference  for  its  arc,  and  its  f '— : 

two  radii  are  perpendicular  to  each 
odien 
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53.  The  height  or  altitude  of  a 
figure,  is  a,  perpendicular  let  fall 
from  an  angle,  or  its  vertex,  to  the 
oppofite  fide,  called  the  bafe. 

54.  In  a  right-angled  triangle,  the 
fide  oppofite  the  right  angle,  is  called 
the  hypotenufe ;  and  die  other  two 
fides  the  legs,  or  fometimes  the  bafe 
and  perpendicular. 

^^.  When  an  angle  is  denoted  by 
three  letters,  of  which  one  ftands  at 
the  angular  point,  and  the  other  two 
on  the  two  fides,  that  which  ftands 
at  the  angular  point  is  read  in  the 
middle. 

56,  The  circumference  of  every 
circle  is  fuppofed  to  be  divided  into 
360 equal  parts,  called  degrees;  and 
each  degree  into  60  minutes,  each 
minute  into  60  feconds,  and  fo  on. 
Hence  a  femicircle  contains  180  de- 
grees, and  a  quadrant  90  degrees. 

57.  The  meafureofa  right-lined 
angle,  i$  an  arc  of  any  circle  con- 
tained between  the  two  lines  which 
form  that  angle,  the  angular  point 
being  the  center;  and  it  is  eftimated 
by  the  number  of  degrees  contained 
in  that  arc.  Hence  a  right-angle  is 
an  angle  of  90  degrees. 

The  definition  of  folids,  or  bodies,  will  be  given 
afterwards,  when  we  come  to  treat  of  the  menfuratioa 
of  folids. 
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PROBLEMS. 


PRO  BL  EM    I. 


To  diiiide  a  given  Line  a  b  inio  two  Equal  Parts. 


From  the  centers  a  and  b,  with 
any  radius  greater  than  half  ab, 
defcribe  arcs  cutting  each  other  in  ^a-^ 
jn  andi>.  Draw  the  Hne  men,  and 
it  will  cut  the  given  line  into  two 
equal  parts  in  the  middle  point  c. 


m 


V 


■B 
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PROBLEM    II. 


To  divide  a  given  Angle  a  b  c  into  two  Equal  Parts. 

From  the  center  b,  with  any  ra- 
dius, defcribe  the  arc  ac  From  a 
and  c,  with  one  and  the  fame  ra- 
dius^ defcribe  arcs  interfering  in  m. 
Draw  the  line  b  m,  and  it  will  bi- 
feft  the  angle  as  required- 


m 


P  ROB  L  EM    III, 


To  divide  a  Right  Angle  a  B  c  into  three  Equal  Parts, 

From  the  center  b,  with  any  ra- 
dius, defcribe  the  arc  ac  .  From  the 
center  a,  with  the  fame  radius,  crofs' 
the  arc  ac  in  n.  And  with  the  cen- 
ter c,  and  the  fame  radius,  cut  the 
arc  AC  in  m.  Then  through  the 
points  m  and  n  draw  b  m  and  b  n, 
and  they  will  trifedt  the  ^ngle  as  re- 
quired. 


f  R  O- 
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PROBLEM    IV.. 

To  draw  a  Line  Parallel  to  a  given  Line  a  b. 

Case  i.     When  the  Parallel  Line  is  to  be  at  a  given 

Dijiance  c. 

From  any  two  points  m  and  n, 

in  the  line  ab,  with  a  radius  equal  ^  ...L..^ — ^.t>m,i.. p 
to  c,  defcribe  the  arcs  r  and  o: 

—Draw   CD  to  touch  thefe  arcs,  A — ■  ■          '    ^, 

without  cutting  them,  and  it  will  ^          ^ 
be  the  parallel  required. 

Case  a.     When  the  Parallel  Line  is  to  pa/s  through  ^ 

a  given  Point  c. 

From  any  point  m,  in  the  line 
ab,  with  the  radius  mc,  defcribe 

the  arc  en, — From  the  center  c      jy     ; Lg 

with  the  fame  radius,  defcribe  the  /  / 

arc  mr.— Take  the  arc  en  in  the      a  ^  /  b 

CompaiGTes,    and   apply    it    from         n  m" 

m  to  r. — Through  c  >  and  r  draw 
PE,  the  parallel  required.  ^ 

JNf.  B.  This  problem  is  more  eafily  effefted  with  a 
parallel  ruler. 

prob  lem  v. 

To  ereH  a  Perpendicular  from  a  given  Point  a  in  a 

given  Line  bc. 

Case  i.  Whenthe-Pointisnear  the  Middle  of  the  tine. 

On  each  fide  of  the  point  a  take 
any  two  equal diftances  Am,  An. 
From  the  centers  m,  n,  with  any  ...... 

radius  greater  than  a  m  or  a  n,  de- 
fcribe two  arcs  interfedling  in  r.-^ 
Through  a  and  r  draw  the  line  ^ —  f^      n 

A  r,  and  it  will  be  the  perpendicu^ 
lar  as  required. 

Cass 
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Case  2,  fFhen  the  Point  is  too  near  the  End  of  the  Line  ^ 


Wirh  the  center  c,  and  any  radius, 
defcribe  the  arc  mns. — ^From  the 
point  m,  with  the  fame  radius,  turn 
the  compafles  twice  over  on  the 
arc  at  n  and  s. — Again,  with  the 
centers  n  and  s,  defcribe  arcs  inter- 
fe6Ung  in  r.  Then  draw  Ar,  and 
it  will  be  perpendicular  as  required. 


•* 

•••, 

^ 

• 

ft 
• 

■■■»' 

B     m 


Another  Method. 

From  any  point  m  as  a  center, 
with  the  radius  or  diftance  mA,  de- 
fcribe an  arc  cutting  the  given  line 
in  n  and  a. — Through  n  and  tn 
draw  a  right  line  cutting  the  arc  in 
J. — ^Laftly,  draw  Ar,  and  it  will  be 
the  perpendicular  as  required* 


sn. 
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Another  Method. 

From  any  plane  fcale  of  equal 
parts  fet  off  a  m  equal  to  4  parts.— 
With  center  a,  and  radius  of  3 
parts,  defcribe  an  arc. — And  with 
center  m,  and  radius  of  5  parts, 
crofs  it  ajt  n. — Draw  An  for  the  per- 
pendicular required. 

Or  any  other  numbers  in  the  fame  proportion  as  3, 
4,  5,  will  do  the  fame. 
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PROBLEM     VI. 

From  a  given  Point  a,  out  of  a  given  Line  3c,  to  let 

fall  a  Perpendicular, 

Case  i.  When,  the  Point  is  nearly  oppojite  the  Middle 

of  the  Line. 

With  the  center  a,  and  any  ra-  A 

dins,  defcribe  an  arc  cutting  b  c  in 
m  and  n.— With  the  centers  m  and 
n,  and  the  fanie,  or  any  other  ra- 
dius, defcribe  arcs  interfering  in 
r. — Draw  a  d  r,  for  the  perpendicii-  ..    ^ 

lar  required,  r 

Case  2»  When  thi  Point  is  nearly  oppofite  the  End  of 

the  Line. 

From  A  draw  any  line  Am  to 
meet  bc^  in  any  point  m. — Bifeft 
A  m  at  n,  and  with  the  center  n,  and 
radius  An  or  mn,  defcribe  an  arc, 
cutting  Bc  in  d. — Draw  ad  the  B_/ — JiiC 
perpendicular  as  required. 
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Another  Method. 

From  B  or  any  point  in  bc,  as  a 
center^  defcribe  an  arc  through  the 
point  A. — From  any  other  center 
m  in  BC,  defcribe  another  arc 
through  A,  and  cutting  the  former 
arc  again  in  n. — Through  a  and 
n  draw  the  line  a  on;  and  ad 
will  be  the  perpendicular  as  re- 
quired. 
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N.  B.  Perpendiculars  may  be  more  readily  raifed. 
and  let  fall,  in  pradice,  by  means  of  a  fquare,  or  other 
fit  inftrument. 


PROBLEM     VII. 

Ji  divide  a  given  Line  a  b  into  any  fropo/ed  Number 

of  Equal  Parts. 

From  A  draw  any  line  ac  at 
random,  and  from  b  draw  bd 
parallel  to  it,— On  each  of 
thefe  lines,  beginning  at  a  and 
B,  fet  off  as  many  equal  parts, 
of  any  length,  as  ab  is  to  be 
divided  into.— r  Join  the  oppofite 
points  of  diyifion  by  the  lines 
A  5,  14,  23,  &c;  and  they 
will  divide  ab  as  required. 


I  «  3  4  S 
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PROBLEM     VIII. 


To  divide  a  given  Line  a  b  in  the  fame  Proportion  as 

another  Line  cd  is  divided. 


From  A  draw  any  link  ae 
equal  to  cd,  and  upon  it  trans- 
fer the  divifions  of  the  line  cd. 
—Join  be,  and  parallel  to  it 
draw  the  lines  i  i,  22,  33,  &c; 
and  they  will  divide  ab  as  re- 
quired. 
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PROBLEM      IX. 

At  a  given  Point  a-,  in  a  given  Line  a  b,  to  make  an 
Angle  equal  to  a  given  Angle  c. 

With  the  center  c,  and  any  radius, 
defcribe  an  arc  mn. — ^With  the 
center  a,  and  the  fame  radius,  de- 
fcribe the  aro  r  s.— Take  the  diftance 
m  n  between  the  compaffes,  and  ap- 
ply it  from  r  to  s. — ^Then  a  line 
drawn  through  a  and  s,  will  make 
the  angle  a  equal  to  the, angle  c  as 
required. 


PROBLEM     X. 

At  a  given  "Point  a^  in  a  given  Line  ab,  to  make  an 
Angle  of  any  propojed  Number  of  Degrees. 

With  the  center  a,  and  radius 
equal  to  60  degrees  taken  from  a 
fcale  of  chords,  defcribe  an  arc, 
cutting  AB  in  m. — Then  take  be- 
tween the  compaffes,  the  propofed 
number  of  degrees  from  the  fame 
fcale  of  chords,  and  apply  them 
from  m  to  n.— Through  the  point 
n  draw  An,  and  it  will  make  the 
angle  a  of  the  number  of  degrees 
propofed. 

Note.  Angles  of  more  than  90  degrees  are  ufually 
taken  off  at  twice. 

Or  the  angle  may  be  made  with  any  divided  arch 
or  inflxument,  by  laying  the  center  to  the  point  a, 
and  its  radius  along  ab  ;  then  make  a  mark  n  at  the 
propofed  number  of  degrees,  through  which  draw  the 
line  A  n  as  before. 
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PROBLEM    XI. 

To  meqfure  a  given  Angle  a, 

Defcribe  the  arc  m  n  with  the  chord 
of  60  degrees,  as  in  the  laft  Problem, 
Take  the  arc  mn  between  the  com- 
paffes,  and  that  extent,  applied  to 
the  chords,  will  ftiew  the  degrees  in 
the  given  angle.  . 

Note.  When  the  diftance  m  n  exceeds  90  degrees, 
it  muft  be  taken  off  at  twice,  as  before. 

Or  the  angle  may  be  meafured  by  applying  the  ra- 
dius of  a  graduated  arc,  of  any  inftrument,  to  ab,  as 
in  the  laft  problem  ;  and  then  noting  the  degrees  cut 
off  by  the  other  leg  a  n  of  the  angle. 
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PROBLEM     XII. 

To  find  the  Center  of  a  Circle. 

Draw  any  chord  ab  ;  and.  bife6t 
it  perpendicularly  with  cd,  which 
will  be  a  diameter. — Bifeft  cd  in 
the  point  o,  which  will  be  the 
center. 


PROBLEM     XIII. 

To  defcribe  the  Circumference  of  a  Circle y  through  three 

given  Points y  a,  b,  c. 

From  the  middle  point  b  draw 
chords  to  the  other  two  points. — 
Bifeft  thefe  chords  perpendicularly 
by  lines  meeting  in  o,  which  will 
be  the  center. — -Then  from  the  cen- 
ter o,  at  the  diftance  oa,  or  ob,  01; 
oc,  defcribe  the  circle. 


Note. 
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Note.    In  the  fame  manner  may  the  center  of  an 
arc  of  a  circle  be  found. 


•n  ^  •*  •^y^ 


PROBLEM     XIV. 

Through  a  given  Point  a,  to  draw  a  Tangent  to  a 

given  Circle. 

Case  i.  fFhen  a  is  in  the  Circumference  of  the  Circle. 

From  the    given    point    a,  B      A     C 

draw  AC  to  the  center  of  the 
circle. — Then  through  a  draw 
BC  perpendicular  to  ao,  and 
it  will  be  the  tangent  as  re- 
quired. 

Case  2.    When  a  is  out  of  the  Circumference. 

From  the  given  point  a, 
draw  AO  to  the  center,  which 
bifeft  in  the  point  m. — ^With  the 
center  m,  and  radius  mA  or 
m  o,  defcribe  an  arc  cutting  the 
given  circle  in  n. — Through 
the  points  a  and  n,  draw  the 
tangent  bc. 

PROBLEM     XV. 

To  find  a  Third  Proportional  to  two  given  Lines  a  b,  a  c 

Place  the  two  given  lines, 
AB,  AC,  making  any  angle  at 
A,  and  join  bc. — In  ab  take 
AD  equal  to  ac,  and  draw  de 
parallel  to  bc  So  (hall  ae 
be  the  third  proportional  to  ab 
and  AC 

That  is^  AB  :  AC  : :  AC  :  ab. 


yR#- 
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PROBLEM     XVI* 

To  find  a  Fourth  Proportional  to  three  given  Lines ^  a  b. 


AC^  AD. 


Place  two  of  them,  ab,  ac, 
making  any  angle  at  a,  and 
join  Bc.  Place  ad  on  ab,  and 
draw  DE  parallel  to  bc.  So 
(hall  AE  be  the  fourth  propor- 
tional required* 

That  is  AB  :  AC  : :  AD  :  ae. 


PROBLEM    XVII. 

To  find  a  Mean  Proportional  between  two  given  Lines ^ 


ab,  b  c. 


Join  AB  and  bc  in  one 
ftraight  line  ac,  and  bifedl  it 
in  the  point  o. — With  the  cen- 
ter o,  and  radius  oa  or  oc, 
defcribe  a  femicircle. — Ereft 
the  perpendicular  bd,  and  it 
will  be  the  mean  proportional 
required. 

That  is  AB  :  BD  : :  bd  :  bc. 


A 
B 


B 


O  B   C 


PROBLEM     XVIII. 

To  divide  a  Line  a  b  in  Extreme-and-Mean  Ratio. 

Raife  bc  perpendicular  to 
AB,  and  equal  to  half  a b.  Join 
A  c .  With  center  c ,  and  radius 
cb,  crofs  AC  in  d.  Laflly,  with 
center  a,  and  radius  ad,  crofs 
AB  in  E,  which  will  divide  the 
lin^AB  in  extrpme  and  mean 
ratio,  namely,  fo  that  the  whole 
line  is  to  the  greater  part,  as  the 
greater  part  is  to  the  lefs  part. 
Tliat  is,  AB  :  AE  : :  AE  :  eb. 
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PROBLEM      X1X« 

To  make  an  Equilateral  Triangle  on  a  given  Line  A  B. 

From  the  centers  a  and  b^  with 
the  radius  a  b  ,  deTcribe  arcs>  inter* 
feding  in  c. — Draw  ac  and  bc^  and 
it  is  done. 

Note.  An  ifofceles  triangle  may 
be  made  in  the  fame  manner^  taking 
for  the  radius  the  given  length  of 
one  of  the  equal  fides. 

PROBLEM    XX. 

To  make  a  Triangle  with  three  given  Lines  ab^  ac^  bc« 

With  the  center  a  and  radius  ac,  C 

defcribe  an  arc — ^With  the  center 
B,  and  radius  bc,  defcribe  another 
arc,  cutting  the  former  in  c. — ^Draw 
AC  and  Bc,  and  abc  is  the  triangle 
required. 

PROBLEM    XXI. 

To  make  a  Square  upon  a  given  Line  A  b. 

Praw  BC  perpendicular  and  equal 
to  AB.  From  a  and  c  with  the  ra- 
dius AB,  defcribe  arcs  interfeding 
in  D.^i^Draw  ad  and  CD,  .and  it  is 
done.  j^ 

AnotberJFaj. 

On  the  centers  a  and  b,  with  the 
tadius  AB,  defqibe  arcs  crofiing  at 
o,— Bifed:  ao  in  n.— With  center 
o,  and  radius  on,  crofs  the  two  arcs 
in  c  and  D.--^Then  draw  ac,  bd^ 

CD, 

C 


iS 


eEOtlEtft  IC  A  t 


tPaft€ 


PflOBJLEM    XXil* 

To  dejcribe  a  Re^angle^  or  a  Tarallelogramy  of  a  given 

Length  and  Breadth. 

Plac6   be   pefpendieular  to  ^  ^' 

A'B. — ^With  center  a,  and  ra- 
dius Ac^  defcribe  an  arc.—* 
with  center  c,  and  radius  ab,  ^  tfl 

defcribe  another  arc,  cutting 
the  former   in   d. — Draw  ad  b       C 

'   and'  CD>  and  it  is  done* 

Note.  In  the  fame  manner  is  dcfcribed  any  oblique 
parallelogram,  only  drawing  bc,  making  the  given 
oblique  angle  with  ab,  inftead  of  perpendicular  to  \U 


»     ^ROfiLEM    xxiit. 

^  * 

To  make  a  regular  Pentagon  on  a  given  Line  ab« 


Make  B  m  perpendicular  and 
equal  to  half  AB.-*-Draw  Am> 
and  produce  it  till  mn  be  equal 
to  B  m.— With  centers  a  and  b, 
and  radius  Bn,  defcrib?  arcs 
interfering  in  o,  which  will  be 
the  center  of  the  circumfcribing 
circle.— Then  with  the  center 
o,  and  the  fame  radius,  defcribe 
the  circle ;  and  about  the  cir- 
cumference of  it  apply  AB  the 
proper  number  of  times. 


>«k*' 


& 


Mother  , 
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Anotbir  Methods 

Make  Am  perpendicular 
iand  equal  to  ks.— Bifeft 
AB  in  n;  then  with  the 
center  n,  ^d  radius  nm, 
crofs  AB  produced  in  o.— 
.With  the  centers  a  and  B, 
and  radius  a  o,  defcribe  arcs 
interfefting  in  d,  the  oppd- 
fite  angle  of  the  pentagon. 
Laftly,  with  center  d,  and  radius  A6,  crofs  thofe  arcs 
again  in  c  and  e,  the  other  two  angles  of  the  figure. 
Then  draw  the  lines  from  angle  to  angle,  to  com- 
plete the  figure. 


A  third  Method,  nearly  tl^ue. 

On  the  centers  a  and 
fe,  with  the  radius  ab, 
defcribe  two  (Circles,  in- 
terfeftiiig  in  m  and  n. 
*~With  the  fame  ra- 
dius, and  the  center  m> 
defcribe  rAOBs^  and 
draw  mn  cutting  it  in 
o.-— Draw  roc  arid 
SOB,  which  will  give 
two  angles  of  the  pen- 
tagon.— Laftly,  with  radius  ab,  and  centers  c  and 
fi,  defcribe  arcs  interfedting  in  d,  the  other  angle 
of  the  pentagon  nearly. 


c  1 
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PROBLEM    XXIVi 

To  make  a  tiexagon  on  a  j^ivin  Line  ab. 

With  the  radius  ab,  and 
the  centers  a  and  b,  defcribe 
arcs  interfering  in  o.— With 
the  fame  radius,  and  center  o, 
defcribe  a  circle,  which  will 
ciraimfcribe  the  hexAgon.— »• 
Then  iapply  the  line  ab  fiit 
times  round  the  circumference, 
marking  out  the  angular  points, 
which  conneft  with  right  lines. 

PROBLEM     XXV. 

To  make  an  03 agon  on  a  given  Line  a  b. 

Ereft    AF    and    be     per-  F  } 

pendicular  to  ab. — Produce 
AB  both  ways,  and  bifcft  the 
angles  mAF  and  nBE  with 
the  lines  ah  and  bc,  each 
equal  to  ab. — Draw  cd  and 
HG  parallel  to  af  or  be,  and 
each  equal  to  ab. — ^With  ra- 
dius AB,  and  centers  g  and  d, 
crofs  af  and  be  in  f  and  e.^ 
£D%  and  it  is  done. 


/M\ 


*Then  join  gf,  fe. 


PROBLEM    XXVt. 

To  make  any  regular  Polygon  on  a  given  Lini  a  b. 

Draw  AO  and  bo  making 
the  angles  a  and  B  each 
equal  to  half  the  angle  of 
the  polygon. — With  the  cen- 
ter o  and  radius  oa,  de- 
fcribe a  circle.— *-Then  apply 
the  line  ab  continually  round 
the  circumference  the  proper 
number  of  times,  and  it  is  done. 

3 


Note, 
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Note.  The  angle  of  any  polygon,  of  which  the 
angles  OAB^and  oba  are  each  one  half,  is  found 
thus :  divide  the  whole  360  degrees  by  the  number  of 
fides,  and  the  quotient  will  be  the  angle  at*  the  center 
o;  then  fubtraft  that  fi-om  1 80  degrees,  and  the  re- 
mainder will  be  the-angle  of  the  polygon,  and  is  double 
of  OAB  or  of  OB  A.  And  thus  you  will  find  the  foU 
lowing  table,  containing  the  degrees  in  th^  angle  o  at 
the  center,  and  the  angle  of  the  polygon,  for  all  the 
regular  figures  from  3  to  1  a  fides. 


No.  of    Name    of     the 

Angle  oat 

Angle  of 

AngleoAB 

.  fides.             polygon. 

the  center 

the  poiyg 

or  OBA 

3 

Trigon 

120" 

6o« 

3o» 

4 

Tetragon 

90 

90 

45 

5 

Pentagon 

yz 

108. 

54 

6 

Hexagon 

60 

120 

60 

7 

Heptagon 

5ii 

128* 

64f 

8 

Oftagon 

45 

^25 

67^ 

9 

Nonagon 

40 

140 

70 

10 

Decagon 

36. 

144 

72 

II 

Undecagon 

SVr 

147A 

73A 

12 

Dodecagon 

30       150     1 

75       \ 

PROBLEM     XXVIK 

In  a  given  Circle  to  infcribe  any  regular  Polygon ;  or,  to 
divide  the  Circumference  into  any  numker  of  equal  Parts. 

(See  the  lafi  figure .) 

At  the  center  o  make  an  angle  ?(^u^l  to  tfec  angle  at 
the  center  of  the  polygon,  as  contamed  in  the  third 
colupin  of  the  above  uble  of  polygons.— Then  the 
diftance-AB  will  be  one  fide  of  tho  polygon  {  which 
being  carried  round  the  circumference  the  proper  num- 
ber of  times,  will  complete  the  figurc-^-^Or,  the  arc 
AB  will  be  one  of  the  equal  parts  6f  the  circumfer- 
ence, 

c  3  Anothif 
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jfnotbir  Method,  nearly  tru$. 

Draw  the  diameter  ab., 
which  divide  into  as  many 
equal  parts  as  the  figure  has 
fides.— With  the  radius  ab, 
and  centers  a  and  5,  defcribe 
arcs  eroding  at  n ;  from  whence 
draw  n  c  through  the  fecond 
divifion  on  ^the  diameter ;  fo 
(hall  AC  be  a  fide  of  die  poly- 
gon nearly. 

Another  Method^  fiill  nearer^ 

Divide  the  diameter  ab  into 
as  many  equal  parts  as  the 
figure  has  fides,  as  beforfe. — . 
From  the  center  o  raife  the 
perpendicular  om,  which  pro- 
duce  till  m  n  be  three-fourths  of 
the  radius  om.-— From  n  draw 
n  c  through  the  fecond  divifion 
of  the  diameter,  and  the  line 
AC  will  be  the  fide  of  the  po- 
lygon fl;ill  nearer  dian  before ; 
or  the  arc  ac  one  of  the  equal 
parts  into  which  the  circum^ 
f^rence  is  to  b^  divided. 


PROBLEM     XXVIII* 

About  a  given  Circle  to  ^ircumjcribe  any  Polygon. 

Find  the  points  m,  n,  p,  &c, 
^s  in  the  laft  problem,  to  which 
draw  radii  mo,  no,  &c,  to  the 
center  of  die  circle*— Then 
through  thefe  points,  m,  n,  &c, 
and  perpendicular  todiefe radii, 
draw  the  fides  of  the  polygoo. 


m 
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P  ROB  L  £  M      XXIX, 

^ofind  the  Renter  of  a  given  Polygon,  or  tbi  Center  of  its 
infcrihed  or  circumfcribed  Circle^    ' 

Bifeft  any  two  fides  with  the 
perpendiculars  mo,  no;  and 
their  interfeftion  will  be  ihe 
center. — Then  with  the  center 
o,  and  the  diftance  om,  de- 
fcribe  the  infcribed  circle ;  or 
with  the  diftance  to  one  of  the 
angles,  as  a,  defcribe  the  cir-  ^ 

cumfcribing  circle. 

Note.  This  method  will  alfo  circumfcribe  a  circle 
ftbout  any  given  oblique  triangle. 


PROBLEM     XXX. 

In  any  given  Triangle  to  infer  He  a  Cirek. 

Bifeft  any  two  of  the  angles 
with  the  lines  a o,  bo,  and  o 
will  be  the  center  of  the  circle.. 
—Then  with  the  center  q,  and 
radius  the  neareft  diftance  to  any 
one  of  the  fides,  defcribe  the 
circle. 


PROBLEM     XXXI. 

About  any  given  Triangle  to  circumfcribo  n  Circli. 

Bifeft  any  two  of  the  fides 
AB,  Be,  with  the  perpendi- 
culars mo,  no. — ^With  the 
center  c,  and  diftance  to  ^ny 
one  of  the  angles,  defcribe  the 
circle. 

C4  FRO- 
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PROBLEM   ZXXIt. 


Jn,  or  ahut,  a  given  Square,  to  defcrtbe  a  Circle^ 


Draw  the  two  diagonals  of 
the  fquare^  and  their  inter- 
fedion  o  will  be  the  center  of 
both  the  circles. — Then  with 
that  center,  and  the  nearefl. 
diftance  to  one  fide,  defcribe 
the  inner  circle ;  and  with  the 
diftance  to  one  angle,  defcri(>Q 
the  outer  circle. 


PROBLEM     XXXIII, 


hy  or  ahout,  a  given  Circle ^  to  defcribe  a  Square y  or  an 

OStagon. 


Draw  two  diameters  ab, 
CD,  perpendicular  to  each 
Other. — ^Theij  connefttheirex- 
tremities,  and  they  will  give 
s  the  infcribed  fquare  acbd.— • 
Alfo  through  their  extremities 
draw  tangents  parallel  to  them, 
and  they  will  form  the  outer 
fquare  mnop. 


p      D      o 


Note.  If  any  quadrant,  as  ac,  be  bifefted  in  q, 
it  will  give  one-eighth  of  the  circumference,  or  the 
fide  of  the  oftagon. 
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PROBLEM     XXXIV« 

In  a  gvuen  Circle j  to  infcribe  a  ^rigon^  a  Hexagon,  or 

.    Dodecagon. 

The  radius  is  the  fide  of  the  A 

hexagon.  Therefore  from 
any  point  a  in  the  circum- 
ference, with  the  diftance  of 
the  radius,  defcribe  the  arc 
BOP.  Then  is  ab  the  fide 
of  the  hexagon;  and  there- 
fore carrying  it  fix  times 
round  will  form  the  hexagon, 
or  divide  the  circumference  into  fix  equal  parts, 
each  containing  60  degrees. — The  fecond  of  thcfe  c, 
will  give  AC  the  fide  of  the  trigon  or  equilateral 
triangle ;  and  the  arc  ac  one-third  of  the  circumfer- 
ence, or  1 20  degrees, — Alfo  the  half  of  ab,  or  ah 
is  one- 1 2th  of  the  circumference,  or  30  degrees,  and 
gives  the  fide  of  the  dodecagon. 

Note.  If  tangents  to  the  circle  be  drawn  through  all 
the  angular  pomts  of  any  infcribed  figure,  they  will 
form  the  fides  of  a  like  circumfcribing  figure. 

PROBLEM    XXXV. 

In  a  given  Circle  to  infcribe  a  Pentagon^  or  a  Decagon. 

Draw    the   two    diameters  ^ 

ap,  mn  perpendicular  to  each 
other,  and.  bifedl:  the  radius 
on  at  q. — ^With  the  center  q 
and  diftance  qA,  defcribe  the 
arc  A  r ;  and  with  the  center 
A,  and  radius  Ar,  defcribe  the 
arc  rB.  Then  is  ab  one-fifth 
of  the  circumference ;  and  ab 
carried  five  times  over  will  form  the  pentagon.*~Alfo 
the  arc  AB  bifefted  in  s,  will  give  as  the  tenth  part 
«f  the  circumference,  or  the  fide  of  fhe  decagon. 

Note. 


»6 
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Note.  Tangents  being  drawn  through  the  angular 
points,  will  form  the  circumfcribing;  pentagon  or  de- 
cagon, 


P  ROBLEM    XXXVI* 

Si?  divide  the  Circumference  of  a  given  Circle  into  1 2 
equal  PartSy  each  of  30  Degrees, 

Or  to  injcribe  a  Dcdecagoii  by  another  Method. 

\ 

Draw  two  diameters  1 7 
^nd  410  perpendicular  to  each 
other. — Then  wjth  the  radius 
of  the  circle,  and  the  four  ex- 
tremities 1,  4,  7,  10,  as  cen- 
ters, defcribe  arcs  through  the 
center  of  the  circle ;  and  they 
will  cut  the  circumference  in 
the  points  required,  dividing 
it  into  1 2  equal  parts,  at  the 
points  marked  with  the  num- 
bers. 


PROBLEM    XXXVH, 


I'o  dram  a  right  Une  equal  to  the  Circumference  of  0 

given  Circle. 


m 


^^ 


Take  III  i  equal  to  3  times  the  diameter  and  ^  part 
more  ;  and  it  will  be  equal  to  the  circumference,  very 

nearly. 
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PROBLEM     XXXVIII. 

To  find  a  Right  Line  equal  to  any  given  ArcA^  of  a  Circle^ 

Through  the  point  a  and 
the  center  draw  Am,  making 
m  n  equal  to  ^  of  the  radius 
jio. — Alfo  draw  tlie  indefinite 
tangent  ap  perpendicular  to 
it.— Then  through  m  and  b, 
draw  mp;  fo  (liall  ap  *be 
equal  to  the  arc  ab  very 
nearly.  ' 


Otberwife^ 

Divide  the  chord  ab  into 
4  equal  parts. — Set  one  part 
AC  on  the  arc  froip  b  to  d.—? 
Draw  CD,  and  the  double  of 
it  will  be  nearly  equal  to  the 
arc  ADB. 


A    C 


Q 


problem     XXXIX. 

^0  divide  a  given  Circle  into  any  propofed  Number  of 
Parts  hy  equal  Linfis^  Jo  that  thoje  Tarts  Jhall  be 
mutually  equal,  both  in  Area  and  Perimeter. 

Divide  the  diameter  ab 
into  the  propofed  number  of 
equal  parts  at  the  points  a,  b, 
C,  &c, — ^Thcn  on  a  a,  Ab, 
a  c,  &c,  as  diameters,  defcribe 
femicircles  on  one  fide  of  the 
diameter  ab  ;  and  on  Bd,  bc, 
pb,  &c,  defcribe  femicircles 
on  the  other  fide  of  the  diameten  So  Ihall  the  cor- 
jrefponding  joining  femicircles  divide  the  given  circle 

in 
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* 

in  the  manner  propofed.  And  in  like  manner  we 
may  proceed  when  the  fpaces  are  to  be  in  any  given 
proportion. — As  to  the  perimeters,  they  are  always 
equals  whatever  the  proportion  of  the  fpaces  is. 


PROBLEM    XL. 

On  a  given  Line  A^to  defer  the  the  Segment  of  a  Circle 
capable  of  containing  a  given  Angle. 

Draw  AC  and  bc  making 
the  angles  bac  and  abc  each 
equal  the  given  angle. — 
Draw  AD  perpendicular  to 
AC,  an<J  bd  perpendicular  to 
BC.  With  center  d,  and 
radius  da  or  db,  defcribe 
the  fegment  a£b.  Then 
any  angle,  as  e,  made  in 
that  fegment,  will  be  equal 
to  the  given  angle. 


PROBLEM     XL  I. 

To  make  a  Triangle  ftmilar  to  a  given  Triangle  abc. 

Let  AB.  be  one  fide  of  the 
required  triangle.  Make  the 
angle  a  equal  to  the  angle  a, 
and  the  angle  b  equal  to  the 
angle  b;  then  the  triangle 
abc  will  be  fimilar  to  abc 
as  propofed. 

Note.  If  ab  be  eqiul  to 
AB,  the  triangles  will  alfo  be 
equal,  as  w^U  as  fimilar. 
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PROBLEM   XLII. 


7^0  make  a  Figure Jimilar  to  any  other  given  Figure  abcD  e. 


From  any  angle  a  draw 
diagonals  to  the  other  angles. 
— Take  ab  a  fide  of  the 
figure  required.  Then  draw 
be  parallel  to  bc,  and  cd  to 
CD^  and  de  to  de^  &c. 


b  Bb 


Otberwjfe. 

Make  the  angles  at  a,  b,  e, 
rcfpeftively  equal  to  the  angles 
at  A,  B,  By  and  the  lines  will 
interleft  in  the  comers  of  the 
figure  required. 


PROBLEM    XLIII. 


To  reduce  a  Complex  Figure' from  one  Scale  to  another^ 
tnecbanically  by  means  of  Squares. 
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Divide  the  given  figure,  by  crofs  lines,  into  fquares| 
^  fmall  as  may  be  thought  neceffary. — Then  divide 
another  paper  into  the  fame  number  of  fquares,  and 
either  greater,  equal,  or  lefs,  in  the  given  proportion. 
- — This  done,  obferve  what  fquares  the  feveral  parts  of 
the  given  figure  are  in,  and  draw',  with  a  pencil,  fimi- 
lar  parts  in  the  correfponding  fquares  of  the  new  figure* 
And  fo  proceed  till  the  whole  is  copied.     . 


PROBLEM    XLIV. 

"^0  maki  a  Triangle  equal  to  a  given  Trapezium  a  b  c  o. 

Draw   the  diagonal    db,  -^ 

and  CE,  parallel  to  it,  meet- 
ing AB  produced  in  e,-^— Join 
i>£;  lo  fhall  the  triangle 
ADE  be  equal  to  the  trape- 

£ium  ABGD. 

PROBLEM     XLV. 

To  make  a  Triangle  equal  to  the  figure  a  b  c  d  e  a  « " 

Draw  the  diagonals  da, 
DB,  and  the  lines  ef,  cg, 
parallel  to  them,  meeting  the 
bafe  AB,  bothwaysproduced, 
in  F  and  g. — Join  df,  do; 
and  DFG  will  be  the  triangle 
required  equal  to  the  given 

figure  ABCDE, 

q  Note. 
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Note.  Nearly  in  the  fame  manner  may  a  triangle  be 
made  equal  to  any  right-lined  figxure  whatever^ 


PROBLEM    XLVIi 

To  mSke  a  Triangle  equal  to  a  given  -Circle. 

* 

iDraw  any  radius 
Ao,  and  the  tangent 
AB  perpendicular  to 
it.— -On  which  take 
AB  equal  to  the  cir-     . 

cumference  of  the  circle  by  problem  xxxvii, — Join 
BO,  fo  Ihall  ABO  be  the  triangle  required,  equal  to 
the  given  circle. 


PROBLEM    xLvii. 


To  make  a  Reff  angle,  or  a  Parallelogram,  equal  to  a  git) en 

Triangle  abc. 


Bifeft  the  bafe  ab  in  m. — 
Through  c  draw  cno  pa- 
rallel to  AB. — Through  m 
and  B  draw  mn  and  b  o  pa- 
rallel to  each  other,  and 
either  perpendicular  to  ab, 
or  making  any  angle  with  it« 
And  the  reftangle  or  paralle- 
logram mnoB  will  be  equal 
to  the  triangle,  as  required* 
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'     .         PR.OBLEM     XLVIII. 

^0  make  a  Square  equal  to  a  given  ReHangle  abco< 

Produce  one  fide,  ab,  till 
EE  be  equal  to  the  other 
fide  Bc. — Bifeft  ae  ki  o; 
on  which  as  a  center,  with 
radius ,  ao  defcribe  a  femi- 
circle,  and  produce  bc  to 
meet  it  at  f. — On  bf  make 
the  fquare  bfgh,  and  it  will  be  equal  to  the  redlangle 
ABCD,  as  required. 

*^  *  Thus  the  circle  and  all  right-lined  figures,  have 
been  reduced  to  equivalent  fquares. 


PROBLEM     XLIIC. 

^0  make  a  Square  equal  to  two  given  Squares  p  and  o^ 

'  Set  two  fides  ab,  bc,  of 
the  given  fi^uares,  perpen- 
dicular to  each  other. — Join 
their  extremities  ac;  fij 
(hall  the  fi:juare  o^,  con- 
ftrufted  on  ac,  be  equal  to 
the  two  p  and  q^  taken  to- 
gether. 

Note.  Circles,  or  any  other  fimilar  figures,  arc 
added  in  the  fame  manner.  For,  if  ab  and  bc  be  the 
diameters  of  two  circles,  ac  will  be  the  diameter  of  a 
circle  equal  to  both  the  other  two.  And  if  ab  and 
sc  be  the  like  fides  of  any  two  fimilar  figures,  then 
AC  will  be  the  like  fide  of  another  fimilar  figure  equal 
to  both  the  two  former,  and  upon  which  the  third 
figure  may  be  confiruded  by  problem  xlii. 


PRO- 


Sea.  i} 


PROBLEMS. 


33 


PROBLEM       L. 


^Q  make  a  Square  equal  to  the  Difference  between  two 

given'^Squares  p  r. 


On  the  fide  ac  of  the 
greater  fquare,  as  a  diame- 
ter, defcribe  a  femicircle ; 
in  which  apply  ab  the  fide 
of  the  lefs  fquare. — Join 
Bc,  and  it  will  be  the  fide 
of  a  fquare  equal  to  the  dif- 
ference between  the  two  p 
and  R,  as  required. 


^    ,  PROBLEM    LI. 

To  make  a  Square  equal  to  the  Sum  of  any  Number  of 

Squares^  taken  together. 

Draw  two  indefinite  lines 
Am,  An,  perpendicular  to 
each  other  at  the  point  a. 
On  the  one  of  thefe  Jet  off 
A  B  the  fide  of  one  of  the 
given  fquares,  and  on  the 
other  AC  th^  fide  of  another 

of  them.  Join  bc,  and  it  will  be  the  fide  of  a  fquare 
equal  to  the  two  together. — Then  take  ad  equal  to 
BC,  and  AE  equal  to  the  fide  of  the  third  given 
fquare.  So  fhall  de  be  the  fide  of  a  fquare  equal  to 
the  fum  of  the  three  given  fquares. — And  fo  on  con- 
tinually, always  fetting  more  fides  of  the  given 
fquares  on  the  line  a  n,  and  the  fides  of  the  fucceflive 
fums  On  the  other  line  a  m. 

Note.     And  thus  any  number  of  any  fort  of  figures 
may  be  added  together. 
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PROBLEM    I.II. 
Tp  make  plain  Diagonal  Scales. 


Draw  any  line  as  ab  of  any  convenient  length. 
Divide  it  into  1 1  equal  parts*.  Complete  thefe  into 
reftangles  of  a  convenient  height,  by  drawing  parallel 
and  perpendicular  lines.  Divide  the  altitude  into  lo 
equal  parts,  if  it  be  for  a  decitnal  fcale  for  common 
numbers,  or  into  1 2  equal  parts,  if  it  be  for  feet  and 
inches;  and  through  thefe  points  of  divifion  draw  as 
many  parallel  lines,  the  who^e  length  of  the  fcale. — ■ 
Then  divide  the  length  of  the  firfi:  divifion  ac  into  10 
equal  parts,  both  above  and  below ;  and  conneft  thefe 
points  of  divifion  by  diagonal  hnes,  and  the  fcale  Is 
fihiilied,  after  being  numbered  as  you  plcafe. 

Note,  Thefe  diagonal  fcalea  ferve  to  take  off  di- 
mensions or  numbers  of  three  figures.  If  the  firft 
large  divifions  be  units;  the  fecond  fet  of  divifions 
along  AC,  will  be  i  oth  parts ;  and  the  divifions  in  the 
altinide,  along  ad,  will  be  loodi  parts.  If  cb  be 
tens,  AC  will  be  units,  and  ad  will  be  loth  parts.  If 
CB  be  hundreds,  ac  will  be  tens,  and  ad  units.  If 
CB  be  thoufands,  ac  will  be  hundreds,  and  ad  will 
be  tens.  And  fo  on,  each  fet  of  divifions  being 
tenth  parts  of  the  former  ones. 

For  example,  fuppofe  it  were  required  to  take  off" 
243  from  the  fcale.  Fix  one  foot  of  the  compaffes  ac 
2  of  the  greateft  divifions,  at  the  bottom  of  the  fcale, 
and  extend  the  other  to  4  of  the  fecond  divifions, 

along 

*  Only  4.  parts  are  here  drawn,  for  want  of  roonia     ' 
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along  the  bottom;  then,  for  the  3,  Aide  up  both 
points  of  the  compaffes  by  a  parallel  motion,  till  they 
fall  upon  the  third  longitudinal  line;  and  in  that  po- 
fition  extend  the  fecond  point  of  the  compaffes  to  the 
fourth  diagonal  line,  and  you  have  the  extent  of  three 
figures  as  required. 

Or  if  you  have  any  Ijne  to  meafure  the  length  of. 
—Take  it  between  -the  compaffes,  and  applying  it  to 
the  fcale,  fuppofe  it  fall  between  3  and  4  of  the  large 
divifions ;  or,  more  nearly,  that  it  is  3  of  the  large 
divifions,  or  3  hundreds,  and  between  5  and  6  of  the' 
fecond  divifions,  or  5  tens  or  50^  arid  a  little  more. 
Slide  up  the  points  of  the  compaffe?  by  a  parallel 
motion,  keeping  pne  foot  always  on  the  vertical 
dfvifion  of  3  hundred,  till  the  other  point  fall  ex- 
aftly  on  one  of  the  diagonal  lines,  which  fuppofe 
to  be  8,  which  is  8  units.  Which  (hews  that  the 
length  of  the  line,  propofed  to  be  meafured,  is  358. 


PX.AKE    SCALES    FOR    TWO    FIGURES. 
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^  The  above  are  three  other  forms  of  fcales,  the  firfl: 
of  which  is  a  decimal  fcale,  for  taking  off  common 
numbers  confiding  of  two  figures.  The  other  two 
are  duodecimal  fcales,  and  ferve  for  feet  and  inches, 
&c. 

Thefe,  and  other  fcales,  engraven  on  ivory,  are 
fitted  for  praftical  ufe.     And  the  moft  convenient 
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form  of  a  plane  fcale  of  equal  divifions,  is  on  the 
very  edge  of  the  ivory,  made  thin  at  the  edge,  for  lay- 
ing along  any  line,  and  then  marking  on  the  paper 
oppofite  any  divifion  required :  which  is  better  than 
taking  lengths  off  a  fcale  with  compaffes. 


REMARKS. 

Note  I .  That  in  a  circle, 
the  half  chord  dc,  is  a  mean 
proportional  between  the  feg- 
ments  ad,  db  of  the  diame- 
ter AB  perpendicular  to  it. 
That  is  AD  :  DC  : :  DC  :  db, 

2.  The  chord  ac  is  a  mean  proportional  between 
AD  and  the  diameter  ab.  And  the  chord  bc  a  mean 
proportional  between  db  and  ab. 

That  is,  AD  :  AC  :  :  AC  ;  ab,     _ 
and  BD  :  bc  :  :  bc  :  ab. 

3.  The  angle  acb,  in  a  femicircle,  is  always  a  right 
angle.  ' 

4.  The  fquare  of  the  hypotenufe  of  a  right-angled 
triangle,  is  equal  to  the  fquares  of  both  the  fides. 

That  is,  AC*  zi  ad*  +  dc*, 
and  BC*  IT  BD*  +  DC*, 
and  AB*  zz  AC*  +  bc*. 

5.  Triangles  that  have  all  the  three  angles  of  the 
one,  refpeftively  equal  to  all  the  three  of  the  other, 
are  called  equiangular  triangles,  or  fimilar  triangles. 

6.  In  fimilar  triangles,  the  like  fides,  or  fides  oppo- 
fite the  equal  angles,  are  proportional. 

7.  The  areas,  or  fpaces,  of  fimilar  triangles,  are  to 
each  other,  as  the  fquares  of  their  Hke  fides. 


SECT. 
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PLANE      TRIGONOMETRY, 

PLANE  Trigonometry  teaches  the  relations  and 
calculations  of  the  iides  and  angles  of  plane 
triangles. 

The  angles  of  triangles  are  meafurcd  by  the  num- 
ber of  degrees  contained  in  the  arc  cut  off  by  the 
legs  of  the  angle,  and  whofe  center  is  the  angular 
point.  A  right  angle  is  therefore  an  angle  of  90 
degrees ;  and  the  fum  of  the  three  angles  of  every 
triangle,  or  two  right  angles,  is  equal  to  1 80®.  Where- 
fore, in  a  right-angled  triangle,  the  one  acute  angje 
being  fubtrafted  from  90®,  the  remainder  will  be  the 
other ;  and  the  fun^  of  any  two  angles  of  a  triangle 
being  taken  from  180®,  will  leave  the  third  angle. 

Degrees  are  marked  at  the  top  of  the  figure  with 
a  fmall  %  minutes  with  ',  feconds  with  '',  and  fo  on. 
Thus  57**  30'  12'',  that  is,  57  degrees  30  minutes 
and  12  feconds. 

In  a  right-angled  triangle,  the  fide  oppdfite  the 
right  angle,  is  called  the  hypotenufe ;  and  the  other, 
the  legs,  or  fides,  or  fometimes  the  bafe  and  per- 
pendicular. 

The  complement  of  an  arc  is  what  it  wants  of  a 
quadrant.  So  bc  z:  40**  is  the  complement  of 
A3  =  50^ 

The  fupplement  of  an  arc  is  what  it  wants  of  a 
femicircle.  So  bcd  =  130**  is  the  complement  of 
AB  =  50^ 

The  fine  of  an  arc  is  the  line  drawn  froniL  one  end 
of  the  arc  perpendicularly  upon  the  diameter  draw3(i 
through  the  other  end  of  the  arc.     So  be  is  the  fine. 

of  AB  or  of  ECD. 
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The  verfed  fine  of  an  arc  is  the  part  of  the  dia- 
meter between  the  fine  and  the  beginning  of  the 
arc.  So  A  E  is  the  verfed  fine  of  ab,  and  de  the 
verfed  fine  of  bcd. 

The  tangent  of  an  arc  is  the  line  drawn  perpen- 
dicularly from  one  end  of  the  diameter  paffing 
through  one  end  of  the  arc,  and  terminated  by  the 
line  drawn  from  the  center  through  the  other  end  of 
the  arc.     So  ag  or  dk  is  the  tangent  of  ab,  or  of 

BCD. 

The  fecaht  of  an  arc  is  the  line  drawn  from  the 
center  through  the  end  of  the  arc,  and  terminated  by 
the  tangent.  So  fg  or  fk  is  the  fecant  of  ab,  or  of 
Bcr>. 

The  cofine,  cotangent,  or  cofecant  of  an  arc,  is 
the  fine,  tangent,  or  fecant  of  the  complement  of  that 
arc.  So  BH  is  the  cofine,  ci  the  cotangent,  and  fi 
the  cofecant  of  ab. 

From  the  definitions  it  is  evident  that  the  fine, 
tangent,  and  fecant,  are  common  to  two  arcs,  which 
are  the  fupplements  of  each  other :  fo  the  fine,  tan- 
gent, or  fecant  of  50%  is  alfo  the  fine,  tangent,  or 
fecant  of  130®. 

The  fine,  tangent,  or  fecant  of  an  angle,  is  the 
fine,  tangent,  or  fecant  of  the  arc,  or  the  degrees,  by 
which  the  angle  is  meafured. 

I  The 
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The  fine,  tangent,  and  fecant  of  every  degree  and 
minute  in  a  quadrant,  are  calculated  to  the  radius  i , 
and  ranged  in  tables  for  ufe.  But  becaufe  trigono- 
metrical operations  with  thefe  natural  fines,  tangents, 
and  fecants,  require  tedious  multiplications  and  divi- 
fions,  the  logarithms  of  them  are  taken,  and  ranged 
in  tables  alfo ;  and  the  Iipgarithmic  fines,  tangents, 
and  fecants  are  commonly  ufed,  as  they  require  only 
additions  and  fubtra<5tions,  inftead  of  the  multiplica- 
tions and  divifidns. 

The  method  of  conftaifting  the  fcales  of  chords, 
fines,  tangents,  and  fecants,  ufually  placed  on  inflxu- 
ments,  is  exhibited  in  the  following  figure. 

There  are  ufually 
three  methods  of  re- 
folving  triangles,  or  the 
cafes  of  trigonometry ; 
namely,  Geometrical 
conflxuftion,  Arithme- 
tical computation,  and 
Inftrumental  operation. 

In  the  firft  methody 
let  the  triangle  be  con- 
llru6led,  by  making  the 
parts  of  the  given  mag- 
nitudes, namely  the 
fides  from  a  fcale  of 
equal  parts,  and  the 
angles  from  a  fcale  of 
chords,  or  other  in- 
flrument.  Then  mea- 
fure  the  required  parts 
by  the  fame  fcale. 

In  the  fecond  methody 
having  ftated  the  terms 
of  the  proportion  ac- 
cording to  the  rule,  refolve  it  like  all  other  propor- 

p  4  tions. 
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tions,  in  which  a  fourth  term  is  to  be  found  froni 
three  given  terms,  by  multiplying  the  fecond  and 
third  together,  and  dividing  the  produft  by  the  firll, 
in  working  with  the  natural  numbers,  whether  they  be 
fides,  or  fines,  tangents,  or  fecants  of  angles.  Or, 
in  working  with  the  logarithms,  add  the  log.  of  the 
2d  and  3d  terms  together,  and  from  the  fum  fub- 
traft  the  log.  of  the  I  ft  term  ;'  then  the  number  an- 
fwering  to  the  remainder  will  be  the  4th  term  re- 
quired- 

^0  work  aftating  inftrumentally,  as  /uppofe  ly  the 

log.  lines  on  oneftde  of  the  two-foot  Jcales. — Extend 
the  compaflfes  from  the  firft  term  to  the  fecond,  or 
third,  which  happens  to  be  of  the  fame  kind  with  it; 
then  that  extent  will  reach  from  the  other  term  to 
the  fourth,  taking  both  extents  towards  the  fame 
fide. 

Note.  For  the  fides  of  triangles  you  ufe  the  line 
of  numbers  (marked  Num.)  and  for  the  angles,  the 
lines  of  fines  or  tangents  (marked  Sin.  and  Tan.)  ac- 
cording as  the  proportion  refpefts  fines  or  tangents.—^" 
If  the  extent  upon  the  tangents  reach  beyond  the 
line,  fet  it  fo  far  back  as  it  reacl^hes  over. 

In  a  triangle  there  muft  be  given  three  parts,  one 
of  which,  aflcaft,  muft  be  a  fide;  becaofe  the  fame 
angles  are  common  to  an  infinite  number  of  triangles. 

In  plane  trigonometry  there  are  threfe  cafes  or  va^ 
rieties  only,  viz. 

1 .  When  t\^o  of  the  three  parts  given,  are  a  fide 
and  its  oppofite  angle. 

2.  When  there  are  given  t\i'0  fides  and  their  in- 
cluded angle. 

3.  When  the  diree  fides  are  given. 
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,A  Table  of  Lineal  Meajures, 


4« 


Inches 
12 

36 
198 

792 

7920 

63360 

Feet 

I 

,    3 
l6| 

66 

660 
5280 

> 

1 

Yards 

I 

si 

22 

220 

1760 

Poles 

I 

* 

4 
40 

320 

■ 

« 

Chains 

^     I 
•     10 
80 

Furlongs 

I 
8 

Mile' 
I 

Note  aljoy  An  inch  is  fuppofed  equal  to  3  barley- 
corns in  length, 

4  inches — a  hand, 

6  feet,  or  2  yards — 2l  fathom, 

3  niiles — a  league, 

60  nautical  or  geographical  miles— a 
degree,  or  694.  ftatute  miles  nearly, 

360  degrees,  or  25000  miles  nearly—* 
is  the  circumference  of  the  earth. 

PROBLEM    I. 

Given  ^bree  Parts ^/uchy  that  an  Angle  and  its  Opfo- 
Jite  Side  are  Two  of  them,  to  find  the  reft. 

In  any  plane  triangle,  the  fides  are  proportional  to 
the  fines  of  their  oppofite  angles  *,     That  is. 
As  one  fide  : 

Is  to  another  fide.  :: 

So  is  fin.  angle  opp.  the  former  : 
To  fin.  angle  6pp.  the  latter.       . 

Notf 


*    DEMONSTRATION. 

Let  ABC  be  any  triangle :  in  ab 
affume  any  point  d,  take  ce  =:  ad, 
and  upon  ac  demit  the  perpendicu- 
lars DF,  EG,  BH;  theii  will  DP  and 
EG  be  the  fines  of  the  angles  a,  c, 
to  the  general  radius  ad  or  ce. 
Now,  from  fimilar  triangles,  we  Ihall 

^        t  CB  :  BH  : ;  AD  (ce)  :  eq  J 

and  hence,  of  equality,  ab  ;  bc  ::  eq  :  df* 
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Note  I.  To  find  an  ai^le,  begin  the  proportion 
with  a  fide  oppofite  a  given  angle ;  and  to  find  a 
fide,  begin  with  an  angle  oppofite  a  given  fide. 

2.  An  angle  found  t^  this,  rule  is  always  ambigu- 
ous, except  it  be  a  right  angle,  or  except  that  the 
magnitude  of  the  given  angle  prcveht  the  ambiguity ; 
bccaufe  the  fine  anfwers  to  two  angles  which  are  the 
fupplements  of  each  other:  and  accordingly  the 
conftnidtion  gives  two  triangles  with  the  fame  given 
parts ;  and  when  there  is  no  refbri&ion  or  limitation 
included  in  the  propofition,  either  of  them  may  be 
taken.  The  degrees,  in  the  table,  anfwering  to  the 
fine,  is  the  acute  angle ;  and  if  the  angle  be  obtufe, 
take  thofe  degrees  from  i8o%  and  the  remainder  will 
be  the  obtufe  angle. — When  the  given  angle  is  ob- 
tufe, or  right,  there  can  be  no  ambiguity ;  for  then 
neither  of  the  other  angles  can  be  obtufe,  and  the 
conftxuction  will  produce  but  one  triangle. 


EXAMPLE     I. 


In  the  plane  triangle  abc, 
345  I  yards 


Given 


Bc  232  J 

LZ.A37^20' 


Required  the  other  parts. 


Geometrically. 

m 
« 

1.  Draw  the  line  ab  =:  345  from  fome  convenient 
fcale  of  equal  parts. 

2.  Make  the  angle  a  z:  37'*  20'. 

3.  With  the  center  b  and  radius  232,  taken  from 
the  fame  fcale  of  equal  parts,  crofs  ac  in  c. 

4.  Draw  BCy  and  the  triangle  is  conflxudted. 

Then 
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Then  the  angles  b  and  o,  meafured  by  the  fcalc    • 
of  chords,  and  die  fide  ac,  meafured  by  the  fcale  of 
equal  parts,  will  be  found  to  be  as  follows  :  viz. 


Z.  B  27 
or  78^ 


«  '  Z.C  1154, 
or     644^ 

Arithmetically. 


AC  174 
or  3744: 


As  fide  Bc  —  232  '  — 
To  fide  BA  —  345  — 
So  fine  /-  A  37*  20'        — 

To  fine  z.  c  115*"  36'  or  64**  24 
jL  A    37  20         37    20 


2-3654880 
2*5378i9i 
.9-7827958 

9-9551269 


■«• 


fubtr.  152   56  or  1 01    44  fub. 
firom  180  00       180    00 


leaves'    2^   04  or    78    i^  the  il  b, 


As  fine  Z.  A 
To  fine  Z.  B 
So  fide  BC 

To  fide  AC 


Then 

f27'o4'l 
I78    16/ 


232 


r  174-07  \ 
1 374-56  J 


97827958 
9-6580371 
9*9908291 
2-3654880 

2*2407293 
2-5735213 


Jnjlrumentally. 

In  the  firft  proportion,  "Extend  from  232  to  345 
upon  the  line  of  numbers ;  that  extent  will  reach, 
upon  the  fines,  from  37^4.  to  64*4.  the  angle  c. 

In  the  fecond  proportion.  Extend  from  37*t^^ 
27"*  or  78''^  upon  the  fines ;  that  extent  will  reach, 
upon  the  numbers^  firom  232  10  174  or  .374t>  ^^^ 
the  fide  kc. 


%%- 
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EXAMPLE     II. 

In  the  plane  triangle  abc 

^  chains  I  f  bc  216  chains 

Required  the otherparts.  J  I  ^^  53    0748 


Given  < 


EXAMPLE     III. 

In  .the  plane  triangle  abc 

Tab  365  poles  "J 
Given  {  AB  24^4/      I 

Required  the  other  parts.  J         -  »    ^  c 


Anf 


{^-c  98^  03'      • 
AC  1 54*33  1       , 
B  C  309.86  1  P°'* 


Given 


EXAMPLE     IV. 

In  the  plane  triangle  abc 
AB  53  miles 


£^K    121''    14' 
^LC    29^     23' 


Anf. 


Required  the  otherparts. 


Z.'b  29**  23' 
AC  53  miles 
bc  92*36  miles 


EXAMPLE     V. 

In  the  plane  triangle  abc 

ab   162  "J  r  y  »       o 

Given  \  Lc  36°  52'  12"       .   r  J  ^^      u  • 

■^      %      8     r  SAC  270  chains 

Required  the  other  parts.    J  ^ 

EXAMPLE     VI. 

.  In  the  plane  triangle  abc 

poles       "^ 
poles 


{AB  365  pol 
AC  154-33 
Z.C  98''  03' 
Required  the  other  parts. 


Anf, 


B  24*  45' 
A  57    12 
c  309*86 pol. 

'  EX- 
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Given 


EXAMPLE 

VII. 

In  the  plane  triangle  abc 

1 20  feet   ^ 

112  feet    1  .    r 
^0     ^/      >Anl.  < 

1 115  *5  39 

.cl   57   58  39 

\        7    07    21 

57    27 

\ 

I  other  par.  -^ 

"{"■.^--tO''" 

II. 


PROBLEM 

Given  Two  Sides  and  the  Angle  Included  by  them,  td 

find  the  reft. 

In  a  plane  triangle,  As  the  fum  of  any  two  fides 
is  to  their  difference,  fo  is  the  tangent  of  half  the 
fum  of  their  oppofite  angles,  to  the  tangent  of  half 
their  difference.  Then  the  half  difference  added  to 
the  half  fum  of  the  angles,  gives  the  greater ;  and 
fubtrafted,  leaves  the  leTs  angle*. 

Then, 

*    DEMONSTRATION. 

By  the  firft  problem,  the  fides  are  as  the  fines  of  their  oppo- 
fite angles,  and  confequently  the  fum  of  the  fides  will  be  to  the 
difference  of  the  fides,  as  the  fum  of  the  fines  to  the  difference  of 
the  fines  of  the  faid  oppofite  angles. 

Wherefore  we  have 
only  to  prove  that  the 
fum  of  the  fines  is  to  the 
difference  of  the  fines  of 
two  arcs,  as  the  tangent 
of  half  the  fum  of  thofe 
arcs  is  to  the  tangent  of 
half  their  difference :  In 
order  to  which,  let  bd, 
cE,  be  the  fines  of  the 
arcs  AB,  AC;  protKice 
BD  to  the  circumference 
at  p,  and  produce  ec 
till  ECLbe  =  DP  ;  to  the 
middle  point  6  of  the 
arc  .BC  draw  the  tangent 
HGK,  and  draw  cnbml 
parallel  to  it ;  join 
RH,  RG,  and  draw  on, 
r  B,  and  qj.  parallel  to  I^amk* 
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Then,  all  the  angles  being  known,  find  the  un- 
known fide  by  the  firft  problem. 

Note.  When,  in  this  cafe,  the  triangle  is  right- 
angled,  the  longeft  fide  will  be  found  by  extrading 
the  fquare  root  of  the  fiim  of  the  fquares  of  the  other 
two  fides ;  knd  then  the  angles  will  be  found  by  the 
firft  problem. 

Note  aljoy  That  inftead  of  the  tangent  of  die  half 
fum,  we  may  ufc  the  cotangent  of  half  the  given 
angle,  which  is  the  fame  thing. 

EXAMPLE     I- 

In  the  plane  triangle  abc 
r  A  B  345  yards  ^ 

Given  ^    a  c   1 74*07  yards 
I  Z-A  z^^  20' 

Required  the  other  parts.      I 

Geometrically. 

1.  Draw  AB  equal  to  345,  from  a  fcale  of  equaf 
parts. 

2.  Make 


Now  it  is  evident  that  cq^is  the  fum,  and  cf  the  difference  of 
the  fines  ;  and  that  gk  is  the  tangent  of  half  the  fum  ag,  and 
GH  the  tangent  of  half  the  difference  cg,  of  the  two  arcs  ab, 
AC  ;  alfo  NM  is  =  Jcl,  for  bn  =  nc,   and  bm  =  ml  :    then,   in 
the  fimilar  triangles  cqj,,  rnm,  rgk,  it  will  be  as 

CQ^;  CF  ::  (J  cQ^or)  qe  :  (Jcpor)  oc, 

and  NM  :  nc  : :  oe  :  oc, 

and  NM  :  NC  : :  gk  :  gh, 

theref.  ccl:  cp  ::  gk  :  gh. 

Which  was  to  be  demonftrated. 

And  that  the  half  fum  increafed  and  diminifhed  by  the  half 
difference,  gives  the  greater  and  lefs  angle  reipc^iively,  is  evi- 
dent from  the  figure* — And  that  two  quantities  of  any  kind  mfy 
be  found,  by  the  fame  rule,  from  their  fum  and  difference,  may 
be  proved  thus :  Let  cn  reprefent  the  lefs,  and  kl  the  greater, 
of  any  two  quantities ;  and  let  B  be  the  middle  of  the  right  line 
CL.  Then  it  is  evident  that  bl  =  bc  is  the  half  fum,  and  bk 
the  half  difference,  as  alfo   that  lb  +  bm  =  nl  the   gceater 

quantity,  and  cb  —  BK  =  Nc  the  left. 


Seft.  2.3       PLANE    TRIGONOMETRY.  47 

2.  Make  the  angle  a  equal  to  37**  20'. 

3.  Make  ac  equal  to  174-07,  by  the  fcaleof^qual 
parts. 

4.  Join  B,  c,  and  it  is  done. 

Then,  the  parts  being  meafured,  we  have  die  Z.  c 

=  ^^S'^i:*  ^^  ^*  ='^7*'>  ^nd  B^  ^  ^3^  yards. 

Arithmetically. 

As  fum  of  fides  ab  +  ac  519*07  —     2*7 152259 
To  dif.  of  fides  ab  —  ac  i  70*93  *-^     2-2328183 

^  Z.C+Z.B  ^  0 

Sotang. — ^ —     —      71*^  20  —  io'47i2979 
Totang.— ^^^^^^ —    —      44    16   —    9*9888903 


Theirfumii5    36 -ilc 
Their  dif.     27    0421.8 

Than 

Asfine£.c  115**  36' or  64*  24'  —  9'955i^59 
To  fine  Z.A  —  —  37''  20''. —  97S27958 
So  fide  AB  345     —        _       _  2-5378191 

To  fide  Bc  232     —        ..-.       —  2-3654890 

t 

Inftrumentally. 

In  the  firft  proportion,  Extend  from  519  to  171 
on  the  line  of  numbers ;  that  extent  will  reach,  upon 
the  tangents,  from  71"^  (the  contrary  way,  becaufe 
the  tangents  are  fet  back  again  from  45*^)  a  little  be- 
yond 45,  which  being  fet  fo  far  back  from  45,  falls 
upon  44^-J-  the  fourth  term. 

In  the  fecond  proportion.  Extend  from  64® j-  to 
370^  on  the  fines,  that  extent  will  reach,  on  the 
numbers,  from  345  to  232  the  fourth  term  required. 


EX- 
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EXAMPLE     II* 

In  the  plane  triangle  abc 


Given 


i^         ^  >  chains 
BC    210  J 
Z.B  90® 


Required  the  other  parts. 


rz.A  530  07^48^ 


>Anf.  ^  Z-c  36    52  12 
AC  270  chains 


EXAMPLE     III. 

In  the  plane  triangle  abc 

^^  53    ,\  miles  1 
BC  92.36/  l^^f 

L.  B    29®  23  j 

Required  the  odier  parts,     J 


Given  ^ 


Z.A  121®  14 

L.Q,      29      23 

AC    53  miles. 


EXAMPLE     IV. 

In  the  plane  triangle  abc 

Given  \    Bcii2j^         I 
\  ^c  57»  58'  39"  ' 
Required  the  other  parts.  ^ 


Anf. 


L,  A  57"  27  ■  00 

Z-B  64    34    21 
ABJI2'65    pol 


PROBLEM    III. 

Given  the  "Three  Sides  of  a  Triangle  j  to  find  the  Angles. 

*  In  any  plane  triangle,  having  let  fall -a  perpendi-^ 
cular  from  the  gl^eateft  angle  upon  the  oppofite  fide 


or 


*, DEMONSTRATION. 

From  one  end  B  of  the  leaft  fide  ab, 
of  the  triangle  ABC,  as  a  center,  and 
radius  as,  defcribc  a  circle  cutting  the 
other  two  fides  in  e  and  f  ;  produce 
CB  to  the  circle  at  g,  and  let  fall  the 
perpendicular  bd. — Then  is  gb  =  bf 
=  AB,  and  (by  3.  III.  Eucl.)  ad  =  de, 
and  confcqucntly  ec  =  cd  —  da  the  difference  of  the  fcgments, 

Fc  =  GB  — ba  the    difference  of  the    fides, 

and 


Seflt.  2«3       i>LANE    TRIGONOMETRY.  49 

or  bafe,  dividing  it  into  two  fegments,  and  the 
whole  triangle  into  two  right-angled  triangles;  it 
will  be 

As  the  bafe,  or  fum  o£  the  fegments  I 
Is  to  the  fum  of  the  other  two  fides  : : 
So   is  the  difference   of  thofe  fides : 
To  the  difference  of  the  fegments  of  the  bafe. 
Then  half  the  difference  being  added  to,  and  fub*' 
trafted  from,  half  their  fum,  will .  give  the  greater 
and  lefs  fegment. 

Hence,  in  each  of  the  right-angled  triangles,  will 
be  known  two  fides,  and  the  angle  oppofitcto  one  of 
them;. and  confequently  the  other  angles  will  be 
found 'by  the  firft  problem. 

Note.  In  the  above  proportions,  if  half  the  differ- 
ence of  the  fides  be  taken  for  the  third  term,  then 
the  fourth  term  will  be  half  the  difference  of  the 
fegments.  Which  will  commonly  be  more  convc* 
nient  to  ufe  than  the  whole  differences. 


EXAMPLE     t. 

-In  the  plane  triangle  a  bo 

AB  345      1 
Given  -{  AC  174*07  >  yards 

Bc  232     J  , 
Required  the  angles.. 


Geometrically. 


*    ki      m  •     ■■!    I-— ■■.!■  —I 


and  Gc  =  CB  *f  BA  the  fum  of  the  fides.  But  (by  Cor.  to 
36b  III.  Eucl.)  the  re^ngle  ca  x  ce  =  eo  x  cf,  or  ca  : 
CG  : :  CF  :  cjg«  that  is  Ac  ;  cb  +  ba  : :  cb  —  ba  :  cd  —  da. 

^  E.  D. 
And  that  the  half  fum  of  two  quantities  increafed  and  dimi* 
niihed  by  their  half  difference,  gives  the  greater  and  lefs'quaotir 
ties  refpedively^  was  proved  in  the  lait  problem. 


50  JLANE    TRIGONOMETRY.       [Part  1. 

Geometrically. 

1 .  Draw  AB  equal  to  345  by  a  fcale  of  equal  parts,- 

2.  With  the  centers  a  and  b,  and  radii  174*07 
and  23  2  J  taken  from  thefan)e  fcale^  defcribe  arcs  in* 
terfefting  in  c. 

3.  Draw  AC  and  bc,  and  it  is  done. 

Then  by  meafuring  the  angles,  they  appear  to  bc 
nearly  of  the  following  dimenfions,  vi^  z.  a  zz  3  7*^, 
Z.  B  =:  27%  and  A  c  =  1 15''4- 

Arithmetically. 

Having  let  fell  the  perpendicular  €P,  it  will  bc 
As  AB  zi  345  :  BC  +  ca  zz  406*07  : :  b-o  —  ca  n 

57'Q3  •  -? '  ■  ^^  =  68*i8  z:  bp  —  pa. 

Hence,  ^^ z:  206*59  zz  bp, 

J  3^45  —  68'i8  _       o 

and  ^^ zz  i38*4i  zz  ap. 

Then  in  the  triangle  apc,  right-angled  at  p. 
As  AC  —  174*07       —        2*240723^ 

To  AP  — _        i38'4i       —        2*1411675 

Sos.Z-p      — •  90*00'      —      iq'ooooooo 

Tos.  Z-Acp  —  52  40  —  9*9004436 
which  being  taken  from  90  ooi  ■ 

leaves  37   20^4 

And  in  the  triangle  bpc. 

As  BC  —  232  —        2*3654880^ 

^   To  BP      '^  —  206-.55L.     —        a"3,i5jP93. 

Sos.  Z.P     —  90*^00'      —      10*0000000 

Tos^Z-PCB    — ^      62  5^        -^        9>9496Ai3: 

taken  from  90  00  ■ 


leaves  27  04  Z. » 


Alfc 
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Alfo  52"*  40'  Aacp 
added  to  62  56   Z.bcp 


makes  115  36   Z.ACd 

Whence  the  Z.  A  :=:  37*  20',  the  Z.4  =  27*  04^ 
and  the  Z.C  —  II5*  36'. 

Ififtrumentally. 

In  thfe  firft  proportion. — Extend  from  345  to  406^ 
on  the  line  of  numbers ;  that  extent  will  reach,  upon 
the  fame  line,  from  58  to  68-2,  the  difference  of  the 
fegments  of  the  bafe. 

In  the  fecond  proportion.— Extend  from  1 74  to 
1 384.  on  the  numbers ;  that  will  reach,  on  the  fines^ 
from  90*  to  52^4'* 

In  the  third  proportion. — Extend  from  232  to 
206^,  and  that  extent  will  reach  from  90  to  63®. 

EXAMPLE     tX* 

In  the  plane  triangle  abc 


.0    ^^/    ^otf 


Given  [acJ'o         L  r  ft"  ^^° '^' ^'' 
Ibc  zi6  >Anr.  |z.B90   oo  oo 

Required  the  angles.   J  l^<^  S^    5»   " 

EZAITFLE    tit. 

In  the  plane  triangle  abc 


Given 


fAB   112-65      1  fAA57»4/00* 


Required  the  angles. 


E2  X3e 


5* 
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EXAMPLE     IV. 

In  the  plane  triangle  abc 

fAB  53 
Given  j  AC  53  ^  ^^^ , 

I^BC    92-36 

Kequired  the  angles. 


Z.A    121*  14' 
Z.B       29     23 

Z-c     29   23 


Thefe  three  problems  include  all  the  cafes  of  plane 
triangles,  as  well  right-angled  as  oblique ;  befides 
which  there  are  fome  other  theorems,  fuited  to  fomc 
particular  forms  of  triangles,  which  are  often  more 
expeditious  in  ufe  than  the  general  ones;  one  of 
which,  as  the  cafe  for  which  it  ferves  fo  ofteh  occurs, 
take  as  follows. 

PROBLEM     IV. 

Given  ibi  Angles  and  a  Leg^  of  a  Right-angled  Tri» 
angle ;   to  find  the  Other  Leg  and  the  Hypotenufe. 

C 

'^  As  the  radius 

Is  to  the  given  leg  ab  :  i 

So  is  tang,  of  angle  a  : 

To  the  oppofite  leg  bc  : : 

And  fo  is  fecant  of  the  fame  JL  a  : 

To  the  hypotenufe  ac. 


£X- 


*dkmokstratiok.. 

With  the  center  a  and  any  radius  ad,  defcribe  an  arc  de,  and 
erc6t  the  perpendicular  df  ;  which,  it  i%  evident,  will  bc  the  tan- 
gent, and  AF  the  fecant  of  the  arc  de,  or  angle  a,  to  the  radius 
AD.— And  in  the  fimilar  triangles  adf,  abc,  it  will  bc 
AD  :  ab  : :  DF  :  BC  : :  AF  :  ac.  ^E,  2>. 

GENERAL     SCHOLIttM. 

Befides  thefe  rules,  I4ball  here  fct  down  fomc  new  theorems 
concerning  the  relations  of  the  fides  and  angles  of  triangles,  in- 
dependent of  any  tables. 
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EXAMPLE. 

In  the  plane  triangle  abc,  right-angled  at  b. 
Given  \   ,     ^     o      /    o"  ^      Required  ac  and  bc. 

E  3  Geo^ 

P.ROFOSITION. 

If  2  a  denote  a  fide  of  any  triangle,  a  the  number  of  demet 
contained  in  its  oppoiite  angle,  and  r  the  radius  of  the  circle 
circumfcribing  the  triangle  :  Then  I  fay  that  ▲  is  equal  to 

57--9S7795  ^ '  7 + ^p +r:;:i;5 + ^kp^^t^bJ:^'''^ 

For  fince  24f  is  the  chord  of  the  arc  upon  which  the  angle, 
whofe  meafure  is  a,  infifts ;  a  will  be  the  fine  of  half  that  arc,  or 
the  fine  of  the  anele  to  the  radius  r,  fince  an  angle  in  the  cir- 
cumference of  a  circle  is  meafured  by  half  the  arc 'upon  which  it 
flands:  now  it  appears,  from  rule  3*  prob.  6.  fe6t«  i.  part  2.  of 
t)us  work,  that  the  (aid  half  arc  %  is  equal  tp 

'  +  .-iP  +  1^  +  ;^P^'''   "^^  3-'4i59r  «lenodnff 
half  the  circumference   of   the   fame  circle,  or   the    arc   of 

180 'degrees,  wc  fliall  have  3*141  cor  :  iSo** ::  z  :  — = 

3-141 59r 

5^^^2im5f  =  5,..95779s  X :  5+-^  +  ^  +  ^5^&c 

=  the  degrees  in  the  angle  or  half  arc. 
CoroUary  i.    By    reverting    the    above    fcries     we     obtalft 
tf        A  a'      ,  A*  A^  „ 

r       n      2*in^      2,'^,/^.^h^      2.3.4.5.6.7«^      ' 

putting  »=  57-^95779  J  =  jr^T^' 

CoroUary  2«  li  2  a  be  the  hypotenufe  of  a  right-angled  triangle, 
m  will  be  =  r,  and  then  the  general  feries  will  become  »  x  :  a  + 

I      .        3         ,         3.5       _  90       QOX3"I4lCQ  &c 

—  +  -^  +  -^-2-|-  &c  =  90,  or  2.  =  ^    -^    ;  ^^ = 

2.3      2.4.5       2.4.0.7  ^  n  100 

3W£S9  &i^  ,  +  i_+ _3_  +  _3d.  +  _M-7     &c. 
2  2.3      2.4.5      2«4*o.7      2«4.o.o.9 

Cir^Jlarj 


f 

f 
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Geometrically. 

Make  ab  =  162,  and  the  angle  a  =  53*  07'  48" ; 
then  raife  the  perpendicular  bc  meeting  ac  in  c.  So 
(hall  AC  meafure  iyo,  and  3c  21 6* 

Calcu-- 


Corollary  3 .  Since  the  chord  of  60  degrees  is  =  the  radius,  or  the 
fine  of  30  degrees  =  half  the  radius,  putting  a  for  \r  in  the  general 

feries,  will  give  «  x  :  -  + 1  +  — - — :  +  — ^ — r  &c  =3 

'         **  2       2.3.2^      2.^.^.2^      2.4.6.7.^^ 

30 ;    and    hence  the  fum  of  the  infinite  feries 

2  2.3.2*         2.4.5.2s         2.4.0.7.2' 

is  =  2?  =  30X3'i4iS9&c  _.  3'H;59^c  _ 

n  180  "^  6 

one-'fixth  of  the  circumference  of  the  cdrde  whofe  diameter  is  Xm 

Corollary  4.  It  might  cafily  be  fliewn,  from  the  principles  of 
common  geometry,  that  the  fine  of  60  degrees  is  to  the  radius,  as 
|:i/3  is  to  I ;  fubftituting,  then,  Irj/^  for  a  in  the  general  fe- 
ries, we  fliall  have  » v's  X  :  -  +  -'-2_  +     ^'^    ■■  +     ^'f '^   » 

^  ^         2       2.3, 2*       2.4.5.2^      2»4«6.7.2' 

Sec  =  60 ;  and  hence  the  fum  of  the  infinite  feries 

-+ -i- + -±2L  + -^^— &c  will  he 

2         2.3.2*         2.4.5.2*        2.4.D.7.2' 

^to.^6ox3'i4i59^c  ^3:X4iL9ifi^  ^    ^^^    therefore, 

ns/s  180^3  3^3  ^ 

to' the  infinite  feries  in  the  third  corollary,  as  2  is  to  j/$. 

Corollary  5.  If  ^,  r  be  the  halves  of  the  other  two  fides  of  the 
triangle,  and  s,  c  the  degrees  contained  in  their  oppofite  angles  ^ 

fiiice  B  =  «  X  :  -  + r  +  -^-rr&c, 

r       2.3r«       3.4.^r5 

^nd  c  =  «  X  ;  —  + 5  &C,  and  the, 3  angles  of  ^ny  triangle 

are  equal  to  180  degrees ;   we  fliall  hare  i8o=:a4-b  +  c  = 

n  X  : h ' &c,  or  the  fum  of  the  infinite  fcnes 

r  2.3H 

r  2,2;        p  -2.4.5'        ^^  2.4.6.7'         r^ 
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t 

CalcnUtian. 

As  radius  i  :  ab  =r  162  : :  1*3333284  =  nat.  tan- 
gent <rf  53**  oY  48"  :  215-9992  =  Bc. 

Andy  as    i  :  162  ::  1-6666628  =:nat.  fecaot  of 
the  lame  4- a  :  269*99937  zz  Ac. 

£  4  In- 


m  -11     ^  '^         180X3T4IC9&C  _  , 

&c  Will  be  =  — =± Z.     =  3-I4I59  &c  =  th€ 

prcumfereiice  of  a  circle  whole  diameter  is  i ;  d^  h^c  being  the 

halves  of  the  three  fidet  of  any  triangle,  and  r  the  radius  of  its 

dfrumfoilnng  circle. 

^ut  —  ee 
C^r^Uary  6.    Since^  by  ppob.  3,  #:iJ  +  f::*  —  c:  '  = 

half  the  difference  of  the  fegments  of  the  bafe  {h)  made  by  a  per« 

pendicular  demitted  from  its  oppofite  angle,  and 

£Ui  —  cc      iUi  ^  hh  "^  cc 
i  H 7 —  -i =  the  fegment  adjoining  to  the  fide  20^ 

we  flunhave  v/^^-^fl+f^'  ^  V^3P+^=^ 
for  Cbe  Talneof  the  fiid  .perpendicular  to  the  baie»  and  hence 

1 ziazicz —       .  ■  .   '  :=i  =  r  the 

raitius  of  the  circumicribing  circle. 

Haring  now  found  the  Talue  of  r,  we  can  calculate  all  the 
cafi»  of  trtgonomctry  without  any  tables,  and  without  reducing 
oblique  triangles  to  right-angled  ones ;  for  having  any  three 
parts  (except  the  three  angles)  given,  we  can  find  the  reft  from 
iheie  five  equations : 

lahc 

r      :i»y^      ^•4*5'^      a.4.6.7r^      a.4.6.e.9f^ 

3.  B=B«x:-+ .+— 2_.+  -A2 — ,+   ^l*. — -&c. 

^  r  ^  2.3H  ^  a.4.5r5  ^  2.^.6.yr^      2.4.6.8.9r9 

r       2.3rJ      2.4. 5r*      2.4.6-7r^      2.4.6.8.9^* 
J.  A  +  B  +  c  =  180. 

Afid 
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Injirumcntally . 

The  extent  from  45**  to  53**  08',  upon  the  tangents, 
will  reach  from  162  to  216  upon  the  numbers. 

Note. 


And  for  the  more  convenience  wc  may  add  tne  three  following, 
which  are  derived  from  the  2d,  3d,  and  4th,  by  rcveriion  of  feries^J 

A        A*  •  a'  a7  ^ 

6.  tf  =  r  X  : r  H : 7 — r  &c. 

n      .2.3a*      2.3.4.5a'       2.3.4. 5.o.7«' 

•  ^        b'     ,        B^      .  b' 

*  ti       2.^n^      a«3*4>$n        2.3.4.5.0.7a'  , 

c         c'  c'  •    c^  ^ 

8.   f  =  r  X  : r  + : 7 &c. 

n      2,^n^      2.3.4.5a$      2r3T4«5-^«79^ 

Where  n  =  57*^957795  &c. 

EXAMPLE. 

Suppofe  we  take  here  the  firft  example  in  probl  r,  in  which 
are  given  two  fides  ih  =  345,  ic  :=  232,  and  the  angle  oppofite 
to  2f  =  37°  flo'  =  37  J  degrees  =  c. 

Then,  —  being  =    '  f  ■.  ^^^  ^      .    =  '651 589587/  we  hav* 

232 
f  = =  116  =  rx  ;  '651589587  —  -04610744  +  '00097879 

—  -000009894   +   -000000058  &c     =  r    X    ('652568435  — 

•046117-^34)  =  -60645 1 1  r.     Hence  r=i-^r^ =191-27677, 

^      345  X  •6064c  1 1 
-  =^2-2^ ?^—  =  -QOll 


=•78°  16'  nearly. 

Laftly,  -^  being  =  ^J^^^J^  =  1-365982,  ind  rzrigviyeyj^    ' 
n  57^957795 

from  the  fifth  equation  wc  have  tf  =  191-27677  X  :  1-365982  — 

•4247992  +  -0396379  —  -0017607  +  -0000288  —  •0000005  = 

191-27677  X  •9790883  =  187-27684.  ^ 

And  hence  la  =  374'S5368^=  the  third  fide  of  the  triangle. 

Corqll^jry 
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Note.  It  is  common  to 
add  another  method  for 
right-angled  triangles,  which 
is  this*  ABC  being  the  tri- 
angle, make  a  leg  ab  ra- 
dius, that  is,  with  center  a 
and  radius  ab,  defcribe  an 
arc  BF  :  then  it  is  evident 
that  the  other  leg  b<:  repre- 
fents  the  tangent,  and  the 
hypotenufe  ac  the  fecant  of  the  angle  a  or  arc  bf. 

In 


Corollary  j*  As  the  feries  by  which  an  angle  is  found,  <rftea 
converges  very  ilowly,  I  have  inferted  the  following  approxi« 
jnation  of  it,  viz. 


X 


r 


A  =  ff  X  (t  V  3  -*  a  a/i  — — )  nearly;  where  the  letters 

rr      y 

denote  the  fame  quantities  as  in  the  above  feries. 

y i ■ 

y  '     aa.        a        ji3  ya^     • 

Forfinccp  =  V  2  —  2>/i-^  — is  =  j-f- j-^+ ^  ;  ,a^s  ^h 


rr  r       2.4H      2,4.i6r* 


3^ 


and  —  IS  ==1  -  -J .  . 

n  r       2.y^       ^•\*y^ 


&c; 


we  fliall  have,  by  taking  the  former  of  thefe  from  the  latter, 

—  —  p  =  — ;  +  7-2 — -  &c.     But,  from  the  firft  feries, 
n  16^*      040r' 

Ip =J^, +  -2— -  &c;  hence,   by  fubtrading  the   latter 

\-       Sr      2j\r^      384r5 

from  the  former, 

p  —  4^  +—  = $pH =5  -5 — ^  &c ;  and 

n  ^      •  3r       a      '     '    gr       48or^ 

a  y  /       aa        a 

a=:«x(4p )^«x  (4v  a  — 2a/i )  nearly, 

^*         3r  ^*  rr      y 

Corollary  8,  And  again,  fincc  -^  x  (P  —  ^  —  i^')  =  —5-  j' 

&c:  (where  a  is  =— ),  by  fubtrading  this  from = 

•  r    •  n  3 

I  n 

-s-^'  &c,  and  reducing,  there  will  be  obtained  a  = —  x 
480^         '  *'  lOj 

(Hi 
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In  like  manner,  if  the  leg  Bfc  be  made  radius;  then 
the  leg  AB  will  reprefent  the  tangent,  and  ac  the  fe- 
cant  of  the  arc  eg,  or  of  the  angle  c. 

But 


-— T ""^ 


which  will  commonly  give  the  jingle  true  to  within  a  minute  of 

the  trut^.      Where  note  that    the  conflant    quantity ==: 

•54C67409.    And  from  the  whole  may  be  drawn  the  following 
problem. 

PROBLEM* 

9aferfirm  all  the  Cafes  0/ Trigonometry  wtboHt  any  ToUes. 

Hating  any  three  parts  of  a  triangle  givciif  except  the  three 
angles^  the  other  three  parts  may  be  fouml  by  foihe  of  t^  foU 
lowing  fix  general  theorems. 


r~? 


I.    A  =  }ff  X  (4V^  z  —  2^1  — ^  —  )  nearly, 


Or 


7 


*"  ws  ^  ^'HV^  i  -  a  v^i  -  ^  ^  39  -  -  ^)nK>n> nearly, 

r       2.y.i  '    2.4. jr*   ~2,4.6.7r'     2.4.6.8.91^      ^ 

A  A3  A*  a' 

3.  i»=r  X: + — ± ^ &c, 

»      ^^^a}  ,    2.3.4.5«5     2.3.4.5,6.711' 

4.  r=  —  "* 


A        A3-  l5  A^^  r^ 

«i      2.3.«3     2.3.4. 5»5     2,3.4.5.6^7«^ 

2  tf^c 


v^(^+^+0  X  (tf+^-0  X  (a-^+0  X  ( -tf +^+f)' 


— — .    &C)» 

"»     2.3«3     ij^^^fi^     2.3.4.5.6.7ff' 

Wher& 
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But  if  the  hypot^nufe  be  made  radius ;  then  eacli 
leg  will  reprefeqt  the  fine  of  its  oppofite  angle; 
namely,  the  leg  ab  the  fine  of  the  arc  ae  or  angle 
c,  and  the  leg  bc  th^  fine  of  the  ^c  cp  or  angle  a. 

And  then  the  general  rule  for  all  thefe  cafes,  h 
this,  namely,  that  th^  fides  bear  to  each  other  the 
fame  proportion,  as  the  parts  which  they  rcprdcfitt 

And  this  is  called,  making  every  fide  radius. 


>C>00<>«:>C:*0<CM3<>C>c>r>:»«>C<9^>C9f: 


SECT.    III. 

Oi     HEIGHTS     AND     DISTANCES,     &C. 

1 

BY  the  menfiiration  and  protradtion  of  lines  and 
angles,   we  determine  the  lengths,    heights^ 
depths,  or  diftances  of  bodies  and  objeds.     And  thia 

branch 


■•*- 


Where  «,  6j  r,  are  the  halves  of  the  three  lides  of  the  triangle, 
and  A  the  number  of  degrees  in  the  angle  oppofite  the  fide  20^ 
;ind  c  the  degrees  in  the  angle  oppofite  the  fide  2c ;  alfo  r  is  the. 
radius  of  the  circumfcribed  circle; 

,  180  n  , 

and  u  = =  S7'^9S779S>  ®^ —  =  •S4S67409» 

3*14159      ■''    ^^"^^^     105        ^  ^  '     ^ 

EXAMPLE. 

Thus,  if  the  three  fides  be  given,  as  for  examine  ^  =a  1 3*  ^  =  I4f 
c  =  z  $•  Then  is  r  =  i6:|}  and  the  angles  by  thefe  theoreoit 
come  out  as  follows,  viz. 


Angle 

5S  by  theTheor, 

53°  /  -  - 

59    a8     -    - 
67    19     -    - 

r 

angle  a    • 
angle  b     - 
angle  c     - 

rhe  true 
-    67 

Ang 
7'f 

179 

54 

f um  of  alt 

i8q 

oa 
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branch  more  immediately  refpefts  navigation,  flir- 
veying,  and  what  is  commonly  cdlled  altimetry  and 
longimetry,  or  heights  and  diftances,  if  indeed  this 
miill  be  diftinguiihed  from  furveying. 

Acceffible  lines  are  meafured  by  applying  to  them 
fome  certain  meafure,  as  an  inch,  a  foot,  &c.  a  num- 
ber of  times ;  but  inacceffible  lines  muft  be  meafured 
by  taking  angles,  or  l3y  fome  fuch-like  method, 
drawn  from  die  principles  of  geometry. 

When  inflxuments  are  ufed  for  taking  the  quan- 
tities of  the  angles  in  degrees,  the  lines  are  then  cal- 
culated by  trigonometry  :  in  the  other  methods  the 
lines  are  calculated  from  the  principle  of  fimilar  tri- 
angles, without  any  regard  to  the  quantities  of  the 
angles. 

Angles  of  elevation,  or  of  depreffion,  are  ufually 
taken  either  with  a  theodolite^  or  with  a  quadrant, 
divided  into  degrees  and  minutes,  and  furnifhed 
with  a  plummet  (iifpended  from  the  center,  and  two 
fights  fixed  perpendicularly  upon  one  of  the  radii. 

To  fake  an  Angle  of  Altitude  and  Depreffion  with  $be 

Quadrant. 

Let  A  be  any  ob-  ^^ 

jeA,  as  the  top  of  a  ^y^ 

tower,  hill,  or  other  ^./ 

eminence  ;    or   the  ,/ 

fun,  moon,  or  a  ftar ; 
and  let  it  be  required 
to  find  the  meafure 
of  the  angle  abc 
V/l>ich  a  line  drawn 
from*  the  objeft 
makes  with  the  hori- 
zontal line  Bc. 

Fix  the  center  of  the  quadrant  in  the  angular 
point,  and  move  it  round  there  as  a  center  till  with 
pne  eye  at  d,  the  other  being  (hut,  you  perceive 

the 
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the  objeft  a  through  the  two  fights  e,  f;  tlien  will 
the  arc  gh  of  the  quadrant,  cut  off  by  the  plumb  , 
line  BH,  be  the  meafure  of  the  angle  *bc  required. 

The  angle  abc  of 
depreffion  of  any  objeft 
A  is  taken  in  the  fame 
manner,  except  thathere 
'the  eye  is  applied  to  the 
center,  and  the  meafure 


.^1     UlC   AllglE   ADk.   IC<^ 


of  the  angle  is  the  arc 


X, 


The  obfervations  with  the  quadrant,  neceflary  to 
determine  the  heights  and  dillances  of  objefts,  will 
be  fufficiently  apparent  from  the  manner  in  which 
the  following  examples  are  propofed ;  and  the  folu- 
tion  may  eafily  be  given,  by  any  one  who  under- 
Aands  plane  trigonometry. 

The  conftniftion  of  the  figures  to  the  following 
examples,  are  omitted ;  but  they  are  to  be  con- 
ftruifted  as  in  the  problems  of  trigonometry. 

EXAMPLE     I. 

Having  raeafured  ab  equal  to  100  feet  from  the 
bottom  of  a  tower,  in  a  dire<fl  line  on  a  horizontal 
plane,  I  then  took  the  angle  cpe  of  elevation  of  the 
top,  and  found  it  to  be  47°  30',  the  center  of  the 
quadrant  being  fixed  five  feet  above  the  ground: 
required  the  height  of  the  tower. 
'As  radius —  lo-ooooooo 
Tot.z.D47"3o'io-o379475 

So   DE    100   2*0000000 


To  CE  109-13   i'037947j 
Add  AE    5     


it 
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Or,  without  the  Logarithms. 

As  I  (rad.)j  1*0913085  (tan.  of  47*  30')  : :  100  : 
100  X  i*o9i3o85  =  109-13085,=  CE. 

By  the  calculation  the  height  ce  is  found  equal  to 
109*13,  to  which  bB  (equal  to  ea  equal  to  5  feet 
the  height  of  the  infttumefit)  being  added,  gives  ao 
equal  to  11 4- 13,  the  whole  height. 

Note.  If  you  go  off  to  fuch  a  diftance  from  the 
bottom,  as  that  the  angle  of  elevation  fliall  be  45% 
then  will  the  height  be  equal  to  the  diftance  with  die 
height  of  the  center  oi  the  inlbrument  added. 

EXAMPLE    II. 

From  the  edge  of  a  ditch  of  1 8  feet  wide,  fur- 
rounding  a  fort,  I  took  the  angle  of  elevation  of  the 
top  of  the  wall,  and  found  it  62**  40' :  required  the 
height  of  the  wall,  and  the  length  of  a  ladder  nc- 
ceffary  to  reach  from  my  ftation  to  the  top  of  it. 

Firft,As  1 :  1*934702  (tan.  62*40') 
::  18  :  1*934702  X  18  =  34*824636 
=  BC,  ^ • 

Then  ^/i8*  +  34*824636*  t± 

\^^53^155^7^  —  39'20i4  i±  ac. 
Or  as  I  :  2*1778594  (fecant  of  62^ 
40')  ::  18   :39*204692  —  ac. 

yfnf.  The  height  bc  —  34*82, and 
thelengthof  the  ladder  AC  —  39*2. 


EXAMPLE     Iir. 

From  the  top  of  a  (hip's  maft,  which  was  80  feet 
above  the  water,  the  angle  of  depreflion  of  anodier 
Ihip's  hull,  at  a  diftance,  upon  the  water,  is  20'';  what 
is  their  diftance  ? 


As 
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As  I  :  27474774 (tan.  70*)  : :  8q  :  2-7473774'X  80 
=  219*790192  feet  =:  AC  the  diftance  required. 


EXAMPLE     IV. 


What  is  the  perpendicular  height  of  a  hill  whofc 
angle  of  deration,  taken  at  the  bottom  of  it,  was  46' ; 
and  100  yafds  lanher  off",  on  a  level  with  the  bottom 
of  it,  the  angle  was  3 1* ; 


Ac    46' 


n 


fubtraft 


Z.DBC15    9*4129962- 

Z-D  31    9*71*8393 
DC   100   2*0000000 


2-2988431 


Z.C46    — 


lO'OOOOOOO 
9-8569341 
2-2988431 


AB  143*14     -—      2'i557772 


EXAMPLE     V. 

From  the  top  of  a  tower,  whofe  height  was  120 
feet,  I  took  the  angle  of  depreffion  of  two  trees  which 
lay  in  a  dJreft  line,  upon  the  fame  horizontal  plane, 
with  the  bottom  of  the  tower,  viz.  that  of  the  nearer 
57'*,and  thatof  thefanher  25*4:  what  is  the  diftance 
between  the  two  trees,  and  the  diftance  of  each  from 
^  bottom  of  the  tower  ? 

2  As 
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As  I  :  '6494076 
(tan.Z.BAc=33') 
::l20:'6494076x 
120=  77-928912 
feet  =  Bc  the  dif- 
tancefiomthebot-  ' 
torn  of  the  tower  to 
the  neareft  tree. 

Andas  I  •  2-0965436  (tan.  i  bad  =  64"^) : :  120 : 
2-0965436  X  120  =  251-585232  feet  zz  BD  the  dif- 
tance  of  the  farther  tree. 

Therefore,  bd  —  bc  =  251-585232  —  77-9289ia 
—  ^73'^ 5^3^  ^^^  iz  CD  the  diftance  between  the 
two  trees. 

E  X  A  M  P  L  E     VI. 

An  obeliflt  {landing  on  the  top  of  a  decUvit)',  I 
meafured  from  its  bottom  a  diftance  of  40  feet,  and 
then  took  the  angle  formed  by  the  plane  and  a  lihe 
drawn  to  the  top  41',-  and  going 'on  in  the  fame  di- 
reftion  60  feet  rarther,  the  fame  angle  was  23"  45*, 
the  height  of  the  inftrumenc  being  five  feet :  what 
was  the  height  of  the  obelifk  ?_ 

t"  41'oo'lf^bc. 
^c  23  45  J 

iBDCI7  159-4720856 
Z.C  23  45  9-6050320 
BC  60      I-7781513 


»D  81*488       1-9110977 


Sed.  J.J         HEIGHTS    AKD   SI5TAHCES.  6^ 

BD  81-488 

BE  40- 

Sum  121-48S      —      —    2*0845333 

Diff.  .   41-488      —      —     1-6179225 


I3iff.=z  Z.EDB  27  05^ 

Z.EDB  27*  o5i  —  —  9'658284^ 

/.B    41   00  ^  ^—  9-8169429 

BE    40   —  —   1-6020600 


ED    57*623    ^   —      1-7607 187 

addAE  5  —  "'■ ' 


62-623 


EXAMPLE     Til. 

Waocing  to  know  the  beight  of  an  inacceffible 
ol^ed ;  at  the  leaft  diftance  from  it,  upoa  the  lame 
bcxizoDtal  plane,  I  took  its  angle  of  elevatioa  equal 
K>  58*,  and  going  loo  yards  direAIy  &ither  from 
k,  found  the  angle  there  to  be  only  32*:  required 
its  height,  and  my  dillance  from  it  at  the  frrft  lla- 
tion,  the  inffrument  bcine  five  feet  above  the  ground 
at  each  otrferratifm. 


fubttaA 


Z.  oBc  26'  9-6418420 

Z.D       32   9*7242097 
DC       100    2-    - 

BC      —       2-0823677 
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/.A90*      10*..... 

ic^S      —     9-9284205 

BC      —     2-0823677 


AB  102*5 1  yds- 2-0107882 
1-66  &c  yds  =  5  feet 


io4'i7  whole  height 


A  A     90"      10*--- 

Z.CBA  32°        97242097 
Bc    —    —    2-0823677 


AC  64*05  yds  - 1-8065774 


EXAMPLE    VIII. 


Wanting  to  know  the  height  of,  and  my  diftanc^ 
from,  an  objeA  on  the  other  fide  of  a  river,  which 
feemed  to  be  upon  a  level  with  the  place  where  I 
flood  clofe  by  the  fide  of  the  river;  and  not  having 
room  to  go  backwards,  on  the  fame  plane,  on  ac- 
count of  the  immediate  rife  of  the  bank,  I  placed  a 
mark  where  I  ftood,  and  meafured,  in  a  direft  line 
from  the  objeft,  up  the  hill,  whcrfe  afcent  was  fo 
regular  that  I  might  account  it  for  a  right  line,  to 
the  diftancc  of  132  yards,  where  I  perceived  that  I 
was  above  the  level  of  the  top  of  the  objedt;  I  there 
took  the  angle  of  depreffion  of  the  mark  by  the  river's- 
fide  equal  42°,  of  the  bottom  of  the  objeft  equal  27**^ 
andofitswp  19°:  required  the  height  of  the  objeA 
and  the  diftance  of  the  mark  from  its  bottom. 

Here 42°  —  27°  :z  15"  =  aadc.  And  27°  — 
^9*  =  8°  =  Z.ADB.  Alfo90''  +  19°  =:  109"  =  iB. 


jLcad  27"    9-6570468 

Z.CDA   15        9*4129962 
CD         132       2-1205739 


CA      75*25      1-8765233 
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ACAD  27*     -    9*6570468    Z.B    109'     -      9-9756701 

/.c  i38or42  9'?2i5^09  ^adbS      -    9-1435553 

CD     132  -      2-1205739    AD         -         -       2-2890380 

AB  28-63    *     ''45^9^3^ 


-    2-2890389 


E  X  A  M  P  I.  B     IX. 

Being  upon  a  horizontal  j^ane,  and  wanting  to 
know  the  height  of  an  objeft  on  the  top  of  an  inac-  ' 
ceOible  hill ;  1  lock,  the  angle  of  elevation  of  the  top 
of  the  hill  equal  40°,  and  of  the  top  of  the  objeA 
equal  51";  going,  then,  in  a  direft  line  from  it  to 
the  diftance  of  100  yarc^  fatther,  I  found  the  angle 
of  the  top  of  the  6bjeft  to  be  33"  45' :  what  is  3if 
objed's  height } 


«> 


iACByr 
^D     33 


ADBC17    15-9-4720856 

■^D      33  45-97447390 

DC        100  -  2*0000000 


-2*2726534 


Z.BEC  130°  -  9-8842540 
ABCB  II  -  9-2805988 
CB       -       -      -   2*2726534 


BE  46-66574-    1*6689982 


P^' 


6d  l^ElGHtS   AND   D1STAHCES.  [Fait  I 

EXAMPLE     X. 

From  a  window  near  the  bottom  of  a  houfe,  which 
ieemed  to  be  upon  a  level  with  the  bottom  of  a  ftee- 

gle,  I  took  the  angle  of  elevation  of  the  top  of  the 
eeple  equal  40°,  and  from  another  window  18  feet 
dir«9:Iy  above  the  former,  the  fame  angle  was  37* 
30' :  what  then  is  the  height  and  diftance  of  the 
fteeple  ? 


From  £.  c       40*  00' 
Subt.  jLd       37  30 

Rem.  Z."CBD     a  30 

iDBC    2*30'         "      

Z.CDB  1274.  or  524.    — 
DC  18  feet        —        — 

—  8-6396796 

—  9-8994667 

—  1-2552725 

CB            -           -           - 

—          2-5150596 

/.  A        90' I  O'OOOOOOO 

/.ACB40—    9"8o8o675 
CB     <^    —    2*5150596 

AA 

Z.C 
CB 

CA 

90* lO-OOOOOOO 

BA  50  —     9-8842540 
—      —     2-5^50596 

zjo-79      2-3993136 

EX- 

AB210-44f.  -  2-3231271 
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EXAMPLE    XI. 

What  is  the  perpendicular  height  of  a  cloud  whofc 
angles  of  elevation  are  35*^  and  64%  taken  by  two 
obiervers^  at  the  fame  time,  both  on  the  fame  fide 
of  the  cloud,  and  at  the  diflance  of  880  yards  from 
one  other,  fo  placed  that  a  vertical  plane  would  pais 
through  both  their  (lations  and  the  cloud ;  and  what 
is  its  diAance  from  the  two  places  of  obfervation  } 
Z-D  90*  90*  Z.D 
^B       64      35     /.A 


Z.BCD   26 


ss 
26 


AACD 

^BCD 


29    Z.ACB 


^ACB  29O 
^A         35 
AB  880 


9-6855712 

975859^3 
2-9444827    A. 


Bc  io4i*i25  -    3'0i75028 


Z.ACB  29^ 
Z.ABC  116 
880 


AB 


9'68557i2 
9-9536602 
2*9444827 


AC  1631*442  3-2125717 


Z.D  90* 
Z.B  64 
BC 


1 0*0000000 
9-9536602 

'3*0175028 


i>c  935757  -  2-971^630 


Note.  In  findmg  the  diftances  of  inacceffible  ob- 
jeds,  if  they  be  of  fuch  a  height  as  to  admit  of  a 
pretty  large  angle  of  elevation,  their  diflance  will  be 
found  as  in  fome  of  the  foregoing  examples. — If  not, 
the  theodolite,  or  fome  fuch  inflbrument,  is  ufed  to 
take  the  angles  of  the  diflance,  or  the  horizontal 
angles,  of  dojefts,  as  in  the  following  examples* 


'3 


EX- 


^6  lllt^fttd  A^0  Dist Aiffcfi^.      [Fan  x# 

EXAMFX.B     XII. 

Suppofc  I  wanted  to  know  the  diftaiice  of  the 
two  places  a,  ^^  to  whqfe  ends  there  h  free  accefs, 
but  not  to  the  intermediate  parts,  becaufe  of  a  hill, 
precipice,  or  water,  between  a  and  b ;  ajld  that  there- 
fore I  meafured  from  a  and  b,  (o  any  convenient 
place  c,  the  diftance  ac,  equal  7-35  chains^  and 
fic  equal<8*4  chains,  "and  found  the  angle  acb  equal 
55®  4o'^  What  is  the  diftance  of  the  places  a,  b  ? 
8-40  ingTiim 

.-'"       .    7-35  A^^^B 


Sum  1575       —      i'i972866 
Diff.     1*05       —      0'02ii893 

Tang. ^-tJ  62**  10'-  io'277379S 

I  * _ 

Tartg,:^^*  7.  1144.9-1012880 


^9  -2144  ^ 


turn 


Z.A    69*   2144'         ^ —         —         9*9711982 

AC  55   40  ^      ^      9'9^^?593 

CB    8-4  chains     ^-^      —      0*9242793 


i*A> 


AB    7'4i!i  chains  ^^      *^      0*8699404 


iVi/?.  If  the  lines  ac,  bc,^  be  produced  to  a  and 
^y  till  ca,  ciy  be  equal  to  ca,  cb,  or  equal  to  ce, 
Ca;  then  the  diftance  ba^  will  be  equal  to  the  dif- 
tance AB,  and  therefore  ab  will  be  obtained,  without 
finy  calculation,  by  only  meafuring  ba^ 

EXAMPLE     XIII. 

Being  oh  the  fide  of  a  river,  and  wanting  to  know 
the  diftance  to  a  hoiife  which  ftood  on  the  other 
fide,  I  meafured  200  yards  in  a  right  Ime  by  the 
fide  of  the  river,  and  found  that  the  two  angles,  at 
each  end  of  this  Hne,  formed  by  the  other  end  and 

the 


fleft. 
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the  hovife,  w^re  73^  15^  and  68®  02' :  What  was  the 
dillance  between  each  ftation  and  the  houfe  ? 

^A    73^15' 

Z.B    68  02 


fum  141   17 
from  180  00 


Ac    38  43 
^A    73  15 

AB       200 


9-7962062 
9*98 1  171 1 


2-3010300 


«c  306*  1 9  —  2*4859949 


^B 

AB 

AC 


38^4/ 

68  oz 
200 

296-54 


9*7962062  * 
9-9672679 

2'3oio3oo 

2-4720917 


■"■"^ 


Note.  If,  in  the  right  line  ab^,  you  meafure  b^ 
equal  AB,  and  the  line  CBr  be  produced  until  the 
angle  a  be  equal  to  the  angle  a  ;  tfaie  diftances  b^^ 
a€,  will  be  equal  to  bc^  ac. 


J5X  AMPLE     XIV, 


Wanting  to  know  the  breadth  of  a  river,  I  mea- 
fured  1 00  yards  in  a  ftraight  line  clofe  by  one  fide  of 
it ;  and  at  each  end  of  this  line  I  found  the  angles 
fubtended  by  the  other  end  and  a  tree  clofe  by  the 
other  fide  of  the  river,  to  be  53*  and  79®  ii\  What 
is  the  perpendicular  breadth  ? 


AA 
AB 

fum 
from 

/,ATB 

Z-B 

AB 
AT      - 


53" 
79 


00 
12 


132 
180 


12 


^i» 


47  48 

79 1* 
100 


9-8697037 
9-9922385 

2-0000000 

2-1225348 


1^ 
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AP  90' 

lO'OOOOOOO 

-^A  53 

-    9'9023486 

AT          - 

Z'lZZSlAr^, 

Tp    io5»89 


2*0248834 


tm 


EXAMPLE    XV. 

Two  (hips  of  war  intending  to  cannonade  a  fort, 
are,  by  the  fhallownefs  of  the  water,  kept  fo  far  from 
it,  that  they  fufpedt  their  guns  cannot  reach  it ;  in 
order  therefore  to  meafure  the  diftance,  they  feparate 
from  each  other  half  a  mile  or  880  yards;  then  each 
Ihip  obferves  the  angles  which  the  other  and  the  fort 
fubtends,  and  finds  them  to  be  85°  15' and  83"*  45'; 
What  is  the  diftance  between  each  (hip  and  the  fort  ? 

AA     83*45^ 
i^B      85   15 


»i  -' 


w» 


fum  169  00 
from  180  00 


/.p  II  00- 

i^A  83  45 

AB  880   - 

BF  4584*5 

< 

/LP  II^'oo' 

^B  85  15 

AB  880   - 

AF  4596*i 


9*2805988 
9-9974x10 

2*9444827 
3*6612949 

9*2805988 

9*9985058 

2*9444827 

3-6623897 


EXAMPLE    XV-I. 


Wanting  to  know  the  diftance  between  a  houfe 
ipd  a  mill,  which  were  feparated  from  me  by  a  river, 

I  took 


6ed.  3;J         HEIGHTS   AND    DISTAKtiES; 


73 


I  took  another  ftadon  b  at  the  diftance  of  300  yards 
from  the  firft  ftation  a  :  now  from  the  fiift  ibition 
A,  the  angle  fubtended  by  b  and  the  mill  was  58** 
20'',  and  by  the  mill  and  the  hoiife  37® ;  from  b,  the 
angle  fubtended  by  a  and  the  houfe  was  53**  30% 


and  by  the  houfe  and  the  mill  45 
the  diftance  bf  the  houfe  and  mill  ? 


15 


What  is 


37^00'  58*^20' 
58  20    53  30 

53  30    45  15 


53^30'. 
45    ^5 

98    45  iLABM 


w^tm 


148  50       157   05 
180   00   180   00 


Z.AHB      31     10       22    55AMB 


Z.AHB      31     10 

^ABH      53    30 
AB    300 


97139349 
9-9051787 

2-4771213 


AH  465*9776     -  2-6683651 


Z.AMB  22®  55' 

Z.ABM  98  45  or  8 1  15 

AB   300  — 


AM 

AH 

Sum 
Dif. 

Tan. 

> 

Tan. 


761-4655  — 
465*9776 


^^ 


1227*4431  — f 
295*4879  — 

AHM  +  AM?  t>        t 

— -: — 71  30 


AHM  —  AMH 

.a 
AMH 


35  44 
35 '46 


B 

9-^903869 

9-9949158 
2-4771213 

2-8816502" 


3-0890013 

^•470539  7 
10-4754801 

9-8570185 
jLamu 
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/.AMH  35''46'      —        —  97667739 

/:ham  37  00       —        —  97794630 

AH  —         —        ..^        '  v2*668365i 

.    HM  479*7933  yds  »—  2*6810542 


i^M^^M 


iVi?/^.  Pretty  much  after  the  manner  of  thefe  lafl: 
examples  many  curious  and  ufefol  problems  may  be 
refolvedu  for  if  we  can  detehnine  our  diftance  from 
one  remote  objeA,  we  can  do  the  (amc  for  any  num- 
ber of  objedts ;  or  if  the  diftance  between  two  remote 
objcfts  can  be  determined,  thofe  between  any  num- 
ber of  objects  may  be  determined  likewife :  fo,  we 
may  determine  the  angles  and  fides  of  fields,  or  of 
very  large  tradts  of  land,  and  that  whether  we  be 
witliin  them,  or  any  where  without  them,  from  whence 
the  angles  can  be  feen ;  hence  alfo  (hips  at  fea  may 
determine  their  dift:ances  from  known  vifible  ports ; 
andlplans  may  be  taken  of  countries,  towns,  har- 
bours, fleets,  fortifications,  &c, 

•EXAMPLE     XVII. 

Suppofe  I  want  to  know  the  breadth  of  a  river, 
or  my  diftance  from  an  inacceflfible  objeft  o,  and 
that  I  have  no  inftrument  for  taking  angles,  but  only 
a  chain  or  chord  for  meafuring  diftances ;  and  fup- 
pofe  that  from  each  of  the  two  ftations  a,  b,  which 
are  500  yards  afundcr,  I  meafiirc  in  a  direft  line 
from  the  objeft  o  100  yards,  viz.  Aa  and  b^  each 
equal  to  100  yards,  and  that  the  diagonal  a^  meafures 
550  yards,  and  the  diagonal  an  mealbres  560  :  What 
then  is  the  diftance  of  the  objeft  from  each  ftation 
A  and  B  ? 


Let 


fioa.  3.]       ttSI«KTt  Avn>  9lfTASCSS.  ^5 

Let  fall  the  perpendiculars  ap,  bq^.    Then,  in 
'the'  triangle  Ata, 

naihA  +  Aa  :i  BA  ^  Aai  bf *-  p^, 
chat  is  560  :  600  : :  400  :  4284.  =  bp  —  Ptf, 

ks  half     214^ 
half  fum  280 


BP 

a? 


And 


2 


p<a:r 


{60  -  428^  _  1 31I  _ 


Then 


Aa  lOQ  ;  £jp     65^  2 :  I  :  $•  iLtfAP  41^    ^ 
AB  500  :  BP  4944  ::  I  :  s.  ilBAP  81    20 

the  jfiim  122   25  ' 
taken  from  180   00 


leaves  Z.BAO    57   35 


•     Again,  in  the  triangle  ab^, 

A^55o:  ab  :  b^6oo  ::  ab-^- 8^400  :  aqs^ 03  4^6^ 

the  half  dif.  21^,2. 
half  fum  275 


^ 


Then 


V 
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;  Thm 


BA  5oo:aq^493-]V  -^  ^  •  ^*  Z.ABa.80   32 

the  funi  115     9 

taken  from  1 80     o 


leaves  Z.abo    64  51 

addBAO     57  35 

the  fum  1 22  26 

taken  from  1 80  00 


MA. 


*  leaves  Lo     57   34 


Whence 


-^^57  35   -  9*9^643io 

AB  500   -  "   2*6989700 


^057*34' 

iLB64  51 

AB  500  - 


9-9263507 

9*9567437 
2*6989700 


BO.  500*1    -  2*6990503  I  AO  536*25  -  2*7293630 


EX- 


*  Ok  tie  angles  a  bo  and  bao  may  he  otberwife  found  thus  • 
Praw  the  perpendiculars  Ag^  ^bi   Then  by  Eucl.  II.  u, 

a3»  —  AB*— *B» 


H- 


ihB 


*V9 


And  AB  :  B^  ::  I  :  -425  =  cofiue  of  64^  51'  the  Z.abo. 

-     -..  ,        Btf*  —  AB*  —  Atf*  ,_ 

In  like  manner  aAsz __  =  i68 ; 


2tf  A 


And  AB  :  Ai^  ::  I  :  •536  the  cofine  of  57^  35'  the  46 bao  ;  both 
the  £une  as  above* 
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EXAMPLE     XVIII. 

'  From  a  (hip  at  fea  I  obferved  a  pomt  oTland  to 
bear  E.  hy  S.  and  after  failing  N.  E.  12  miles,  I  fet 
it  again,  and  found  its  bearing  to  be  S.  E.  by  E. 
How  far  was  the  l^ft  obfervation  made  from  the  point 
of  land  ? 

Here  are  given  jj^ 

the  angle  A,  at  the 
place  of  the  firft 
obfervation,        5    a^ 
pointsor56*i5';  Jl^ 
the    angle  b,    9 

pointsor  loi^  i/;  Ci^s^ 

and  the  angle  c,  ^^^ 

2  points  or  22*  30';  ^^ 

alfo  the  fide  ab  12  miles :    to  find  the  fide  bc» 

Ass.  Z-c  22*30'  —  9'5828397 
Tos.  z.  a  56  15  —  9-9198464 
So  is  AB   12  mil«s      — •         i'079i8i2 

To  Bc  26*o728i  miles  1*4161879 


EXAMPLE     XIX. 

If  the  height  ab  of  the  mountain  called  the  pike 
of  TenerifT  be  4  miles,  and  the  angle  abc  made  by 
a  plumb  line  and  a  line  bc  conceived  to  touch  the 
earth  in  the  fartheft  vifible  point  c,  be  87*  25'  ^^" ; 
required  the  diameter  ae  of  the  earth,  and  the  ut- 
moil  diftance  bc  that  can  be  feen  from  the  top  of 
the  mountain,  fuppofing  the  earth  to  be  a  pcrfeft 

fphere, 

< 

Draw 
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Draw  AF  perpendicular  to 
AB,  then  from  the  principles 
of  geometry  it  is  known  that 
CF  is  =  FA ;  draw,  alfo,  the 
radius  cd,  which  will  be  per- 
pendicular to  CB* 

Hence  from  90^  o'    o" 
take  Z.B  87  25  55 

ilD  or  AFB       2    34      5 


Then  as  radius 
1  :  AB  4  ::  2*22960  tang.  Z.B  :  89*184  af  or  FC 
I  :  AB  4  ::  2'23i85  fee.     Z.B  :  89*274  bf 

their  (um  178*45880 


Laftiy,  As  radius     —     — 

To  t,  Z.B      —      — 

So    BC  178*458 


To  CD 


3978-909 

2 


10*0000000 

11*3482280 

2*2515360 
3*5997640 


7957*818  diameter  of  the  earth* 

Note.  This  method  of  determining  the  magnitude 
of  the  earth,  is  very  eafy'and  fimple ;  but  to  do  it  with 
any  tolerable  degree  of  exaftnefs,  the  height  of  the 
mountain  muft  be  very  accurately  afcertained,  and 
the  angle  at  the  top  muft  be  taken  with  a  qusulranc 
divided  into  minutes  and  feconds,  and  furniflied  with 
a  telefcope,  inftead  of  the  common  fights. 


EXAMPLE    XX. 


AcScording  to  Sir  Ifaac  Newton,  the  diameter  of 
the  fun,  at  a  mean  diftance  from  the  earth,  fubtends 

aa 
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an  angle  of  32'  15":  Then  how  many  rimes  his  di- 
ameter in  length  is  his  mean  diftance  from  the  earth 
equal  to  ? 

Here,  in  the  tri-  C 

angle  abc,  we  have 
given  CB  =:  4-  ^  di- 
ameter, the-  angle 
c  =  9^*,  and  the 
4mgle  A  ==  1 6'  74-". 

Hence,  As  s.  ;la  16' 74^^      •—       T^J^^SS^ 
Tos.  Z-C  90*  —      10*0000000 

So  is  CB  I  femi-diam  -—       0*0000000 


To  BA  213*2379        -^       2*3288644 

That  is,  the  mean  diftance  of  the  fun's  center  is 
^'3*2379  femi-diameters,  or  106*6189  of  his  whole 
diameters.  And  if  ^om  ab  be  tak«i  bd  or  4.,  we 
(hall  have  remaining  nearly  106  diameters  for  the 
diftance  of  the  furface. 

Nole.  After  the  fame  manner  may  be  calculated 
the  proportion  of  the  diameter  to  the  diftance  of  any 
other  celeftial  body,  whofe  apparent  diameter  is  large 
enough  to  be  meafured.  And,  in  particular,  the 
mean  diftance  of  the  moon,  whofe  meaii  apparent 
diameter  is  31'  16",  will  be  found  to  be  109*95  ^mes 
her  diameter. 

B  X  A  M  PX  £      XXI. 

If  when  the  moon  appears  in  the  horizon  to  a  fpec- 
tator  on  the  earth,  at  her  mean  diftance  from  it,  her 
zenith  diflance,  as  calculated  from  aftronomical  ta- 
bles, be  89**  2'  55";  it  is  required  to  find  how  many 
of  the  earth's  femi-diameters  the  faid  mean  diflance 
of  the  moon  is  equal  to. 

Here 
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Here   ab  is  = 

one  femi-diameter 
of  the  eatth,  and 

the  Z.A  =  89^  7! 

It 

55- 

Hence,  As  s.  Z.c.  57'  5 

Tos.  Z.B  90*  — 

So  is  AB  I  femi-diam. 

To  AC  60*226  — 


8-2202155 

lO'OOOOOOO 
O'OOOOOOO 

17797845 


That  is,  the  diftance  of  their  centers  is  60*226  of 
the  earth's  femi-diameters,  or  304-  whole  diameters. 

Note.  Hence,  and  from  the  note  to  the  laft  ex- 
ample, it  appears  that  the  diameter  of  the  earth  is  to 
that  of  the  moon  as  1 09*95  ^^  3^7?  ^^^  ^'  ^^  3^  ^^ 
as  3xto  I  nearly. — Confequently,  as  34-  :  i  ::  7958 
(the  earth's  diameter  in  miles)  :  2170  miles  =  the 
moon's  diameter. — ^Likewife  the  furface  of  the  earth 
is  to  that  of  the  moon  as  (3-J.  X  3Tor)  13^  to  i 
nearly ;  or,  the  earth  reflefts  upon  the  moon  about. 
1 3  Y  times  as  much  light  as  the  moon  does  upon  the 
earth. — Moreover,  the  bulk  of  the  earth  is  to  that  of 
the  moon  as  (34-  X  3t  ^  3t  ^0  4^  ^^  ^  nearly. 


GENERAL       SCHOLIUM. 

There  are  many  other  methods  and  inflrumentj 
ufed  to  find  the  altitudes  and  diftanccs  of  objefts, 
fome  of  which  are  here  fubjoined. 

I .  One  very  eafy  method  is  by  a 
fquarewith  a  plummet  ae  fufpended 
from  one  corner  a,  and  the  two  fides 
Bc,  DC,  meeting  in  the  oppofite 
angle  c,  divided  into  10,  or  100, 
or  1000  equal  parts;  and  two 
fights  on  die  fide  ab. 

It 
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It  is  evident  that,  in 
taking  any  altitude  ab 
widi  the  fquare,  the 
plummet  will  always 
cut  off  from  the  fquare 
a  triangle  iimilar  to 
that  formed  by  the  bafe 
line  tfF,  the  perpen- 
dicular FB,  and  Btf. 

If  the  angle  b^f  be  equal  to  45®.  Then  the 
plumb  line  will  pafs  through  the  oppofite  angle  of  the 
fquare,  and  the  diftance  da  will  be  equal  to  the  alti- 
tude BF  :  So  if  DA  be  60,  then  bf  will  be  60  alfo. 

If  the  angle  be  greater  than  45*,  as  at  the  ftation 
c.  Then  the  part  of  the  fide  cut  off  acy  will  be  to 
the  whole  fide  aby  as  jf,  to  fb  :  So  if  <w  be  6  di- 
vifions  of  which  abisiOy  and  the  diftance  ca  be  36 
feet ;  then  6  :  10  : :  36  :  60  feet  =:  the  altitude  bf* 

If  the  angle  be  lefs  than  45**,  as  at  the  ftadon  e. 
Then  the  part  is  cut  off  the  other  decimated  fide, 
and  ic  :  ce  I :  e  a  :  bf  :  So  if  the  parts  cut  off  be  6, 
and  the  diftance  100  feet,  then  10  :  6  : :  too  :  60 
feet=  BF. 

2.  Another  method  is  by  fliadows,  from,  the  pro- 
paty  of  fimilar  triangles  alfo.  For  any  objeft,  and  a 
pole  fet  up  parallel  to  it,  are  in  proportion  to  each 
other  as  the  length  of  their  fliadows,  formed  by  the 
fun,  &c. 


B. 


Let  the  height  of  the  pole  ab 
be  6  feet,  the  length  of  its  Ihadow 
ac^/^y  and  the  ftiadow  ac  of  the 
altitude  40  feet ;  then  ca  zz  ^  x 
0^  =:  6  : :  QA  =:  40  :  AB  =  6o. 


i 


G 


c  ac 
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3.  Another  method  is  by  two  poles  fet  up  pa- 
rallel to  the  objeft,  the  one  longer  than  the  other,  fo 
that  the  obferver  may  fee  the  top  of  the  object 
over  the  tops  of  both  the  poles. 

Let  the  pole  <?/"  be  =r  4 
feet,  cdzz  y  feet,  their  d\{^  -g 

tance  afunder  ec  =fg  =  8  /* 

feet,  and  the  diftance  eA  y" 

of  the  fhorter  pole  from  ^   *  / 

the   objeft  =:  160  feet. — 
Then,   the  triangles  fgdy  ^/ 

/cB    being    fimilar,   fgi  p   / 

gdiifc  I  CB,  that  is  8  :  3  f^-l  Q 

(=  7  —'4)  : :  160  :  60 feet      /'  |     p        

=  BC ;  hence  bc  +  ca  =  €    C  A 

BC  +  /r  =  60  4-  4  =  64 

ZZ  AB. 

4.  A  fourth  method  is  by  vipwing  the  image  of 
the  top  of  the  objeft  refleded  from  a  fmootl\  furface, 
as  a  mirror  placed  horizontally,  or  a  veffel  of  water. 

'   Let  c  be  the  reflecting  /jB 

furface,  at  the  diftance  /  ' 

of  84  feet  from  the  bot-. 
torn  of  the  objeft  ab  ;, 
and  let  a  perfon  at  p, 
7  feet  from  c,  with  his 

eye    5  feet   above    the     jQ  \^- ^^ 

groimd,  view  the  image 
of  the  objed  at  c ;  then 
becaufe  the  triangles  cde,  cab  are  fimilar,  agree- 
ably to  a  principle  of  the  opticians,  we  (hall  have 
CD  :  DE  ::  ca  :  ab,   that  is    7  :  5  ::  84  :  60   feet 


=  AB. 


5.  A 
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5.  A  fifth  method  is  for  1  y^ 

the  obfcrvcr  to  fix  a  pole  / 

CD,  equals  in  lengthy  t6  the 
height  of  his  eye,  perpendi- 
cularly at  c,  by  trials,  at 
(uch  a  diflance  firom  a,  that 
having  laid  himfelf  upon 
his  back,  with  his  feet 
againft  the  bottom  of  the 
pole,  he  may  fee  the  tops 
D  and  B  of  the  pole  and  objeA  in  the  fam€  line  : 
for  then  ea  will  be  equal  to  ab,  becaufe  eg  is  equal 
to  CD. — Or  the  pole  may  be  of  any  length ;  for  the 
diflance  from  the  foot  to  the  eye  of  the  obferver  will 
be  in  proportion  to  the  height  of  the  pole,  as  the 
whole  diftance  is  to  the  height  of  the  objed:  required. 


6.  When  the'  perpendicular  altitude  of  an  irre- 
gular hill  or  afcent  is  to  be  afcertained ;  or  wheny 
in  levelling,  for  condu6ting  water,  &c.  it  is  required 
to  find  how  much  one  afligned  place  is  above  an- 
other ;  a  level  and  perpendicular  poles^  or  objeAs^ 
commonly  are  ufed* 


€  A 


la 
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So  the  level  being  fixed  horizontally,  and  the 
places  ^,  c,  d,  &c  feen  upon  the  poles  through  the 
fights  of  the  level,  being  marked ;  the  heights  ab^  cd, 
ytfy  added  all  together,  will  give  the  whole  height 
A  B  of  A  above  a ;  and  die  diftances  ic,  de,  /a  ,  added 
together,  will  give  the  horizontal  diftance  at  of  A 
from  a. 

Another  method  of  levelling  is  fomctimes  ufed, 
viz.  The  angles  of  elevation  or  depreffion  are  taken, 
from  ftation  to  ftation,  with  an  arc  of  a  circle,  having 
a  plummet  pendent  from  its  center,  and  tlie  feverai 
diftances,  being  meafiired  upon  the  ground,  arc  the 
hypotenufes  of  the  right-angled  triangles,  of  which  the 
angles  at  the  bafes  arc  expreffed  by  the  aforefaidob- 
ferved  angles  ;  and  confequently,  the  perpendiculars 
of  thele  triangles  being  calculated,  their  fum  "will  be 
the  difference  of  level  between  the  extreme  places,  if 
the  angles  were  all  of  elevation,  or  all  of  depreffion  ; 
but  if  the  angles  be  fome  of  elevation,  and  fome  of  . 
depreffion,  the  perpendiculars  which  belong  to  tlic 
angles  of  the  fame  kind  being  added  together,  will 
give  two  fums,  whofe  difference  will  b&  the  difference 
of  level  required. 

Thefe 
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Thefe  two  methods,  when  accurately  performed, 
are  both  very  juft,  at  lead  when  the  ftatipns  are  at 
no  grdat diftance  from  each  other;  yet  the  former  is 
more  to  be  depended  on  than  the  latter,  in  as  much 
as  the  obfervations  required  by  it,  are  lefs  fufceptible 
of  error ;  for  befides  the  inaccuracy  of  the  ineafured 
hypotenufes,  on  account  of  th?  unevennefs  of  the 
ground,  the  angles  themfelves  can  hardly  be  taken, 
with  the  generality  of  inftruments  for  this  purpofe,  to 
lefs  than  quarters  of  degrees. 

But  when  the  places,  of  which  we  would  know 
whether  of  them  is  the  highef ,  are  far  diftant  fron> 
each  other,  inftruments  of  greater  accuracy  are  to  be 
ufed,  fuch  as  very  exadt  levels  with  telefcopes ;  but 
in  fuch  cafes  an  allowance  muft  be  made  for  the  ro- 
tundity of  the  earth;  for  the  true  water-level  courfe 
is  determined  by  a  line  of  which  every  part  is  at  th^ 
fame  diftance  from  the  center  of  the  earth,  and  which 
is,  therefore,  an  arc  of  a  great  circle  of  the  earth, 
confidering  it  not  as  an  oblate  fpheroid,  but  as  a. 
iphere,  its  difference  from  that  form  having,  in  this 
cafe,  no  fenfible  efFeft ;  and  the  allowance  neceflary 
to  be  made  in  the  level,  is  at  the  rate  of  8  inches 
nearly  to  a  mile  meafured  upon  the  earth ;  for  the 
vifual  line,  when  the  level  is  properly  fixed,  being 
,  a  tangent  to  the  earth,  or  at  leaft  parallel  to  one,  that 
line  at  the  diftance  of  one  mile  from  the  flation  is 
7-96  inches  above  the  water-level  line,  or  fb  much 
farther  from  the  center  of  die  earth  than  the  inftru- 
ment  is.  And  for  other  diftances,  above  or  below  a  ' 
mile,  the  allowance  for  the  level  varies  in  proportion 
as  the  fquare  of  the  diftance. 

It  may  be  neceflary  farther  ta  obferve,  that  in 
taking,  at  feveral  flations,  the  difference  of  level  be- 
tween two  places,  it  is  not  necelTary  to  go  in  a  line 
from  the  one  to  the  other,  but  every  two  fuccpflive 
ftations  may  be  tak^n  in  any  diredtion  that  niay  feem 
inofl  convenient. 

G 3  PRAC* 
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PRACTICAL    QUESTIONS    IN    TRIGONOMETRY,   &C. 

Question  i.  A  may-pole,  50  feet  11  inches 
high,  at  a  certain  time  will  call  a  (hadow  08  feet  6 
inches  long;  what  then  is  the  breadth  or  a  river, 
which,  running  within  20  feet  6  inches  of  the  foot  of 
a  fteeple,  300  feet  8  inches  high,  will,  at  the  fame 
time,  throw  the  extremity  of  its  fliadow  30  feet  9 
inches  beyond  theftream  ?      Anf.  530  feet  5  inches. 

Quest.  2.  Required  the  length  of  a  flioar, 
which  being  to  ftrut  1 1  feet  from  the  uptight  of  a 
building,  will  fupport  a  jamb  23  feet  10  inches  from 
the  ground.  Anf.  26  ft  3  inc. 

Quest..  3.  A  line  27  yards  long  will  exaftly 
reach  from  the  top  of  a  fori,  to  the  oppofite  bank  of  a 
river,  known  to  be  23  yards  broad:  what  is  the 
height  of  the  wall?  Anf.  42  ft  5  inc. 

Quest.  4.  Two  fliips  fet  fail  from  the  fame  port, 
one  of  them  goes  50  leagues  due  eaft,  and  the  other 
84  leagues  due  north  :  how  far  are  they  then  afunder  ? 

Anf.  97^  leagues. 

Quest.  5.  The  height  of  an  elm,  growing  in 
the  center  of  a  circular  ifland,  30  feet  in  diameter, 
plumbs  53  feet;  and  a  line  of  112  feet  long 
ftretched  from  the  top  of  the  tree  ftraight  to  the 
nearer  edge  of  the  water  :  required  the  breadth  of  the 
jnoat,  fuppofing  the  land  on  either  fide  of  the  water, 
to  be  level.  Anf.  834.  feet. 

Quest.  6.  Suppofe  a  light-houfe,  built  on  the 
top  of  a  rock,  the  diftance  between  the  place  of  ob- 
servation, and  that  part  of  the  rock  level  with  the 
eye,  and  direftly  under  the  building,  is  given  310 
fathoms ;  the  diftance  from  the  top  of  the  rock,  to 
the  place  of  obfcrvation,  is  423  fathoms ;  and  from 
the  top  of  the  building  425  :  required  the  height  of 
the  edifice,  Anf.  1 7  ft  7  inc. 

Quest, 
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Quest.  7.  A  ladder,  40  feet  long,  may  be  fo 
planted,  that  it  (hall  reach  a  window  33  feet  from 
the  ground,  on  one  fide  of  the  ftreet ;  and  .by  turning 
it  aver,  without  moving  the  foot  out  of  its  place,  it 
will  do  the  fame  by  a  window  2 1  feet  high,  on  the 
other  fide  :  required  the  breadth  of  the  ftreet. 

Anf.  56-649  feet. 

Quest,  8.  There  are  two  columns  left  ftanding 
upright  in  the  ruins  of  Pcrfepolis  ;  the  one  is  64  feet 
above  the  plane,  and  the  other  50  :  In  a  right  line 
between  tliefe  ftands  an  antient  ftatue,  the  head,  of 
which  is  97  feet  from  the  fummit  of  the  higher,  and 
86  from  that  of  the  lower  column;  the  bafe  of  which 
meafures  juft  76  feet  to  the  center  of  the  figure's 
bafe  :  required  the  diftance  between  the  tops  of  the 
two  columns.  Anf.  157  feet. 

Quest.  9.  A  may-pole,  whofe  top  was  broken 
off  by 'a  blaft  of  wind,  ftruck  the  ground  at  15  feet 
diftance  from  the  foot  of  the  pole :  what  was  the 
height  of  the  whole  may -pole,  fuppofing  the  length 
of  the  broken  piece  to  be  39  feet  ?         Anf.  75  feet. 

Quest.  10.  Suppofe  the  breadth  of  a  well  at  the 
top  be  6  feet,  and  the  angle  formed  by  its  fide  and 
a  vifual  diagonal  line  from  the  edge  at  top  to  the 
oppofite  fide  at  the  bottom,  18^30':  required  the 
depth  of  tjie  well.  Anf.  1 7*89  feet. 

Quest.  11.  At  85  feet  diftance  from  the  bottom 
of  a  tower,  the  angle  of  its  elevation  was  found  to  be 
52®  30' :  required  the  altitude  of  the  tower. 

Anf.  1 1 04.  feet. 

Quest.  12.  At  a  certain  place  the  angle  of  ele- 
vation of  an  inacceflible  tower  was  26®  30' ;  therih 
meafuring  75  in  a  dire6t  line  towards  it,  the  angle 
•was  then  found  to  be  51^  30' :  required  the  height 
of  ihe  tower,  and  its  diftance  from  the  laft  ftation. 

Anf.  i   ^^^^^^  ^^' 
\  diftance  49. 

o  4  Quest, 
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Quest.  13,  To  find  the  diftance  of  an  inacceffible 
caftle'gate,  I  meafured  a  line  of  73  yards,  and  at  each 
end  of  it  took  tlie  angle  of  pofition  of  the  objeA  and 
the  other  end,  and  found  the  one  to  be  90^,  and  the 
other  61^  45' :  required  the  diftance  of  the  caftle 
from  each  ftation.  a-./-    f  I35'8, 

Quest.  14.  From  the  top  of  a,  tower  by  the  fea 
fide  of  1 43  feet  high,  I  obferved  that  the  angle  of  de- 
preffion  of  .a  fliip's  bottom,  then  at  anchor,  was  55^; 
what  was  its  diftance  from  the  bottom  of  the  wall  ? 

Anf.  204*56  feet. 

Quest.  15.  How  far  at  fea  can  die  pike  of 
TenerifF  be  feeri,  its  height  being  4  miles,  and  the 
radius  of  the  earth  397  8^-  miles  ?      Anf.  1 784-  miles; 

Ql^est.  16.  If  a  fliip,  in  the  latitude  of  50^ 
nordi,  fail  K2  mijes  in  the  direAion  s  wby  s: 
what  latitude  is  (he  arrived  in,  and  how  much  farther 
to  the  weft?  .   r    f  lat.  49°  1 6*8', 

^^^-  \  weft  28-9  miles. 

Quest.  17.  Sailing  w  s  w,  I  faw,  at  fome 
diftance,  a  point  of  land,  which  I  fet,  and  found  its 
bearing  w  by  n  ;  and  after  failing  6  leagues  farther, 
1  fet  it  again,  and  found  its  bearing  n  w  by  w. 
Required  its  diftance.    .  Anf.  26*13  miles. 

Quest.  18.  Obferving  three  fteeples,  a,  b,  c,  in 
a  town  at  a  diftance,  whofe  diftances  afunder  are 
known  to  be  as  follows,  namely,  ab  1064-,  ac  202, 
and  Bc  131  fathoms,  I  took  their  angles  of, pofition 
from  the  place  where  I  ftood  d,  which  was  neareft  the 
fteeple  b,  and  found  the  angle  adb  13^  30',  and  the 
angle  cdb  29^50'.  Required  my  diftance  from 
each  of  the  three  fteeples.  f  da  302-8 

Anf.  <  db   214-8 
[  DC  262-0 

Quest.  19.  Suppofing  my  ftation  to  be  fartheft 
from  the  fteeple  b,  required  to  fiind  the  diftances 
from  it,  when  the  diftance  ab  is  9  furlongs,  ac  12, 
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and  Bc  6  furlongs ;  aUb  the  angle  adb  33®  45',  and 
the  angle  cdb  22^  30^  Tda  io'64 

Anf,  J  DB    15*64 

[dc    r4"oi 

QiJEST.  20.     Two  (hips  fail  from  the  fame  port;^ 

the  one  fails  e  n  e  85  miles,  the  other  fails  £  by  s 

till  the  firft  (hip  bears  n  w  by  w  :  what  is  the  dif- 

tance  of  the  fecond  (hip  from  die  port,  and  alfo  fr6iii 

the  firft  (hip  ?  a  r  I      ^^^^  ^^  P^^^  184*7 

^^-  1  from  die  ift  (hip  123-4 

Quest.  21.  Two  ports  lie  eaft  and  weft  of  each 
other  :  a  ihip  fails  from  each,  namely,  the  (hip  from 
the  weft  port  fails'  n  e  89  leagues,  and  the  othcJ* 
(ails  80  leagues,  when  (he  meets  the  foraier :  re- 
quired the  latter  (hip's  cpurfe,  and  the  diftance  be- 
tween the  two  ports.         '         ^^    f  courfe  51^  52' 

L  diftance  112-3 

Quest.  22.  Two  (hips  fail  from  a  certain  port ; 
(he  one  fails  s  by  e  45  leagues,  and  the  other  s  s  w 
64  leagues.    What  then  are  their  bearings  and  dif^ 

tance  afunder  ?  A  f  /  '^^^"S  43**  ^^ 

*  (^  diftance  36*5 
Quest.  23.  A  (hip  failing  n  w,  two  iflands  ap- 
pear  in  fight,  of  which  the  one  bore  n,  aind  the 
other  w  N  w ;  but  after  failing  20  leagues,  the 
former  bore  n  e^  and  the  latter  w  by  s.  What  is 
(he  diftance  afunder  of  the  two  iflands  ? 

Anf.  32*38  leaguei5# 
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[Part  2^ 


PART 


11. 


OF     SUPERFICIAL     MENSURATION,     OR     THE 
MENSURATION    OF    PLANE    FIGURES. 


SECTION 


L 


OP  THE  AREAS  OF   RIGHT-LINED  AND    CIRCULAR 

FIGURES. 


TH  E  meafure  of  a  plane  figure  is  called  its  area. 
By  the  menfiiration  of  plane  figures  is  deter- 
mined the  extenfion  of  bodies  as  to  length  and 
breadth ;  fuch  as  the  quantities  of  lands,  and  the 
works  of  many  artificers. 

Plane  figures,  and  the  furfaces  of  bodies,  are 
meafured  by  fquares;  as  fquare  inches,  or  fquare 
feet,  or  fquare  yards,  &c;  that  is,  fquares  whofe  fides 
are  inches,  or  feet,  or  yards,  &c.  Our  lead  fuper- 
ficial  meafure  is  the  fquare  inch,  other  fquares  being 
taken  from  it  according  to  the  proportion  in  the  fol- 


lowing table. 


^able  of  Square   Meafure^ 


square  Inches 

144 
1296 

39204 
627264 

6272640 

40 T 4489600 


Sq.  Feet 


t 

9 


272^ 

435^ 

43560 

27878400 


S.  Yards 

3oi 

484 

4840 
3097(>oo 


S.  Poles 

I 

16 

160 

102400 


S.  Cha. 

I 

10 

6400 


Acres 

I 
640 


S.  Mile 
I 


PRO- 
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PROBLEM      I. 


^0  find  the  Area  of  a  Parallelogram^  whether  it  le  a 
Square,  a  ReSlangle,  a  RbombuSy  or  a  Rhomboid. 


BA 


iB 


B 


/       / 

> 

/!    / 

^^^^ 

I ■    ( 

RULE 


I. 


^  Multiply  the  length  by  the  height  or  perpen- 
dicular breadth,  and  the  produft  will  be  the  area. 

That  is,  AB  X  AC  zz  the  area. 

Note.  Becaufe  the  length  of  a  fquare  is  equal  to 
its  height,  its  area  will  be  found  by  multiplying  the 
fide  by  itfelf. — That  is  ab  x  ab  or  ab*  is  the  area 
of  the  fquare. 

E  X- 


L  „ 

i 

1 

D 

C 

*    DEMONSTRATION. 

For,  let  ABCD  be  a  rectangle;  and  let     A  '  R 

Its  length  AB  and  CDt  and  its  breadth 
AD  and  BC,  be  each  divided  into  as  many 
equal  parts,  as  is  exprelled  by  the  num- 
ber of  times  they  contain  the  lineal 
meafuring  unit ;  and  let  all  the  oppolite 
points  of  divifion  be  conneded  by  right 
lines. — Then,  it  is  evident  that,  thefe 
Hnes  divide  the  rc6laxi^le  into  a  number  of  fquares,  each  equal 
to  the  fuperficial  meafuring  unit ;  and  that  the  number  of  thefe 
fquares  is  equal  to  the  number  of  lineal  meafuring  unitrin  the 
length,  as  otten  repeated  as  there  are  lineal  meafuring  units  in 
the  breadth,  or  height  j  that  is,  equal  to  the  length  drawn  into 
the  breadth.  But  the  area  is  equal  to  the  number  of  fquares  or 
fuperficial  meafuring  units ;  and  therefore  the  area  of  a  re6iangle 
is  equal  to  the  product  of  its  length  and  breadth. 

Again,  a  rectangle  is  equal  to  an  oblique  parallelogram  of 
an  equal  length  and  perpendicular  height,  by  Euclid  1.  36. 

Therefore  the  area  ot  every  parallelogram  is  equal  to  the 
produd  of  its  length  and  height.     J^  E.  D. 
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EXAMPLES. 

I.   What  is  the  area  of  a   parallelogram  whofc 
length  is  12*25  chains^  and  its  height-8*5  chains  ? 
12*25  length 
8-5  breadth 

6125 
9800 


,    10)104-125  fquare  chains 

10-4125  acres  a      r      p 

4  .   Anf*    10     I     2$ 


1*6500  roods 
40 


26*0000  perches 


Note.   Four  roods  are  equal  to  an  acre,  and  there- 
fore 40  perches,  or  fquare  poles,  make  a  rood. 

Ex.  2.  What  is  the  area  of  a  fquare  whofe  fide  is 
35*25  chains?  AnSf.  i24ac.  ir.  ip. 

Ex.  3.  What  is  the  area  of  a  reftangular  board, 
whofc  length  is  12*5  feet,  and  breadth  9  inches  ? 

Anf.  9*375  fq.  feet. 
Ex.  4.   How  many  fquare  yards  of  painting  are 
in  a  rhombus,  or  a  rhomboid,  whofe  length  is  3  7 
feet,  and  perpendicular  breadth  5*25  feet  ? 

Anf.  2x*58^. 

RULE       II. 

As  radius  (viz.  fine  of  90**  vor  tang,  of  45^)  : 
Is  to  the  fine  of  any  angle  of  a  parallelogram  : : 
So  is  the  produft  of  the  fides  including  the  angle : 
To  the  area  of  the  parallelogram. 

That 
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B 


OB   P       C 
*  That  is,  AB  X  Bc  X  nat,  fine  of  the  angle  b  = 

the  area, 

Nofe.  Becaufe  the  angles  of  a  fcjuare  and  reftangle 

are  each  90^,  whofe  fine  is  i,  this  rule,  for  them,  is 

the  fame  as  the  former. 

EXAMPLES. 

I .  What  is  the  area  of  a  rhomboides  whofe  length 
is  36  feet,  Hope  height  25^5  feet,  and  one  of  the 
lefs  angles  58""  ? 

(Rad.)  I  :  -8480481  (nat.  fine  of  58'')  ::  918  (= 
^S^S  ^  36)  •  778*5081558  the  area. 

Or,  to  ufe  the  Logarithms. 

Radius  —  —  —  lO'ooooooo 
Sine  of  58"*  —  —  9-9284!2o5 
918         _        —        — .         2*9628427 


778-5081 


2*8912632 


Ex.  2.  What  is  the  area  of  a  parallelogrj^m  whofe 
angle  is  90%  and  the  including  fides  20  and  12*25 
chains?  Anf.  245  acres. 

Ex.  3.  What  is  the  area  of  a  rhombus,  each  of 
whofe  fides  is  2 1  feet  3  inches,  and  each  of  the  lefs 
angles  53®  20'  ?  Anf.  362*208757  feet. 

Ex.  4.  How  many  acres  are  in  a  rhomboides 
whofe  lefs  angle  is  30%  and  the  including  fides  25*35 
and  1 0*4  chains  ?  Anf.  i3ac.  29*12  per. 

R  UL  )B 

■  ■  J 

*    DEMONSTRATION. 

.  For,  having  drawn  the  perpendicular  ap,  the  area,  by  the  firil 
rule,  18  AP  X  ^c.;  but  as  rad..i  (s.  Z.p)  :  s.  Z.B  ::  ab  :  ap  =s 
.8.  ^B  X  AB ;  therefore  ap  x  bc  =  bc  X  s.  zlb  x  ab,  is  the 
area;  or  i  :  s.  Z.B  ::  ab  x  bc  :  s.  Z.fi  x  ab  x  bc  =: the  area 
of  the  parallelograiD  •    j^  £•  Z>. 


94 


JIENStri^ATlOK   OF 


RULE      lir. 


[Part  1 


D 

*  As  radius  : 

To  the  fine  of  the  angle  which  the  diagonals  of*  a 
parallelogram  make  with  each  other  : : 

So  is  the  produdt  of  the  diagonals  : 

•  To  double  the  area. 

,^,       .      AB  X  CD  X  nat»9.  ^p         , 

That  is, z:  the  area. 

Note.  Becaufe  the  diagonals  of  a  fquare  and  rhom- 
bus interfeft  at  a  right  angle,  vvhofe  fine  is  i ,  there- 
fore half  the  product  of  their  diagonals  is  the  area. 

That  is,  yAB*  in  the  fquare,  and  ^-ab  Xcd  in  the 
rhombus,  is  the  area. 

EXAMPLES. 

I .  How  many  fqiiare  yards  of  pavement  are  in  & 
fquare  whofe  diagonal  is  27  feet  6  inches  ? 

27*5 
27'5 


1375 
1925 

2)756-25 

9)378-125  feet 
42-0 13I.  yards 


■pai^ 


Ex.; 


.   *  This  rule  is  common  to  all  quadrilaterals,  and  is  proved  at 
cafe  3  of  probb  3* 
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•  Ex.  2.  How  many  acres  arc  in  a  piece  of  Jand,  in 
the  form  of  a  rhombus,  whofe  diagonals  are  30  and 
20  chains  ?  Anf.  30  acres. 

Ex.  3.  How  many  yards  of  painting  are  in  a  reft- 
angle  whofe  di^onals,  interfering  in  an  angle  of 
30%  are  each  32  feet?  Anf.  28^. 

Ex.  4.  What  is  the  area  of  a  rhomboides  whofe. 
diagonals,  making  an  angle  of  60%  are  30  and  25 
feet?  Anf.  324*7595  feet. 

PROBLEM       II. 

To  find  the  Area  of  a   Triangle. 

*   R   u   L   E      I. 

Multiply  one  of  its  fides  by  the  perpendicular  let 
fall  upon  it  from  its  oppofite  angle,  and  half  the  pro- 
dud,  will  be  the  area. 

That  is, =:  the  area. 

EXAMPLES. 

I.  What  is  the  area  of  a  triangle  whofe  bafe  ac  is 
40,  and  the  perpendicular  bp  is  14*52368  chains. 

14-52368 


20 


29*047360 
4 

0*189440 
40 

7-577600 


B 


Anf..29ac.  or  7 p. 

Ex. 


^DEMONSTRATION. 

This  follows  from  rule  i  prob.  i,  becaufe  a  triangle  is  half  % 
parallelogram  of  the  fame  bafe  and  height* 
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Ex.  2.  How  many  fquare  feet  are  in  a  right- 
angled  triangle  whofe  bafe  is  40  and  perpendicular 
30  feet  ?  Anf,  600. 

Ex.  3.  How  many  fquare  yards  are  in  a  triangle 
whofe  bafe  is  49  feet^  and  perpendicular  25^  feet. 

Anf.  68-736^» 


*   R    U    L    E       II. 


As  radius 

To  the  fine  of  any  angle  of  a  triangle 

So  is  the  produft  of  the  fides  including  the  angle  : 

To  double  the  area  of  the.  triangle. 

fj^t    ^  .     AB  X  AC  X  nat.  8. of  /.A ^, 

That  is, =  the  area. 


EXAMPLES. 


I.  What  is  the  area  of  a  triangle  whofe  two  fides 
are  ab  30,  and  ac  40,  and  the  included  angle  a 
28^5/18"? 

'4841 226  fin.  ^A 

30  AB  B 


1^-523^7^0 


20   ^AC 


290*4735600  anf. 


P     C 


■•i 


RULE 


^DEMONSTRATION* 

This  follows  from  rule  2  prob.  i,  becaufe  a  triangle  b  half  a 
panllelogram  of  the  {^mc  bafe  and  hei^hu 
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Ex.  2.  How  many  fquare  yards  are  in  a  triangle 
of  which  one  angle  is  45%  and  its  including  fides  25 
and  21^  feet?  Anf.  20'86947. 

Ex.  3.  How  many  acres  are  in  a  right-angled 
triangle  whofe  bafe  is  40  and  perpendicular  30 
chains?  Anf,  60* 


*  R  u  L  E     iii. 

From  half  the  fum  of  the  three  fides  fubtradt  eacK 
fide  feverally ;  multiply  the  half  fum  and  the  three' 

H  remainders 


*   DEMONSTRATION^ 


aa-^  ce 


B 


For,  i:tf+c::tf—f: — r —  =  ap— Pc; 
'  p 

i        i-         ,  ^  aa-^cc      ii  +  aa  ^ce 

therefore  Id  -| ; —  = ^ =  A?  2 

2ff  20 

/            hh  •\'  an  —  cc 
hence  V  ««  -  ( —^7 )*= 

20 

V^ '. i ■■  s=BP;thenBP  x  fAc; 

>2tf*i*  -  3*  +  3^ f»  -  «♦  +  2fl*c» -r* 

IP  xi3=V       ■■    ■  ■         , ' —  = 

*  10 


^^/-^  aa  •\' hh  •\-  cc  A^  lie       aa-^ih  —  cc+  ^^c 

^  ^  ^ 

^ra  +  6  +  c     -4f+3  +  f    tf  — 3+c    T+TT^ 

V  -^ ^  X  s.—  X =-^x =s 

1  ■  2  2  3 

f  »  ■     .^  I         ■-■  1'      *  '     "    i  .        -  .-III  ■■»^»^ 

V X ax 3x— — ^-^a 

2  2  Z  2 

the  area.    ^  E.  2)« 


pS  MENSURATION    OF  [Part  2. 

remainders  continually  together,  and  the  fquare  root 
of  the  laft  produft  will  be  the  area  of  the  triangle. 


That  is, 

or 


2  2  2  2 

•     y/g  +  ^  +  f^-tf  +  ^  +  f^^-^  +  c^  tf  +  3-c_.^^^ 


area. 


Or,  if  i  be  half  the  fum  of  the  fides,  then 
V  J  Xs^aXs^i  XS--C  is  the  area. 


E  x-' 


(putting  J  =  3  +  r  the  fum,  and^=:  ^  «a  c  the  difference  of  ^  and  r ) 
jV^/i  —  aa  X  aa^Jd;  *  which  is  another  rule,  very  ufcful  oir  . 
many  occafions* 

Cor,  2.  If  all  the  fides  be  equal,  the  rule  will  become 
j^ia  X  I  a  X  \a  X  l^^^aa^^t  ^^^  ^^^  equilateral  triangle 
whofe  fide  is  a. 

Cor.  3-  If  the  triangle  be  right-angled,  a  being  the  hypotenufe, 

a-^i  +  c     ^tf  +  ^  +  r 


the  rule  will  become x  or  If  X  ip—aj  putting 

r       .  •  T-       t.  •  •      <J  +  ^  +  t    ^  -tf  +  3  +  r       . 

p  for  the  perimeter.  For  the  two  quantities X and 

X^ — ' or ' ■ and 

224  4 

are  then  =  one  another,  being  each  =  ^^r,  becaufe  a^  i^  =» 
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EXAMPLES. 

I .  What  is  the  area  of  a  triangle  whofe  three  fideS 
are  20,  30,  40  chains  ? 

40  45  45  . 

30  '30  20 

20  ^  -^     ^         . 

— r  15  fee,  dif.   25  third  dif. 

2)90  —  15  fecond  dif; 


\ 


45  half  fum 
40 

5  firft  dif. 


375 
•5  firft  dif. 


1875 

45  half  fuiri 


49 
9 


9373 
7500 

*  '   '   ' 

'84375  (29«''4737  fq-  *=^i"3 

4 

■  •        or  29*04737  acres 

443  4 

441      - 


5804 

4 


27500 
23216 


^iMi« 


5808   I      4284 
4066 


•18948 

40 

7.579a 


Anf.  29  ac.  7  per. 


218 
174 

44 


Ex.  2.   Fiow  many  fguare  yards  of  plaftering  arc 
In  a  triangle  whofe  fides  are  30,  40,  50  feet  > 

Anf.  66^ 
H  2  Ex. 
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Ex.  3.  How  many  acres  are  in  a  triangle  whofe 
fides  are  49,  50*25,  25-69  chains  ? 

Anf.  6iac.  ir.  39'68p. 

PROBLEM    III. 

To  find  the  Area  of  a  Trapezium. 

GENERAL       RULE. 

Divide  it  into  triangles  according  to  the  manner  ^ 
which  you  judge  moft  convenient ;    then  the  fum  of 
the  areas  of  the  triangles,  calculated  by  the  laft  pro- 
blem, will  be  the  area  of  the  trapezium. 

Obferve,  alfo,  the  following  particular  rules. 

*    R    U    L    E       I. 

If  die  trapezium  be  divided  into  two^  triangles  by 
a  diagonal  joining  two  oppofite  angles,  and  perpen* 
dicukrs  be  drawn  to  it  from  the  other  angles :  then 
the  fum  of  the  perpendiculars  being  multiplied  by 
the  diagonal,  half  the  produdt  will  be  the  area. 

That  is,  iii+J^x  AC  =  the  arei-  4 


EXAMPLE.  ^  _ 

D  C 

If  the  diagonal  ac  be  ao  feet,  and  the  perpendi- 
cular BP  equal  4*2  feet,  and  DQ^equal  3*8  feet. 

Then  ^'^  ^  ^'  x  20  =  8  X  10  =  80  fquare  feet,  the 
area* 

RULE 


*    DEMONSTRATION. 

For  the  trapezium  =  A  abc  +  Zli  adc  =  ±1^L!I  a.  ACX£it 

2  2 

— - — >X  AC.    j^.  E.  D. 
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RULE       II. 


If  there  be  drawn  two  diagonals  cutting  each 
other :  the  produdt  of  the  diagonals  multiplied  by 
the  natural  fine  of  the  angl^  of  interfeftion  of  the 
diagonals,  will  be  double  the  area.  And  this  rule,  as 
well  as  the  former,  is  common  to  all  quadrilaterals* 

That  is,  AC  XBDXnat.  ../..:  _  ^^^  ^^^ 

Or,  as  radius  :  s.  Z.R  : :  |ac  X  bd  :  the  area. 

example; 

Suppofe  the  two  diagonals  be  40  and  30  chains, 
and  that  at  their  interfeftion  one  of  the  lef  s  angles  is 

Then,  fince  the  nat.  fine  of  48®  is  '7431448,  the 
areaz:^^^3ox^-743i448^6^^^,y^3^^^8=-445'88688 
f(|.  chains  =  44  ac.  zr.  1 4*  1 900S  p. 

By  the  Logarithms* 

Rad.       -—        *—        — ^       10*0000000 
Sine  of  48*^         — .        — .        9'?7io73S     • 
40  X  30  _  g^^     _        _        27781513 

Area  445-8869  fq.  chains       —        2*6492248 


H  3  R  U  3>E 


^PEMONST&ATIONf 

For  the  tFapez.  =  the  four  As  arb^   brc,  c&d,  dra,  = 

(aR  X  RB  +  BR  X  RC  +  CR  X  RD  +  DR  X  RA)  X  §8.  Z.R=: 
(AR  +  RC  X  BR  +  Cl^  +  RA  X  DR)  X  -i  8.  Z.R  =  AR  +  RC  X 

BR  +  KD  X  v9«  Z.r=;ac  X  BD  X  is-  ^K*  ^E.D^ 


f02 


MENSURATION  OP  [Part  2, 


•   *    R    U    L    E      HI. 

Square  each  fide  of  the  trapezium;  add  the  fquares 
of  each  pair  of  oppofite  fides  together ;  fubtraft  the 
lefs  fum  from  the  greater,  and  multiply  the  difference 
by  the  tangent  of  the  angle  formed  by  the  diagonals, 
and  ^  of  the  product  will  be  the  area. 

That  is,  AB*4-cD*  ^  da*  +  bc*X  I  tan.  z_  r  zz area, 

t«i— ^M»  ■  '       '        'i  toll  ^^-^^- 

Or  As  radius:^  tan,  iLR  ::  ab  +cd*  m  da*+bc*  :area. 
Note.  This  rule  fails  when  the  diagonals  interfeft 
at  right  angles  :  for  then  the  tangent  is  infinite,  and 
the  difference  of  the  aggregates  of  the  fquares  is 
nodiing. 

example. 

If  the  fides  be  ab  =  lo,  bc  =  9,  cd  =r  8,  da  =  7 
feet ;  and  the  lefs  angle  made  by  the  diagonals  equal 
to  80  degrees;  what  is  the  area? 

The 


*    DEMONSTRATION. 

For  call  ar,  m;  rb,  «;  cr,/;  rd,  ^;  J;  ^  /|  the  fine,  cofine, 

A  -B 


and  tan.  Z.R. 

Then,  by  ij.  and  13.  II.  Eucl. 

BA*  =  mm  +  »«  +  imnc 
AD*  =  mm  -{•  qq  —  imqc 
BC*  =:  ««  4-  ^^  —  znfc 
CD*  =z   4iq   +  yp  +  2pqc 

And  by  add,  and  fubt.  ab*+cd*— da»— bc*  =  /»«+/^+w^+»>J 

X  2c  =  m-\rp  X  n-{-  qy.  2f=AC  X  BD  X  2C, 

But  AC  X  BD  X  ^  J  =  the  area  by  the  laft  rule.. 

Theref.  ab*  +  cd*  —  da*  —  bc*  =  —  X  area  =  -^  x  area 
s  f 

And  ( ab*  +  CD*  —  DA*  +  BC*)  X  i  /  =  area.    i^.  JB.  2). 

CcroL  It  appears  from  the  demon ftration,  that  the  fum  of 
the  fquares  is  greater  in  that  pair  of  oppofite  fides  which  ful> 
tend  the  greater,  or  obtufe,  angles  at  the  intcrfedion  R  ;  and,  of 
confcquence,'  when  all  the  angles  at  r  are  equal  to  each  other, 
that  isjjvhcn  the  diagonals  interfe^  at  right  angles,  the  fums  of 
the  fquares  of  both  pairs  of  oppofite  fides  will  bc  equal  to  each 
other. 


■ 
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The  tangent    of  80®   is   5*6 7 128 18,     therefore 

(ab*  +  cd*  —  da*  +  bc*)  X'^tan.  80  isrri64~  130 
X^X  5-6712818=: 34 X  1-41 782045  =  48-2058953 
fquare  feet,  the  area. 

Or,  ly  the  Logarithms  thus. 

Radius        — «         ^—       lO'ooooooo 
Tan.ofioo**  -^       107536812 

?i  :r  8*5     -—        —        0*9294189 
4  ^ 

Areaz:  48*20589      1-6831061 

I       III    — —^ 

*    R    U    L    E       IV. 

If  the  trapezium  can  be  infcribed  in  a  circle,  that 
is,  if  the  fum  of  any  two  oppolite  angles  be  equal  to 
two  right  angles,  or  180^;  then  multiply  any  two 
adjacent  fides  together,  and  the  other  two  fides  toge- 
ther; and  multiply  the  fum  of  thefe  D^'o  produfts  by 
the  fine  of  the  angle  included  by  either  of  the  pairs 
of  fides  which  are  multiplied  together ;  fo  (hall  half 
the  laft  produd:  be  the  area. 

rr^i.  -•      (adxdc  +  abxbc)  X8.  ZDors.  ilB I 

That  IS,  ^ ^ IT  the  area. 

Or  As  radius :  s.  2Ld  ors.  Z.  b  :: :area. 


EXAMPLE. 

If  the  fides  be  ae  equal  to  7*5,  bc  equal  to  t^^^^ 
CD  equal  to  6,  da  equal  to  4,  and  the  angle  b  equal 

H  4  to 


*    DEMONSTRATION. 

For  this  produ^  will  be  equal  to  the  two  triangles  ado,  abc, 
found  by  rule  2,  prob.  2,  fince  the  fines  of  the  oppolite  angles  d, 
Bi  of  a  trapezium  infc^ib^d  in  a  circle,  are  equal  to  each  other. 


104 
to 


MENSURATION   OF 


[Part  2t 
to 


^o  74^  40^',  and,  therefore,  the  angle  d  equal 
105^  i9t  y  ^^^^  ^s  the  area  ? 
Here  the  fine  of  74*^  40^'  is  -9644229* 

Then i^ — M-  x  ^9644229   zz  31 '46429 

fquare  feet,  the  area. 

Or,  ^Radius  —        —         lO'ooooooo 

Sine  Z-.B  74®  40^'    —  9*9842675 

j—^^  =  32-625         1-5^35505 


Area  =  3 1 -4643 


1-4978 1 80 


*    R    U    L    E      V. 

.    Or^  when  the  trapezium  can  be  infcribed  ift  a 
circle,  the  area  may  be,  otherwife,  found  thus  : 

From 


*    DEMONSTRATXONf 

For,  upon  the  fides  ad,  dc,  let  fall  the 
perpendiculars  bs,  bt:  putir=  the  fine  of 
the  angle  a,  or  of  the  angle  c ;  and  «,  ^,  r, 
4  =:  the  four  fides  ab,  bc.  cd,  da  refpec- 
tively. 


Theni;i::f^:f=B«»     ai^di  •  ^Tr;c../''-''V'lzif=  as. 


hence  sd  =  //  +  a^i  -  ss,  and  dt  =  ir  -  ^^i  -  ss.  But  by 
right-angled  triangles,  bs»  +  8D*=dt^  +  tb%  that  is,  dd  + 
zad^/i^  jj  +  aa^cc^  2  ic^i  -  «  ^  ^3,    and  hence 

2ad-\-2bc'^ '   *^^"»  ^y  *^®  ^^*  ^^ 

'  the   area  will    be   }  ^{lad  +  2hcY  -  (3^  +  ^<r  -  aa  -  ii^*  3=; 

r^  VT^^x  j-^xrr7x/-^,  if  ibe;hajfthc  fumofthc 
four  fides,    ^E^D^ 


Scd.  !•]  ^LANE     FIGURES.  105 

From  half  the  fum  6f  the  four  fides  fubtraft  each 
fide  feverally ;  multiply  the  four  remainders  conti- 
nually together,  and  the  fcjuare  root  of  the  iaft  pro-- 
duft  will  be  the  area. 

That  is, 

A\  — —     X    —————    X    ■ 

2  2  2  2 

~  the  area.     Or  if  j  be  half  the  fum  of  the  fides,  then 
v/(j-.^)  X  {s^i)  X  {s^c)  X  (s-^d)  is  the  area. 

The  letters  a,  b^  r,  dy  denoting  the  four  fid^s  of 
the  trapezium. 

EXAMPLE. 

The  four  fides  of  a  trapezium  infcribed  in  a  circle, 
are  6,  5-?,  7*5,  4  feet;  required  the  area. 

4/<^-f-5'5  +  7-i-4      6-f5'S-7-5-f-4..  6-5-54-7.5+4. .-6-f-i-^-i-7VS+4. 

»  I  »  » 

3i'4642  7  fquare  feet  the  area. 

RULE 


CoroL  I,  The  expreffion  marked  f  5s  a  very  pretty  theorem, 
^d  may  1)6  ufeful  on  many  occafions. 

CoroL  2.  Hence  may  be  deduced  rule  3  for  the  triangle;  for, 
if  we  here  fuppofe  one  of  the  fides,  as  d^  to  be  nothing,  or  to  de* 
freafe   till   it  vanifh,   the   rule  will  become 

*/{^  —  a)  X  (j  —  ^)  X  (j  —  c)  X  s^tYic  fame  as  in  the  triangle. 

CoroL  3.  If,  in  the  trapezium,  ^  =  //,  and  ^  =  r ,  the  I'ulc  will 
be  barely  ah, 

CoroL  ^,  When  all  the  four  fides  are  equal,  the  rule  beco^ies 
jj/a  X  a  X  a  X  a  ^  aa, 

CoroL  5.  If  the  fides  be  in  arithmetical  proportion,  either  con- 
tinued or  difcontinued ;  the  fquare  root  of  the  continual  pro- 
dud^  of  all  the  four  fides  will  be  the  area.  Or,  take  a  mean 
proportional  between  any  two  fides,  and  alfo  a  mean  proponional 
between  the  other  two  fides ;  then  the  figure  will  be  equal  to 
the  rectangle  of  thefc  mean  proportionals.  For,  half  the  lum  of 
the  fides  is  equal  to  the  fum  of  the  extremes,  or  equal  to  the 
fum  of  the  means ;  and  each  extreme  and  mean  bemg  taken 
from  it,  will  leave  the  other  extreme  and  mean ;  and  confe- 
quently  the  four  remainders  will  be  equal  to  the  four  given 

^des,    Wheiefore,  &Cf    Thatis^  t^abcdzs.  the  area. 


/ 
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/       RULE       VT. 

In  a  trapezoid,  multiply  the  fum  of  the  parallel 
fides  by  the  diftance  between  them,  and  half  the 
produft  will  be  the  area.  * 

That  is,  if  ab,  dc  be  the  parallel  fides,  and  ap 

perpendicular  to  DC  ;  then^^^^ — ^  X  ap  will  be  the 

area. 

Note.  This  cafe  is  very  ufeful  in  furveying.  For 
many  irregular  pieces  of  land  may  be,  very  conveni- 
ently, divided  into  a  number  of  trapezoids,  of  that 
kind  in  which  the  parallel  fides  are  perpendicular-  to 
one  of  the  other  fides,  which,  in  that  cafe,  is  the 
diftance  of  the  parallel  fides. 

EXAMPLE. 

If  AB  be  7^5,  CD  12*25,  and  ap  15*4  chains; 
what  is  the  area  ? 

12-25  *  , 

7-50 


^915 
15-4 

7900 

9875 
^975 

2)304-150 

15.2075 
4 

Anf. 

A             K  1 

f 

p  r             c 

ff 

i^ac.  33-2  per. 

•8300 
40 

- 

33*2ooo 

SOME 

*    DEMOMST&ATION. 

For,  tlie  diagrtnal  ac  divides  the  trapezoid  into  two  triangles, 
whofe  bafes  «re  the  two  parallel  fides,  and  heights  each  equal 
to  the  diftance  ap  ;  therefore,  &c. 
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SOME    PROMISCUOUS    EXAMPLES    fOR    PRACTICE. 

EXAMPLE     I. 

How  many  fquare  yards  of  paving  are  in  the  tra* 
pezium  abcd,  whofe  diagonal  ac  is  65.  feet,  and 
the  perpendiculars  bp  equal  to  33.5,  and  dq^  equal 
to  28  feet?  By  rule  i. 

33-5 
28-0 


•       61-5 
65 

3075 
3690 

2)3997'5 
9)199875  feet 

Anf.     222*08-^  yards. 


EXAMPLE     II. 


What  is  the  area  of  a  trapezium  whofe  fouth  fide 
is  27*4  chains,  eaft  fide  35'75  chains,  north  fide  37*55 
chains,  and  weft  fide  41*05  chains ;  alfo  the  diagonal 
from  fouth-weft  to  north-eaft  48-35  chains  ? 

By  rule  3  of  prob.  2, 
a7-4  +  4J-7S  + 48-35  =  'iill  =  55.75  =  half  the  fum  of 

the  fides  of  the  fouth-eaft  triangle.     And 
3y5S+4i-oS+48-3S  >-  "6^  _  53.4^5  -  half  the  fum 

^  ^  of 


jo8  TRAPEZIUMS.  [Part  2. 

of  the  fides  of  the  north-weft  triangle.     Whence 

v^55"75X^8-35X2oX7-4=:^2339i5-85=483-6485 
the  area  of  the  former  triangle.     And 

V'63^t7Sx6^ 

^v^63'475X25-925X22-425X  15-125  =  v'5^8i48-i 
&c  =:  747*0932  the  area  of  the  latter.  And  their 
fum  is  1 230*741 7  fquare  chains  :=  123  ac.  1 1-8672 
per.  die  are^  required. 


EXAMPLE     III. 


How  many  fquare  feet  are  in  a  trapezium  whofc 
fide§  are  ab  equal  to  12,  bc  equal  to  13,  cd  equal  to 
14,  DA  equ^l  to   15  feet,  and  the  angle  a  equal  to 

83'  30'  ? 

Firft,  by  rule  2,   prob.  a,  :993l7i9iliiX_LS  ^ 

•9935719  X  90  =;  89-421471  =:  the  area  of  the  tri- 
angle ABD, 

Again,  by  trigonometry, 
As   27    1=   DA    +   AB    :    3    =:   DA    —    AB    :; 

,  DBA  +  ADB OQ        /\      i'"040S3 

1-1204053  (tang.  ^ =  48'  15)  : ^- 

•1244895  =  tang.  EllzJt2I  zz  f  06'.     Therefore 
48'  15'  —  7*  06'  =  41'  09'  =-  ADB.     And, 

^ADB    41°  09'   9*8182474 

Z.A       83  30   9-9971993 
AB         12       1*0791812 

BD        18*119   1*2581331 

A 

Then, 
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Then,  by  rule  3,  prob.  2, 


'^'■■■■^■■'■■i^W 


^18*1194- 14. -hi  3      1 8*  1 19+ 14-13     i8-ii9»i4+l3     -I8'ii9  +  i4-|-i3 

X  — — — ^— ^— ^—  X  •^— — ^^— — — —  p^  - 
a  a 2 a 

=  V'22-5595X9-5595x8-5595X4'44o5=^/8i96-8i2 
=r  90*53625  zz  the  area  of  the  triangle  dcb.  . 

The  fum  of  thefe  two  is  179*957721  =  the  area  of 
the  trapezium  required. 

E  X  A  MP  L  E    IV. 

In  a  quadrangular  field  the  fouth  fide  is  23-4,  the 
eaftfide  i9'75,  and  the  north  fide  20*5  dhains;  alfo 
the  fouth-eaft  and  north-eaft  angles  are  73*  and  87^ 
30' :  what  is  the  area  ? 

Firft,  by  rule  2  prob.  ^;999048»  x  ig-Ji  x  .o>;  _ 

•4995241  X  19*75  X  20-5  =  202*24482  the    area 
of  the  north-eaft  triangle  bcd. 

Again,  40*25  zz  bc  +  cd  :  75  = 

,         ,    ^  BDC  +  CBD ^o         /\ 

BC  — CD  :;  i'0446i36  (tang. -—40    15;: 

i:^|iil3_.oi946485=thetang.of^-^  = 

I'of.  Wherefore  A  BDC  =  46' 15'+  i" oy' = ^f  iz' . 
And  Z.ADB  =  (adc  — cDBz:  -jf-^j^f  22'  =) 

iLBDC         47"    22'      9*8667026 

/.c  8730       9:9995865      2. 

CB  20-5         i-3"7539 

BD  —     1-4446378 

A 


Whence, 
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Whence,  by  rule  2,  prob.  2,  alfo, 

4ad  —       11*7  —       i'o68i859 

.    BD  —  ^      —       1-4446378 

S.  ADB  25^38'         9-6360969 

140-903 1  the  area  of  the  A  abd  -  2-1489206 

Their  fum  is  343'i479  fquare  chains  =  34  acres 
I  rood  and  10*3664  perches,  tliearea  required. 

EXAMPLE       V. 

What  is  the  area  of  a  trapezium,  infcribed  in  a 
circle,  whofefour  fides  are  24,  26,  28,  30  yards  ? 

2  2 

the  fides. 

Then,t)yrule5,v/54-24X  54-26x54-28x54-30= 

v/30X28X26X24z:24v/5X7X  13x2=24^910= 
24X30*1662062  =  723-9889488  fquare  yards,  the 
area  required. 

EXAMPLE      VI. 

How  many  fquare  feet  are  in  a  board  whofe  length 
is  12^  feet,  the  breadth  of  the  greater  end  i^feet, 
and  of  the  lefs  1 1  inches  ? 

Byrule6,ii±i5  X  i24-=7f  X  i24-=i3r!=  ^3'54i^ 
fquare  feet,  the  area  required. 

EXAMPLE     VII. 

In  a  trapezoid,  the  length  of  the  two  parallel  fides 
are  30  and  46  chains,  and  the  length  of  one  of  the 
other  fides,  which  is  perpendicular  to  the  parallel 
fides,  is  60-37  chains ;  what  is  the  area? 

2  By 
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% 

By  nile6, 5^±i^  x  60-37  =  3^  X  60-37  =  2294-06 

fquare  chains  zz  229  acres    i  rood  24*96  perches, 
the  area  required. 

EXAMPLE     VIII. 

In  meafuring  along  one  fide  a  b  of  a  quadrangular 
field,  that  fide  and  the  two  perpendiculars  upon  it 
from  the  oppofite  corners,  meafured  as  in  the  field 
book  below  :  required  the  area. 


FIELD 

BOO  K, 

chains 

AP    ZI        I-IO 

A.Q^=     7-45 

AB    ZI     II-IO 

chains 
PC    ZI  3-52 

<U>  =  5-95 

AP 

AP  X  PC ^zz  I'loX  3-52  iz    3-872    z:2APC 

PCLX  PC  +  QJ)Zl6'35  X  9*47  —  60-1345  ZI2CPQJ> 
DQ^X  QJ  =  5-95X3-65  zz  21-7  175  =:2DQJB 


the  fum  ZI  85-724  =:  double 
the  whole  figure,  whofe  half  zz  42-862  fqu.  chains 
zz  4  acres  i  rood  5*792  perches  is  the  area  re- 
quired. 


PROBLEM    IV. 


To  find  the  Jrea  of  any  Irregular  Figure. 

Draw  diagonals  dividing  the  figure  into  trapezi- 
ums and  triangles.  Then  find  the  areas  of  all  thefe 
feparately,  and  their  fum  will  be  the  content  of  the 
whole  irregular  figure. 


EXAMP  LES. 

I .    To  find  the  content  of  die  irregular  figure 

ABCDEFGA, 
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ABCDEFGA,  in  which  are  given  the  following  dia- 
'   gopals  and  perpendiculars :  namely 


AC  5'5 
FD  yz 
GC  4-4 
cm  i'3 
Bn   1-8 

GO    I'2 

ip  o«8 
Dq  2-3 


AC  X  Gm  +  an  =  ^^  X  3*1  z=  17*05  = 

:  5*2  X  2*o  zi  io'40  =: 
:  4-4  X  2*3  n  io*i2  = 


FD    X   GO    4-   Ep 

GC  X  pq 


2ABCG 
2GFED 
2GCD 


^  037-57 
aniwer  i8'785 


PROBLEM    V* 

To  find  the  Areas  of  Regular  Figures  or  Polygons^ 

R   u    L   £      I. 

Multiply  the  perimeter  of  the  figure  by  the  radius 
of  its  infcribed  circle,  or  by  the  perpendicular  de- 
mitted  from  its  center  to  one  of  the  fides,  and  half 
the  produd  will  be  the  area.* 

Note 


*    DEMONSTRATIOK. 

For,  the  polygon  conlifting  of  as  many  triangles  as  it  hatli 
fides,  whofe  heights  and  bafes  are  each  equal  to  the  perpen-* 
dicular,  and  the  fide  of  the  polygon  rcfpcftively ;  if  j  be  a  fide  of 
the  polygon,  p  the  perpendicular,  and  n  the  number  of  fides  ; 
then  ^fs  will  be  one  ^triangle,  and  infs  all  the  triangles,  or  tho 
whole  polygon,    i^  E*  D. 
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Note  I .  The  perimeter  of  a  figure  is  the  fum  of 
its  fides,  and  in  a  regular  figure  is  equal  to  the  length 
of  one  fide  multiplied  by  the  number  of  fides. 

2.  The  center  of  the  figure  is  the  fame  as  the 
center  of  the  infcribed  or  circumfcribed  circle. . 

EXAMPLE. 

Required  the  area  of  a  regular  pentagon  whofe 
fide  is  25  yards. 

Since^-^  =r  72"*  =:  Z.acb  ; 

hence   ^  =  36'*  =  z.acp  ; 

and  90  —  36  rr:  54®  =:  /.cap; 

Then  as  i  =  rad.  : 

1-3763819    =  tang.  54^  ::  124, 
=iAP  :  i7'2047737  =1  pc. 

Whence  iZ:^24Z7^.iL£iili  =  1075-298356,  the 
area  required. 


-^ 


RULE       II. 


Multiply  the  jTquare  of  the  fide,  of  any  regular 
figure,  by  the  multiplier  (landing  oppofite  its  name, 

I  in 


*    DEMONSTRATION. 

This  rule  is  founded  upon  the  property,  that  like  polygons,  at 
fimilar  figures,  are  to  one  another  as  the  fquares  of  their  like 
fides  ;  which  has  been  proved. 

Now,  the  multipliers  in  the  t^ble,  are  the  areas  of  the  polygons 
to  the  fide  i ;  whence  the  rule,  is  manifeft. 

SCHOLIUM. 

The  table  is  formed  thin:  As  radius  =  i  :  tang.  Z.cap  = 
/  : :  AP  :  pc  =  /  x  ap  =  J./,  fuppoling  ab  =  x ;  then  ^t  (=cp  x 
pa)  =  the  A  'ACB,  and  \nt  =  the  polygon ;  where  n  is  the  num- 
ber of  (ides ;  Sp  that,  by  finding  the  tangent  of  the  Z.cap,  by 

the 


<^4 
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in  the  following  table ;  and  the  produft  will  be  the 


area. 


fuUs 

3 

4 

5 
6 

7 
8 

9 

lO 

II 

12 


Names. 

Trigonorcqui. 

Tetragon  or  D 

Pentagon 

Hexagon 

Heptagon 

Oftagon 

Nonagon 

Decagon 

Undecagon 

Dodecagon 


Multipliers, 

0-4330117  = 
I  'docoooo  = 


or  area  when  the  fide  is  i. 

ritan.30^  =  VS 

=  |tan.45®  =  i  XI 


Jtan.54<>=4v^i+|V^5 
|tan.6o*>  =  |^3    . 

J  tan.  64^*  


1-7204774: 

2*5980762: 

3-6339124 

4*8284271 

6*1818242 

7*694208^: 

9.3656399  _^ 

11^961524=;  y  tan. 75^=  3  X  2+^/3 


|tan.67i^=2  x  1  +  ^/2 
S  tan. 70*                   ■ 
Vtan.7aO=|V5+2v^5 
Vtan.737T^ . 


EX- 


the  table  of  tangents,  and  multiplying  it  by  the  number  of  fides, 
^  of  the  product  will  be  the  multiplier  in  the  table. 

All  thefe  multipliers  may  be  derived  from  other  methods,  and, 
indeed,  many  of  them  from  fuch  as  are  very  fimple^ 

Thus,  in  the  trigon, or  equikteral triangle,  ^i*  —  V  =  \/*  *= 
5^3  =  the  perpendicular,  and  ^^3  is  the  area. — In  the  trigon 
the  angle  cap  is  30°,  and  therefore    the  tangent  of   30^  is 

=  ^/}  =  WS'        ^ 

In  the  tetragon,  or  iquare,  the  fide  diAwn  into  itfelf  1x1  =  ^9 
is  the  area. 

/c  +  I 
In  the  pentagon,  the  Z.cap  is  54%  whofc  fine  is  ^^ 

4 


',  and 


its  cofine  ^ —  j  and,  becaufe  the  tangent  is  equal  to  the 

4 
fine  divicfcd  by  the  cofine,  we  fhaH  hare  the  tangent  of » 54®  or ' 

,^^^^±2-^x/l±2^^  =  /TTTTI;     therefore 

fhe  area  of  the  pentagon  is  i^/i  +  f  i/5. 

In  the  hexagon,  all  the  triangles  are  equilateral,  and  therefore 
it  will  be  6  times  the  trigon,  or  6  times  J  ^3  =.  $  v'j  =  |  \/3»"~ 
And,  fince,  in  it,  the  Z.CAP  is  =  60°,  the  tangent  of  60**  wiU  be 
=  iv/3  =  triple  the  tangent  of  30^.  

In  the  octagon,  the  Z.cap  is  674%  whofe  fine  is  1^2  +  ^2^  • 
;^nd  its  cofine  h  ,Ji  —  ^2 ;  whence  the  tangent  of  67 J**  or  /  = 

\/ ^  =  r  +  v'^  ;  and  therefore  the  area  of  the  octagon 

2  —  V  ^ 

f8j  X   (1+^2)  =  2  X   (1  +  -/*).  

*  In  the  decagon,  the  angle  cap  is  72*^,  whofe  fine  is|v^io  +  2^j, 
and  its  cofine  \  x  (^5  —  i) ;   whence  /  the  tangent  of  72°  is 


I 
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i  EX  A  M  P  L  E     I. 

What  is  the  area  of  a  pentagon  whofe  fide  is  25 
feet  ? 

I  2  The 


■       .        ^^  =  ^/t 7-^  =  V  5  4-  2a/k;  and  therefore 

the  area  of  the  decagon  is  '/-/S  +  ^\/S  =  I  ^/S  +  ^V^S* 
In  the  dodecagon,  the  angle  cap  is  75%  wHofe  line  is  j^  y^a  +  ^^3, 

and  its  cofinciy^T^T/Jj  whcncethctangentof  7^®i8A/— i^= 

a  +  a/3  ;  and  therefore  the  area  of  the  dodecagon  is  V  x  (a  -f  ^3) 

=  3  x(2  +  ;v/3)- 

The  tangents  of  the  angle  cap  in  the  heptagon,  nona?on,  and 
yndecagon,  are  not  fo  eafify  found,  independent  of  a  table  of  tan« 
gents  ;  but  we  may  find  equations  whofe  roots  Iball  be  the  re- 
quired tangent,  in  the  following  manner. 

Put  y  and  x  for  the  fine  and  cofine  of  the  angle  acb  at  the  cen- 
ter, fubtended  by  the  fide  of  any  polygon,  and  n  =  the  number  of 
fides :  then  it  is  known  that  the  fine  of  if  times  that  angle,  or  of 
360'',  the  whole  circumference  of*  circle,  is 

•^  1. 2-3  -^  1.2.3.4.5  -^ 

But  the  fine  of  the  whole  circumference  is  nothing,  and  therefore 
this  feries,  or  the  fame  divided  by  ify,  will  be  equal  to  nothing 
alio,  Tiz. 

__  ,       «— I.«— 2    ,  ,  ,    ,  «— I.«  — 2.ff  — 3.«— 4    -.-      .   - 

;r»-« ;c"-^r*  + ^ '^x^*  y*  &c  =  o. 

And  fince  »  is  an  integer  number,  it  is  evident  that  the  ferics  will 
always  terminate.     Now  exterminating^  by  its  value  y^i  — 1»*, 

the  ieries  will  become 

^,     «-I.«-2  _  ,,           ^     «-i*«-2*«-3'««4  .  ,  -  ... 

**•* x^'^  I  ^xx)  + ' — -V-5  ( I  -.  xx)*  &c  =  o> 

^•3  ^'B'+'S 

or  I . + 2 3( )*  &c  =  ©• 

2.3  ;r4r  2.3.4.5  .;r;r 


Or  exterminating  x  by  its  value  i/i  — j'*  will  give 

(i-j?*)  * (i-/)  *jf*+ ^ — ^ — -^{^'J  )  \y*&c  =  o. 

2.3  a.3-4-S 

or  I  —  ■  (i-y*)y*  H £-^(1-;^*)*  v^&c  =  o. 

And  by  writing  any  particular  value  for  n^  the  root  of  the 

equation  ^ 
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The  multiplier  for  the  pentagon  being  17204774, 
we  fhall  have  1-7204774  X  25  X  25  =  1075-298375 
the  area  required. 

E  X- 


cquation  refulting  will   be  the  cofine,  or  fine,  of  the  angle 

ACB. 

Thus,  if  «  be  =  7,  the  equation  will  be 

of  double  the  complement  of  the  /.cap  (64**^)  in  the  heptagon. 
If  »  =  9,  the  feries  will  become 

Yy-|/+  ^  jy-  5  iy''+^h=o  j  w'V^i^^^^'  \y  j  I  fine 

of  double  ifhe  complement  of    the  angle  cap   (70°)    in  the 
nonagon. 

If  «  =  II,  there  will  come  out  the  equation 


decagon. 

When  the  root  x  of  the  equation  is  cxtrafted,  the  tangent  of 
the  Z.CAP  may  be  eafily  found  thus.  Call  that  tangent  / ;  then 
/  being  the  cotangent  of  an  angle  of  the  double  of  which 

\j^fthe\fine    J  v^_^  ^  i-^/i-^ 

Or,  by  writing inftead  of  i**,  or-^ infiead  of  v,  in  the 

\      ^  **//+!  I  4-//  ^ 

three  equations  above,  we  (hall  have, 

Firft,  /»'-26/»°+i43/«^245;/'^  +  143/*-  26?* +  1=0,  an 
equation  whofc  root  is  the  tangent  of  the  /.cap  (64^^)  in  the 
heptagon. 

Secondly,  ^**-455/'*  +  476/'  *  - 1768/'  '^  +  2701^^'  —  1768/*' 
+  476/*— 45}/*  +  1=0,  an  equation  whofc  root  is  the  tangent 
of  the  Z.CAi»  (70^)  in  thenonagon. 

And  lailly,  /*°  -  70/'^+  1197/"  -  7752/'-*  +  22610^'*  — 
32o65^'^/'^-J-226io/^  — 7752/*+ 1197^*— 70/*  +  1=0,  the 
root  ot  which  equation  is  the  tangent  of  the  angle  cap  (73tt*') 
in  the  undccagon. 

MoREOVEly 
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EXAMPLE     II. 


What  is  the  area  of  a  hexagon  whofe  fide  is  20  ? 
Here  2-598076  x  20X  20—  io39'2304:iz  the  area. 


13  E  X- 


MoREOVER,  If  in  a  fquarc  be  infcribcd  a  circjc/and  ia  the 

circle  the  feveral  regular  polygons ;  then 

The  fcjuare  will  be  to  433  the  circle  to  3' 141 59265  &c,  and  as 

the  infcribcd 

Trigon  to      |  x  line  of  120®  =l>/3 

Tetragon       to      |  x  fine  of   90     =  2 
Pentagon       to       J  x  fine  of    72     =4 ^104-2^5 
Hexagon        to      ^  J  x  fine  of   60     =  |  ^3 
Heptagon      to       J  x  fine  of    51  f  =  Ix 
Odtagon        to       I  x  fine  of   45     =2  ^2 
Nonagon       to       ^  x  fine  of   40     =  ^^ 
Decagon        to    \?  x  fine  of    36     =  J ^^10-2^/5 
Undecagon    to     y   x  fine  of    32  Y=  ^^z 
Dodecagon     to     '^  x  fine  of    30     =3 
&c.  &c. 

Where  x  ")  is  the  root  f  x'^  —  ^x^  +  {a-*  —  ^v  =  o   « 

y  Uf  the      {/-|^^  +  ^V-J|^*+j£^=  o 

zjequatibn   [  z'°- V«^'4- V«*-yJ«^+i%«^'-TtJiT  =  o 
as  appears  from  page  116. 

>-  For,  if  the  fide  of  the  fquare,  or  diameter  of  the  circle,  be  2^ 
their  areas  will  be  4  and  3*  141 59  &c.  And,  if  radii  be  drawn  to 
each  angular  point  of  the  polygons,  they  will  divide  the  polygons 
into  as  many  equal  triangles,  as  they  have  fides  ;  and  if,  in  one 
of  thcfe  triangles,  a  perpendicular  .be  demitted  from  the  extre- 
mity of  one  radius  to  the  other,  half  this  perpendicular  will  cx- 
prefs  the  area  of  the  triangle,  becaufe  the  bafe  upon  which  it 
falls  is  equal  to  i,  and  confequently,  half  the  number  of  fide« 
drawn  into  the  perpendicular,  will  denote  the  area  of  the  poly- 
gon :  but  the  perpendiculars  are  the  lines  of  the  angles  above 
cxprefiTed ;  and  confequently  the  truth  of  the  proportions  is 
man  i  fell. 

As  to  the  values  of  the  fines,  they  arc  fufficiently  well  known, 
excepting  thofe  denoted  by  x,  y^  2;,  whofe  values  arc  as  above 
fpecified. 
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CIRCLE. 


[Part  2. 


EXAMPLE     III. 

What  15  the  area  of  a  trigon  whofe  fide  is  20  ? 
Here  '433013  X  20  X  20  n  173-2052  =  the  area 
required. 


PROBLEM    VI. 


yV  find  the  Diameter  and  Circumference  of  a  Circle y 

the  one  from  the  other. ^ 


RULE       I. 


V 

As  7  is  to  22,  fo  is  the  diameter  to  the  circum- 
ference. 

As  22  is  to  7,  fo  is.  the  circumference  to  the 
diameter. 

RULE 


*    DEMONSTRATION. 

The  proportion  of  the  diameter  of  a  circle  to  the  circumfer- 
ence, is  beft  found  from  the  tangent  of  fome  arc,  as  follows. 

Let  AT  be  the  tangent  of  the  arc  ab,  and 
draw  c/  indefinitely  near  ct,  and  la  per- 
pendicular to  c/.    Put  r  =  CA,  /  =  AT,  and 

tf  =  the   arc   ab.     Then   t/  =  /,    B^  =  tf, 
and  ct=:  i^rr-^-  tt, 

'     In  the  iimilar   As  cat,  t/7/,  we  have 

rt 
CT  :  CA  ::  T/  :  Ta  =•—  ;  and  in  the  fimi- 

CT 

lar   As    CB^,    cTtf,   we    have    ct  ':  t^  ::  cb  :   b^,  or  0  =: 
GB  X  ra       rrt  rrt  •  /*        /-♦      /«       /» 

•  /*        t^        t^         /'  " 

the   fluent  is  «=:/x(i :  +  — :: r  +  — z  &c.)  =  the 

y        5r*      yr*       Qr"         ' 

length  of  the  arc  ab.  Then,  by  taking  ab  =  any  given  arc, 
whofe  tangent  can  be  found  in  terms  of  the  radius,  the  feries  will 
then  become  known  ;  and  being  repeated  as  often  as  ab  is  con- 
tained in  the  whole  circumference,  we  fhall  have  the  length  of 
the  circumference  m  terms  of  the  diameter. 

Thii 
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RULE    ir. 


As  1 13  is  to  355,  fo  is  the  diam.  to  the  circumf. 
As  355  is  to  1 13,  foisthe  circumf.  to  the diahaeter. 


RULE       III« 


As  I  is  to  3-1416,  fo  is  the  diam.  to  the  circumf. 
As  3' 141 6  is  to  I,  fo  is  the  circumf.  to  the  diam. 

14  ZX' 


This  feries  was  firft  ^vtn,  for  this  purpofe,  hj  Mr.  Jamzs 
Oregor  Y9  in  a  letter  of  the  1 5th  of  February  167 1,  fent  to  Mr. 
Collins,  and  infertcd  in  the  Commerc,  EpiftoU — If  the  arc  be 
aifumed  greater  than  half  a  quadrant,  the  feries  will  diverge, 
and  become  of  no  ufe  here;  becaulc  the  tangent  will,  in  that 
cafe,  be  greater  than  the  radius :  but  in  every  other  cafe  the  fe« 
lies  will  converge,  and  become  a  proper  expreifion  for  the  arc. 

Thus,  if  AB  be  the  ^  part  of  the  circumference,  or  45%  its 
tangent  will  be  equal  to  the  radius,  and  the  feries  will  become 
rx(i— y  +  5— y-|-7  &c)  =  the  arc  of  45'' ;  and  therefore 
8rx(i  —  J+j—j+i  &c)  will.be  the  whole  circumference. 

Hcnc  the  circumferences  of  circles  are  to  one  another  as  their 
radii,  or  as  their  diameters ;  and,  confequently,  the  circumfer- 
ence of  a  circle  whofe  diameter  is  i,  being  multiplied  by  the 
diameter  of  any  other  circle,  will  produce  tlja  circumference  of 
this  circle ;  which  is  our  rule. 

The  latt  feries  is  the  fimpleft  form  that  the  general  feries  will 
admit  of,  although  it  docs  not  converge  fo  quickly  as  may  be 
required ;  and  to  find  others  convef^tng  quicker  we  mull  take 
the  arc  ab  lefs.     Thus, 

Suppofc  AB  =  an  arc  of  30°,  or  the  -j^.  part  of  the  circumfer- 
ence; then  its  tangent  /  is  =  r^\.  Or,  to  make  the  forms 
ftill  fimpler,  let  us  fuppofe  r  =  i ;  then  /  =s:  y/J,  and  the  feries 

will  become  tf=  J\  x  (i h  — : :  +  — &c)=tHc 

3-3      5-3       7-3\    9*3     ^ 
arc  of  30°;   which  converges  fo   faft,  that  it  may  be  very 

quickly  fummcd;    and  being  multiplied  by    12,  will  give  the 

whole  circumference.     And  this  is  Doc^^or  H alley's  method. 

And  by  taking  ftill  fmallcr  arcs,  feries  may  be  found,  in  the 
fame  manner,  converging  much  quicker  j  but  then  they  will  be 
more  compounded  with  furd  quimtities. 

As  the  famous  quadrature  of  the  late  Mr.  John  Mac h in, 
Profejfor  of  Afironomy  in  Grrjkam  CoVege^  is  extremely  exjpedi- 
tious,  and  but  little  known,  I /hall  take  this  opportunity  of  ex- 

plaiiiing 
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EXAMPLE      I. 

If  the  diameter  of  a  circle  be  7,  what  is  the  cir- 
cumference ? 

3-iAi6  X  7  iz  21-9912  the  circumference,  ir  22 
nearly. 

Therefore  the  diameter  is  to  tli^  circumference, 
nearly  as  7  to  22, 

E  X-r 


plaining  it  as  follows.— Since  the  chief  advantage  confifts  in 
talciog  fmal)  arcs,  whofe  tangents  ihail  be  numbers  eafy  to 
manage,  Mr.'Machin  very  properly  confidcrcd,  that  iincc  the 
tangent  of  45^  is  i ;  and  that  the  tangent  of  any  arc  being 
given,  the  tangent  of  double  that  arc  can  eafily  be  had ;  if  there 
be  aiTumcd  foine  fmall  fimple  number  for  the  tangent  of  an  arc, 
and  then 'the  tangent  of  the  double  arc  be  continually  taken, 
until  a  tangent  be  found  nearly  equal  to  i,  the  tangent  of 
45^;  by  taking  the  tangent  anlwering  to  the  1  hi  all  difference 
between  45°  and  this  multiple,  there  would  be  had  two  very 
fmall  tangents,  viz.  the  tangent  firft  afTumed,  and  the  tangent  of 
the  difference  between  45°  and  the  multiple  arc;  and  that, 
therefore,  the  lengths  of  the  arc&correfponding  to  thefe  two 
tangents  being  calculated,  and  the  arc  belonging  to  the  tangent 
fird  aifumcd  being  as  often  doubled  as  the  multiple  direc^'ts,  the 
refult  increafed  or  diminifhed  by  the  other  arc,  would  be  the  arc 
of  45^,  according  us  the  multiple  arc  iliould  be  below  or 
above  it. 

Having  thus*  thought  «f  his  method,  by  a  few  trials  he  was 
lucky  enough  to  find  a  number,  and  perhaps  the  only  one,  proper 
for  this  purpofc,  viz.  knowing  that  the  tangent  of  J  of  45*^  is 
pearly  =  -f ,  he  affuiped  *  as  the  tangent  of  an  arc :  then,  fincc 
if  /  be  the  tiuigent  of  an  arc,  the  tangent  of  the  double  arc  will 

J)c ,  the  radius  being  i  j  the  tangent  of  an  arc  double  to 

that  of  which  }  is  the  tangent,  will  be  — ^  =  |-|  =  ^^^   and 

the  taneent  of  the  double  of  this  laft  is  — ^ —  = =  — : 

I  -^Vt      144-25      ^'9 
which,  being  very  nearly  equal  to  i,  flicws  thai  the  arc  which  is 

equal  to  4  times  tjie  firft,  is  very  near  45®.     Then,  fince  the  tanr 
gent  ot'  the  difference  between  45''  and  an  arc  whofe  tangent  is 

T  —    I 

T,i8  — --,  we  fliall  have  the  tangent  of  the  difference  between 

4S 


^ 
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I;  X  A  M  P  L  E     II. 

What  is  the  diameter  of  the  circle  whole  circum- 
ference is  355  ? 

355"^3'Hi6rz  112-9997  +,  the  diameter,  n:  113 
nearly. 

And  therefore  the  diameter  is  to  the  circumference 
nearly  as  113  to  ;^^^. 

E  X- 


45**  and  the  arc  whofc  tangent  is 

. — ,  equal  to  y~ = =  — '. 

119  .      ■rl°+  I       120+119      239 

Now,  by  calculating,  from  the  general  feries,  the  arcs  whofe 
t;^ne:cnts  are  -J  iind  ^J-,  which  may  be  very  quickly  done,  by 
reaibn  of  the  fniallnefs  and  fimplicity  of  the  numbers,  and  taking 
the  latter  arc  from  4.times  the  former,  the  remainder  will  be  th© 
arc  of  45°.  And  this  is  Mr.  Machin's  famous  quadrature  of 
the  circle. 

But  it  vyas  by  means  of  Dr.  Halley's  method  that  he  found  the 
circumfcrenceof  a  circle,  whofe  diameter  is  i,  to  be  3' 141 593653  {, 

^9793-384^2647383279^5028841971, 6939937510, 5820974944* 
592307 1 864, 06? 8020899, 8628034825,3421170679  +»   true   to 

above  100  places  of  figures. 

Or,  by  fubflituting  the  above  numbers  in  the  general  fericS, 

wegettheferiesf ^) ( I-J4.  ^(-- -!^J&c. 

.    .5.      W      3  5'      ^39-;     .5   5'      ^39* 
equal  to  the  femicircumference  whofe  radius  is  i,  or  the  whole 

circumference  whofe  diameter  is  i.     And  this -Is  the  fcries  pub- 

liflied  by  Mr.  Jones,  and  which  be  acknowledges  he  received 

from  Mr.  M a  c  h  i  n  • 

But  becaufe  the  arc  whofe  tangent  is  "J,  is  =  3  times  the  arc 

whofe  tangent  is  -r^?    minus  the    arc    to    tangent  -jl-f;     (for 

2  20  *  -^ ' 

— — —  =  —  =  tansr.  of  twice  arc  to  tan^f.  Vo?  Jind  '^ — -  =  .-i  r 

i-ri-Ty      99  "  "^  1  +  /^       '    ' 

=  tang,  of  dif.  betweea  the  arcs  whofe  tangents  are  J§  and  j) ; 

therefore  8  times  arc  to  tang.  -yV  —  4  times  arc  to  tang,  -tt  —  ^^c 

to  tang.  ;^\-^  =  arc  of  45°,  qr  whofe  tang,  is  i.     Which  is  much 

ealicr  than  Machin's  way/    And  various  other  ways  may  ealily 

be  difcovered  from  the  fame  principles. 

/-         /*        /* 

If  inflead  of  /,  in  the  feries  /  ( i  x :  A -.  &c)  be 

s  ^  3r-    .  jr*      7r*        ^ 

rr  Tr^  r*         y*^         y^ 

fubftituted  its  value  — ,  we  fhall  have  — x(i --4 ^ 

r  T  3t*      5t*      7T** 

&c)  for  ^hc  I  ^ngth  of  the  aic  whofe  co-tajigcnt  is  t,  and  radius  r. 

Or, 
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EXAMPLE      III. 


What  IS  the  circumference  of  the  earth,  fuppofing 
it  tolie  perfeftly  round,  and  that  its  diameter  is  7958 
miles?  .    Anf.  25000-8528  miles. 


E  X- 


TS 

Or,  if  w^  write  -^  inflead'of  /,  wc  (hall  have 

c 

rs        ,  4*        J*        J*        , 

c        ^  ic^       5r*      7c*        ' 

for  the  length  of  the  arcwhofe  fine  is  rand  cofine  r. 

And,  farther,  by  writing  rr--ss  for  cc  in  this  laft  feries,  wc  ob- 

tain.  X  ( t  +  -^+  -^+  -3l5il  + -ilS-Ti!^ a^c)  for 

the  arc  whofe  fine  \%  s*  ' 

Again,  by  fubftituting  t/irv  —  vv,  the  value  oB  4,  inftead  of 
it,  in  the  lail  feries,  we  gtt 

s^if-rjx  (I  + + — ^-t-i  +  — T— -r-*^c) 

for  the  length  of  the  arc  whofe  verfed  fine  is  v. — Or,  by  writing 
</,  the  diameter,  inftead  of  ar,  the  value  of  the  arc  will  be  ex- 

prcfle^by  ^Jv  x  (i  +  ~+  -^^^  +     ^'f  j.  ^^)- 
■^  "^  2.3^      2.4.5^*      2.4.6.7^ 

Much  after  the  fame  manner  the  arc  may  be  expreffcd  by  the 

fecante,  co-fecants,  or  co-lines.     And  if  for  any  of  the  letters,  in 

the  general  feries,  be  fubflituted  any  of  their  particular  values,  as 

vTvas  done  for  the  tangent,  we  may,  by  thofe  means,  obtain  feveral 

different  particular  forms  of  infinite  feries,  whole  fums  will  be 

expreflcd  by  means  of  the  circumferences  of  any  given  circles : 

Thus,  it^  in  the  laft  feries  but  one,  s  be  taken  =  r,  or  the  arc 

be  fuppofed  to  be  a  quadrant,  we  Ihall  obtain  the  infinite  feries 

2.3V*       2.4.5r*       2.4.6.7r®  2.3     2.4.5^      2.4.0.7 

5:c),  whofe  fum  will  be  equal  to  4  of  the  circumference  of  the 
circle  whofe  radius  is  r. 

And,  if  from  this  feries  be  taken  the  former  feries,  exprefled 
by  J,  there  will  rcfult 

r^s        1      r^  —  j3  -l       r^  —  s^  %,t       r''  -  s'^  ^ 

—  + r-  +  -^- — r-  +  -'H:>' — r*  ^^^ 

I  2.3        r*  2.4.5        ^  2-4.6^      r* 

for  the  length  of  the  arc  whofe  cofine  is  j.  ^ 
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EXAMPLE     IV. 

If  the  circumference  of  the  earth  be  25000  miles, 
what  is  the  diameter  ?  AnC  795  7 '744  niiles. 

PROBLEM     VII. 

Jo  find  the  Length  of  any  Arc  of  a  Circle 


RULE       I. 


« 


As  180  is  to  the  number  of  degrees  in  the  arc. 
So  is  3-1416  times  the  radius,  to  its  length. 
•   Or  as  9  is  to  the  number  of  degrees  in  the  arc. 
So  is  •0174533  times  thq  radius,  to  its  length. 

EXAMPLE. 

Required  the  lengdi  of  the  arc  adb,  whofe  chord 
AB  is  $,  the  radius  being  9. 

By  trigonometry,  9  3=  ac  :  3  rz 
AP  ::  I  rz  rad.  of  the  tables  :  \  = 

or  of  the  arc  ad,  to  the  radius  i  ; 

arid  the  degrees,  in  the  table  of 

fines,  anfwering  to   this  fine,  are  19*4712206,  the 

double  of  which  is  38*9424412,  the   degrees  in   the 

whole  arc  adb. 

Then,  by  the  nile,  38-9424412  X  '0174533  x  9  iz 
6*117063,  the  length  of  the  arc  required^ 

RULB 


*    DEMONSTRATION. 

For,  when  the  radius  is  i,  half  the  circumference  is  3*  1415926$ 

&c,  and  therefore  -  J"  ^. — ^ =  *o  1740 202  c  190  &c  is  the 

1 80  degrees  '^-'^  7  j   ^^ 

length  of  an  arc  of   1  degree;    hence  r  x  •01745&C  =  the 
length  of  I  degree  to  the  radius  r,  and,  confequently,  •017^5  ^? 
X  r  X  number  of  degrees  in  any  arc,  will  be  the  length  ox  that 
arc.    j^  E.  D^ 
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RULE       II. 

*  If  ^/  denote  the  diameter  of  the  circle,  and  v  ^he 
verfed  fine  of  half  the  arc ;  the  arc  will  be  exprefled 

by  . v/^v  X  ( z  +  ^,+  £^+^.  &e),  or  by 

2//  v^j  +  £-  A  +  2^  B  +  ^^c  &c.  putting^  =  J,  and 
Ay  B,  c,  &c,  for  the  firft,  fecond,  third,  &c,  terms. 

1 

EXAMPLE. 

Let  there   be  taken  here  the  fame  example  as 
before. 

Then  pc  =:  v/ca*— ap*  rz  \/9*  — 3*iz  y/'jzzz 
6v^2,  and  pd  =dc  — cp  zz  9  — 6\/2  = '51471862 

-^zv;  alfo  -51471862  -:r-  18  =  '02859548  zi^zzq. 

Hence  a  zz  id^q  zz    6*087672 

'  B  ::;r   —  A  '  zz  29013 

*^  =  tf  ^   =        373 

D=   ^^c      =  6 

6.7 


the  fum  6*11 7064  n  the  arc  abd 
as  before,  nearly. 

RULE       III. 

« 

^  If  r  be  the  radius,  and  s  the  fine  or  half  chord 
AP  of  the  arc,  then  the  length  of  the  arc  adb  will  be 

^•xC  +  ^.  +  r^  +  ^'^'-y 

where  q  is  zz  — ;  and  a,  b,  c,  &c,  are  the  preceding 
terms. 

E  X- 


*  This  rule  18  proved  in  page   122.        +  This  likcwife  is 
proved  iu  page  122* 


SeA.  I.]  CIRCULAR    ARC,  >I25 

EXAMPLE. 

Taking  the  fame  example  as  in  the  fiiA  rule^ 
2S         rz  A  =     6'oooooo 

-^A      =Z     B    =       O'lIIIII 

3.3JJ  __^ 

4.5rr  ""  i>JJ^ 

I^C      =     D    =  367 

D.yrr  "^    ' 

y2fLo    =  E  =  28 

8.9rr 

9-9^^    E    =    F    =  2 


lO.iirr 


the  fum  6*1 1 7063  is  the  arc  ad  b. 


RULE       IV. 


From  8  times  the  chord .  of  half  the  arc,  fubtraft 
the  chord  of  the  whole  arc,  and  4-  of  the  remainder 
will  be  the  length  of  the  arc,  nearly. 

That  is, =  ADB  nearly.* 


E  X- 


*    DEMONSTRATION. 

For  fince,  by  the  lafl  rule,  the  arc  ad  =  a  =  j  +  r 1-  -i—  &c. 

Or*      40r* 

And  c  =  the  chord  ad  =  i/ss  +  xx  =  \/i*  +  (r— cp)*  = 

Therefore     a  —  c  = ^  +  — — -  &c. 

-  i4r*      040r'* 

But  =: — -  +  4—:  ^c. 

3         24r»      384r4 

Therefore  a  —  c =  a  -*, *—  =  -= — -  &q. 

3  3         48or4 

8r  —  2J 

And  2A  =  — i—  nearly,  =  the  arc  adb.  as  in  the  rule.    And' 

3 

this  is  Huygen's  theorem. 
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EXAMPLE. 

Taking,  again,  the  fame  example ;  we  ftiall  have, 
as  in  the  example  \o  rule  2,   pd  =19  —  6^/2,   and 

hence  da  =  \/ap*+pd*  =  \/3*  +  (9  —  6v/2)* ::: 
3v/i8—  i2v^2  =  3-043836. 

Then,  by  the  ruk,  3-^43836  x  8  -  6    _    g.^^gg^g 

the  length  of  the  arc,  nearly  the  fame  as  before. 

RULE       V. 

*  Divide  3  times  the  verfed  fine  of  the  half  arc  by 
the  difference  between  the  faid  verfed  fine  and  3  times 
the  diameter ;  multiply  the  fquare  root  of  the  quo- 
tient 


*  demonstration. 

/ 

By  the  fccond  rule,  half  the  arc  is  i//fex  (i+-^+-2 — —  &c). 

Let  there  be  afTumed  an  expreflion  which,  when  expanded  into 
a  feries,  fhall  be  of  the  fame  form  with  the  feries  above,  and 
affeded  with  indeterminate  coeiHcients  ;  then  from  the  compari- 
fon  of  as  many  of  the  firft  terms  as  there  are  indetemunate 
cjuantities  aflumed,  will  be  found  the  values  of  the  faid  quan- 
tities in  given  numbers;  which  being  written  for  them  in  the 
primary  alfumed  cxpreflion,  will  make  that  expreffion  an  ap- 
proximate yaluc  of  the  arc. 

Thus,  aiTume  d^- 


gd  —  hv 
This  in  a  feries  is  Jd^  x  (-7-  +  —5 — ; — I ^tj 7  &0  I 

the  two  firft  terms  of  which  compared  with  thofe  of  the  feries 

I  h 

above,   give   thcfe   two  equations,  —7-  =  i,  and  — r-  =  y ; 

's/g  gVg       ^ 

hence  g^  it  and  h  =z  \  ;    and  therefore  the  alTumed  exprcmoii 

dj    ,^  ,     becomes// a/ V-~ —  =  ^a/— r —    =  ^^If  the    arc 
nearly ;  the  double  of  which  will  be  the  whole  arc,  as  in  rule  5. 
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tient  by  2  times  the  diameter  ;  and  the  produft  will 
be  the  arc  nearly. 

That  is,  4CDv/g^|^  =  ADB  nearly. 


EXAMPLE. 

Taking,  ftill,  the  fame  example ;  we  find,  as  in  the 
example  to  the  laft  rule,  dp  z:  9  —  (yy/z  =1  -5147186. 

Then,bythenile,36V^^3?j^6=36><'i699i37 

=  6*116893  the  arc  nearly  the  fame  as  before. 

RULE      VI. 

-f-  Divide  5  times  the  verfed  fine  of  the  half  arc,  by 
the  difference  between  5  times  the  diameter  and  3 
times  the  faid  verfed  fine ;  multiply  the  fquare-root 
of  the  quotient  by  5  times  the  diameter ;  and  to  the 
product  add  4  times  the  root  of  the  produft  of  the 
faid  verfed  fine  and  diameter ;  and  \  of  the  fum  will 
be  the  arc  very  nearly. 

That  is,  if  d  be  the  diameter,  and  v  the  verfed  fine 

pp,  then  t^d  \/-j^ — H  \\/dv  X  \  will  be  the  arc  adb 
very  near. 

EX- 


f  Again,  to  find  another,  ftill  nearer,  approximation,  let  there 
be  introduced  another  indeterminate  quantity;    thus,  fuppofe 

=  the  fcmi-arc ;  then,  comparing  the  firft  three  terms  with  tbofc 
of  the  given  ferics,  we  have  thefc  three  equations, 

•tfl',  andi  =  ^ ;  and  bj  Writing  thefe  values  in  the  aiTiimed 
quantity,  we  obtain 

for  half  the  arc,  the  double  of  which  will  be  rule  6. 


^128 


CIRCULAR    AREA. 


[Parti. 


EXAMPLE. 


Takings  here,  the  fame  example  as  in  the  former  rules, 

wefhall  have  t^d\/  j^  ^+4^^^^  X  ^  =i  6'it7o6396 
=  the  arc  very  nearly,  it  being  true  to  the  fixth  or 
fcventh  place  of  decimals. 


PROBLEM    viir. 

91?  find  the  Area  of  a  Circle.  ^ 

'    *   R    U   L   E      I. 

.    Multiply  half  the  circumference  by  half  ^c  dia- 
meter, and  the  product  will  be  the  area. 

Note.  This  rule  will,  alfo,  ferve  for  any  fedor  of  a 
circle. 


RULE 


*    DEMONSTRATION   OF    RULE    I. 

For,  a  circle  may  be  contidered  as  a  {Polygon  of  an  infinite 
number  of  fides,  the  circumference  being  the  perimeter,  and  the 
radius  the  perpendicular. 

Otherwifcm 

m 

Put  r  =  the  radius  ac,  c  =  the 
whole  circumference  AEBA,or  any  part 
of  it,  and  x  =  the  radius  cd  of  a  circle 

c      " 

continually    expanded.      Then  —  xx 

will  exprcfs  the  fluxion  of  the  whole 

circle  or  fe6tor  whofe  circumference  is 

cxx 
c ;  and,  Confequcntly  —  =  the   area 
^   t  ir 

CDF ;  and  ^cr  =  the  area  cae  of  the  whole  circle  or  fe<ftor  ac< 

eordingly.     ^  E,D. 
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*    R    U    L    E       II. 

I 

Multiply  the  fquare  of  thexiiameter  by  '7854,  and 
the  produdt  will  be  tlie  area* 

EXAMPLES. 

I  *  What  is  the  area  of  a  circle  whole  diameter  is  i , 
and  c  ircumference  3  •  1 4 1 6  ? 

•  ^-^ =  '7854  the  area*  ' 

Ex.  2.  What  is  the  area  of  a  circle  whofe  diameter 
is  7  ?  . 

Bythefecondrule.  7X7X7854r:38'4846  thearea. 
By  the  firft  rule.  7  x 3*  1 41 6  zi  the  circumference. 

K  Then 


*    DEMONSTRATION. 

To  prove  the  fccond  rule,  let  it  be  firft  obferved,  that  all 
circles,  •  being  fimilar  figures,  are  as  the  fquares*of  their  di- 
ameters or  circumferences :  which,  alfo,  appears  thus ;  by  rule 
I,  circles  are  as  the  redtangles  of  their  diameters  and  circumfer- 
ences, but  the  circumference  is  as  the  diameter,  by  the  notes  to 
the  laft, problem;  therefore  the  circles  are  as  the  fquares  of 
cither  of  them.     Then,  by  rule  i,  the  area  of  a  circle  whofe 

diameter  is  i,  is ^        ^^ =  •ySc^Q  &c,    whence  i*  { ^* 

2x2  =  4  ''   ^^^ 

(the  fquare  of  any  diameter)  : :  '78539  &c  :  '78539^*,  the  circle 

whofe  diameter  is  J,     ^  E,  D. 

COROLLAR/Y.    .     ► 

If  D  be  the  diameter,  c  the  circumference,  and 'a  the  area  of 
«ny  circle  ;  and^=  3'i4i59&c;  from  this  prob.  and  prob,  6, 
we  may  deduce  thefe  equations : 

c         4A  A 

/  c  / 

2*      C    =    /D    =    3-.    =    2t/fAn 
—  /^*    —    ^*     —    ^^ 

3-  ^  ^  ~  -^  ^  -^  T*- 

.        ^_      1-.±1--CC 

"^^     ^  D    ""dD  4V  •     -■' 
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Then 2illIiliiL^  =  7X7X7854  the    area,  the 

fame  as  before, 

Ex.  3.  What  is  the  area  of  the  circle  whofe  dia- 
meter is  1-13  chains,  and  circumference  3'55ooo8 
chains?  Anf.  1*00287726  fquare  chains. 

Ex.  4-  How  many  fquare  yards  are  in  a  circle 
whofe  diameter  is  34  feet  ?  Anf-  i -06901 4-. 

Ex.  5-  How  many  fquare  feet  are  in  a  circle 
whofe  circiunference  is  10*9956  yards  ? 

Anf.  86*i9266. 

PROBLEM    IX. 

^0  find  the  Area  of  any  SeEtar  of  a  Circle. 

RULE       I. 

Multiply  the  radius,  or  lulf  the  diameter,  by  half 
the  arc  of  the  feftor,  and  the  produdt  will  be  the  area, 
as  in  the  whole  circle.* 

EXAMPLE     I. 

What  is  the  area  of  a  fedor  whofe  radius  is  la 
and  arc  20  ? 

By  the  rule, zr  100  the  area. 


£  X- 


«M»a 


*  The  demonftration  of  this  rule  is  contained  in  that  of  the 
laft  problem. 

Putting  r  =  the  radius  of  a  circle,  i/=  the  diameter,  a  =  the 
area  of  a  fe6^or  of  it,  a  =  the  length  of  the  srrc  of  the  fedtor,  ^  = 
the  degrees  in  4  ^,  j=  half  the  chord  of  the  arc  tf,  or  the  fine  of 
4/at,  and  'v=  the  verfed  fine  oi  ^a;  then,  by  multiplying  the  ra- 
dius by  half  the  arc,  as  found  by  the  fereral  rules  of  the  laA 
problem  but  one,  we  fliall  obtain  the  foUowmg  values  of  the 
area  of  the  fedor* 


1*   A 
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EXAMPLE     II. 


To  find  the  area  of  the  fedtor  whofe  radius  is  9, 
and  the  chord  of  its  arc  6. 

By  the  7th  problem  the  length  of  the  arc  is  6'ii7o63. 

Therefore  '"^^  3^9  =27-5267835  the  area  re- 
quired. 


RULE       II. 


As  360  is  to  the  degrees  in  the  arc  of  the  fedor,  fo 
is  the  whole  area  of  the  circle,  to  the  area  of  the 
feftor. 

Note.  For  a  femicircle  take  one  half,  for  a  quadrant 
one  quarter,  &c,  of  the  whole  circle.^ 


EXAMP  LE    I. 


What  is  the  area  of  a  femicircle,  and  of  a  qua- 
drant, the  diameter  being  i  o  ? 

K  2  ,Firft, 


Ik  A  =  Jtfr  =  •01745329 ^rr. 

^  ^         li^d      2.4.  Ji/*      2.4.6.7^* 

3.  A=    rj  X    (i  +  -^  +  — ^  +  -^4^tf&c). 
■'  2.yr      2,4.5r*      2.4.6.7r* 

^3  3  3  ^'«' 

nearly. 

5,  K-=.rdJ — 2- —    neadvk 

6.  A=::^.  X  (SVrr^  +  4^/^)  nearly. 

It  18  evident  that  the  area  of  the  fe6tor  might  be  escptefled  io 
feveral  other  manners ;  fuch  as  by  the  tangent,  cofine,  &c,  o£ 
Its  femi'-arc ;  but  the  forms  above  given,  are  the  mofi  ufeful 
ones. 

*  This  rule  is  too  evident  to  need  any  formal  }>roof. 


132  c'ircu'lar   segment.        [Partly 

Firft,  7854  X  10  X  10  ±:  78*54  =  the  whole  circle. 
Then  78*54-7- 2^139-27  irthe  femicircle. 
And  78*54  -4-4=  19*635  n  the  quadrant. 

E  X  A  M  P  L  E     II. 

To  find  the  area  of  a  fec^r^iofe  arc  or  angle, 
contains  1 8  degrees-,  to  a  diameter  of  3  feet  ? 

Firft,  -7854  X  3  X  3  zz  7 •0686  cz  the  whole  circle* 

Then  ^6p  :  18  ::  7*0686  : 7 iz^- =: 

^  '  360  20 

•35343  the  area  af  the  fedtor  requir$:d. 

EXAMPLE     III. 

To  find  the  area  of  a  feftor  whofe  radius  is  9,  and 
the  chord  of  its  arc  6. 

By  the  example  to  rule  i  of  prob.  7,  the  degrees 
in  the  arc  were  found  to  be  38*9424412.  But 
•785398  X  9  X  9  X  4  zi  the  area  of  the  circle. 

Therefore  360  :  38*9424412  ::  785398X9X9X4: 

"^   ^       ^^^ — ^-^— ^zi38*94244i2X'0785398 

X  9  zz  27*52678388  the  area  of  the  fedor  required. 

PROBLEM    X. 

To  find  the  Area  of  the  Segment  of  a  Circlet^ 

R    u    L    E       I. 

By  the  lafl  problem,  find  the  ^^l^^^^^ 

area  of  the  feftor  acb  having  the     k/"^^      ^^B 
fame  arc  with  the  fegment  adb       r^.  T*  \ 

required.  /        '*--.C'''        \ 

Find  alfo  the  area  of  the  tri-      I      ...•-"'  ""-..^     J 

angle  abc,  formed  by  the  chord      ^f- — ^g 

of  the  fegment  and  the  two  radii  ''•••^^ ^..--'^ 

of  the  feftor. 

Then  the  fum  or  difference  of  thefe  areas  will  be 

that 
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that  of  the  fegment,  according  as  it  is  greater  or  left 
than  a  femicircle. 


EXAMPLE     I. 

What  is  the  area  of  a  fegment  whofe  arc  is  a 
quadrant',  or  contains  90  degrees,  the  diameter  be- 
ing 1 8  feet  ? 

Firft,  •7854X 1 8  X 1 8  is  the  whole  circle.    A 

A     1  "7854x18x18 O       V.       v> 

And  -^-^-^ =  7854  X  9  X  9  zz 

the  quadrant  or  feftor  cadb. 

T>         ACXCB  QXQ  1 

But =  2—^  zz  -5X9X9  zz  the 

triangle  acb. 

Therefore7854X9X9— •5X9X9Zz»2854X9X9r:. 
23* 1 1 74  z:  the  area  of  the  fegment  required. 


E  X  A  M  P  L  E      II. 

What  is  the  area  of  a  fegment  of  a  circle,  whofe 
arc  contains  280%  the  diameter  being  50  ? 

Firft,    7854  X   50   X   50  =  D- 

1963*5  iz  the  whole  circle. 

And   360  :  280  : :   1963-5  : 
1963*5  X  280  1963*5  X  7    

360  ""9  ~       - 

1527-16666  =:  the  fedorcADBc. 

Again,  the  angle  ACBZZ360  — 28orz8o'.  And 
the  triangle  ACB  =  AC  X  cb  X^finc  z.acb  2125  X  25 
X-^s.  of  80*1=25  X  25  X -4924039 1=3077524375. 

Wherefore  the  fum  1 834-9 1 9 1  z:  the  fegment  adb a 
required. 


^3 


EX- 
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EXAMPLE     III, 

Required  the  area  of  the  fegment  whofe  chord  is 
20,  and  height,  or  verfed  fine  of  half  its  arc,  2. 

Since ad*z:dcXdf,  therefore         ^    ^^_ 

AD*  100   ^  A      J     -.L 

DFH: — ii: —  =:  <o.     And  the 

DC  2  '^ 

diameter  of  r:  fd  +  do  zz  50  +2 
=  52.  Alfo  DE  =:  EC  —  CD  n 
^  CF  —  CD  =  26  —  2  =:  24. 

Therefore  the  triangle  abe  :=. 
adXdeizioX  24  =  240.  F* 

Again,  by  trigonometry,  26  zr  ae  :  10  =r  ad  : :  i  zz 
s.  /Ld  :  ^zz-rT  =  's9^(>i53i^s.  Z^AED,  or  of  the 
arc  AC  =:  22  '6 1 986 1 4  degrees ;  the  double  of  which, 
or  45*2397228,  are  the  degrees  in  the  arc  acb. 

But  785398  X  52  X  52  zi  the  whole  circle. 

Therefore  360  :  45^2397228  ::  '785398  X  52  X  52: 

4g-:»397»8x-78s398x.6x.6  _    ^66-8786995    =    the 

fedtor  AEB. 

Whence  266-8786995  —  240  zz  26-8786995  =  the 
fegment  acba  required. 

Otberwife. 

Having  found  the  triangle  zz  240,  as  above ;  wc 
ihall  have,  by  rule  6  of  the  laft  problem,  the  feftor  = 

+  2^/26)  X  ^  =  (.^v/635  +  2V/26)  X  i^  = 
266-87868. 

Then  the  difference  is  26-87868  =  the  fegment, 
neaj-ly  the  fame  as  before. 

« 

RULE 
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RULE       II. 

Let  d  be  the  diameter,  and  v  the  verfcd  fine,  or 
the  height  of  the  fegment ; 

Then  ^vx/dv  X  C--Jj-'^-J^s    &0»   or 

the  fegment ;  ^,  b,  c,  &c,  being  the  firft,  fecond, 
third,  &c,  terms*. 

K  4  E  X- 


*    DEMONSTRATION. 

By  the  laft  problem,  the  value  of  the  fcapr  cadb  (fig.  in 

page   13.)   »5^v/^x(i  +  ^^+j7^+,-^^ 

But  d=  j</  :p  v  =  the  altitude  of  the  triangle  abc,  and  its  bafe 

a!nd  therefore  the  area  of  the  triangle  abc  =:  {:tidtf:v) 
X  v'^  X  (I  -  ^-  -^,  -  -^^  &c) ;  which  being  added 
to,  or  fubtradted  from,  the  fedor,  gives 

^  3      5^     4-7^     4,6.94^     4.o.«.ii<<^ 

for  the  value  of  the  fegment. 

Otierwi/e, 
Putting  y  =  the  fcmi-chord  of  the  fegment,  and  the  other 
letters    as    before.      We    have  the    fluxion    of  the  fegment 

;yi;  =  vv^i/v  -  w  =:v^dv  X  (i  -  ^""I^;?  "^  3.4.6^3       ^* 

theflueatofwhichg\ves^V''^x(--  ^^"".f:^""^:^;:^     ^^ 

for  the  value  of  half  the  fegment,  as  before.    ^E»D. 

Cor$U 
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EXAMPLE. 

Take  here  the  laft  example,  in  which  i/=  52,  and 
V  =  .2  ;  then  ^  =  -r  ;  and  the  procefs  will  be  thus  : 

4.  A  =  ^^  =  4-\/io4  =   +  27-1947707 
^«=^^*=     ,-^^=.-       -3137858 


9.6^  3.6.26 


'OOOO322 


q.Ct;        Q.c 


the   fum  of  the  negative  terms  — ,      '3^59738 

taken    from    the  firft  term,    leave        26-8787969 
=:  the  area  required. 


RULE 


CoroL  1  •  Let  the  chord  of  half  the  arc  of  the  fcorment  be  de« 

I  cc 

noted  bye;  then  3=,  —,  by  which  exterminating  ^/ out  of  the  above 

feries,  we  have  cvx( r 1 ^—k r^ 5  &c) 

3.    5^       4«7^       4.6.9f*     4.6.8.11c-*      ' 

for  the  value  of  the  feraiTfcgment.  ^ 

C^r^/.  2.  Let  the  fupplemental  verfed  fine  be  denoted  by  v- 
viz.  V  rz  ^  —  v  i  then  i^=:  v -|- «v,  by  which  exterminating  rf 
out  of  the  fame  feries,  we  have 

I  tv  *Zf^  lf^  *v^ 


&c) 


2^»Jyv  X  ( 1-  ,    . 

1. 1.3      1.3. 5v      3.S.7V*       ?-7-9^f 
for  the  value  of  the  feid  lemi-fegment.     And  this  feries,  which  is 
rule  3,  converges  very  quickly  in  fmall  fegments. 

CcroL  3.  By  fuppofing  the  feveral  indeterminate  quantities  in 
thefe  feries  to  be  exprefl'ed  by  any  given  niTmbers,  we  may  ob- 
tain an  endlcfs  variety  of  infinite  feries,  whofe  fums  will  be 
given.  Ai)d,  in  particular,  if  the  diameter  be  r,  and  fuppofing 
the  verfed  lines  to  be  equal  to  the  radius,  or  the  diameter,  we 
fliall  obtain  the  following  feries ;  in  which  n  denotes  '785398  &c, 

thq 
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RULE       III. 

If -y  denote  the  verfed  fine,,  as  before,  and  v  the 
verfed  fine  of  the  fupplement,  or  v  z:  d —  v ;  then 

t'V\/v\+  ~A  — —  B+— c—  —  D  &c,  will  be  zz 

^  5V  yr        '    9V  iiv  ' 

the  fegment ;  where  a,  3^  c,  &c,  denote  the  pre- 
ceding terms. 

EXAMPLE. 

Taking,  again,  the  fame  exainple ;  we  have  "V  zz  2, 
and  V  iz  52  —  2  zi  50.     Hence  -  zi  —  z=  -04,  and 
A  zz  ^vx/vv  z:    +  26*666666664. 


B     zz     —  A 

SV 

— 

+       21333333J. 

C    ZI    —  B 

7v 

zz 

-            12190444 

D  ;z:  ^c 

9v 

zz 

+                1625^ 

E    zz    .^  D 

IIV 

iz 

29^ 

1          F    ZZ  -i-E 
13V 

terms 

+                       -H- 

fum  of  the  affir. 

+  26*88001626 

fum  of  the  negat. 

terms 
'erence 

— ,  0-001219344 

the  difl 

*    * 

is  26"8787969i4-thearea. 

• 

RULE 

the  area  of  the  whole  circle  whofc  diameter  is  i,  or  ^  of  the  cir- 
cumference of  the  fame  circle. 

I.   « —  ^2  X  ( ; r ; 7-0 ^^^J* 

3        5.2       4-7-2  4.6.9.2*       4.6.8.1 1. 2"* 

3       5         4.7  4.6.9  4.6.8.  II 

3.  «=     2  X  ( +  — + +  &c). 

^•^•3     I-3-S     3-S-7     S-7-9     7-9-ii 

Several  other  values  of  n  may  be  affigned  from  the  corollaries 
in  pages  53  and  54,  and  from  pages  118,  &c. 


J38 
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RULE       IV. 


« 


If  c  denote  the  cofine  of  half  the  arc  of  the  feg- 
ment,  or  the  difference  between  the  radius  and  verfed 

fine,  the.  radius  being  r,  and  j   zz  ~;  then  the  area 

of  the  fegment  will  be  equal  to  the  difference  be- 
tween the  femicircle  and  this  feries,  viz. 

^         2.3-'        2-4«S  a.4.6.7^       2.4.6.8.9*  ^ 

oiirc ^j*A  — •^^*B— |^^*c  —  ^  a*  D    &c: 

^•3  4-5  ^'7  ^'9 

where  a,  b,  c,  &c,  are  the  ill,  2d,  3d,  &c,  terms. 

And  this  rule  will  be  proper  to  ufe  when  the  feg- 
ment is  large.  , 

£  X- 


*    DEMONSTRATION- 


Put  X  =  cp,  and  r  =  cd  or  ca, 
alfo  AP  =  y.  Then  r*  =  ;p*  +  y\ 
and  y  =  y^r*  —  x^ ;  and  the  flux- 
ion  of  the   area    abfe,    or  lyx^   is 


.r*  X   (I-  -  .-  -  —  .-  --i  ._&c);  an4  the  fluent 

/         I     A*  1       AT*         1.3      Jr*^  .    V        , .  .  .      , 

is^r^X(i .-r- .  — 7— --7  &c);  which  18  the 

2.3  r*       2.4.5    '^       2«4«6-7  ^ 

area  of  the  zone  abfe  ;  and  this  being  taken  from  the  fetnicircle 
EADBF,  will  leave  the  area  of  the  fegment  adb,  as  in  the  rule. 
And  this  will  converge  very  faft  when  x  is  fmall,  or  the  fegment 

large. 

CoroL  When  x  becomes  equal  to  r,  the  zone  becomes  a  femi- 

I  I  I  "2 

circte,  and  then  ir*  x  (i — —       ';:  ■  &c)  is  the  area 

2*3      2.4.5      2.4.0.7 

of  the  femicircle,  to  the  radius  r ;  and  confequcntly  the  fum  of 

the  fenes  is 

I  I 13 L-3-5 


-&c. 


2.3      2.4.5      2.4.6.7      2.4.6.8.9 

where  n  ==  .78539  &c»  the  area  of  the  circle  whofe  diameter  is 
I ;  being  one  more  value  of  n^  to  be  added  to  thofe  found  itt 
page  137' 
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^39 


EXAMPLE. 

Suppofe  the  verfed  fine  be  24,  or  the  cofine  2 ; 
the  radius  being  26,  as  before. 

Here  r=:26,and^zi  2;  then  9  =  -  = — ,  &5*zi-r-, 

'  '         .    ^        r        13'      •*  169 

Hence  +AZZ2rc      rr+i  04-0000000 


1     - 

B  =  —  9*  A  =  — 

0*1025642 

4-S^ 

910 

4.7^ 

a 

the  fum  of  the  neg*  terms—     0*1026554 

taken  from  the  firft,  leaves    1 03  '097  3  446  for  the  feries ; 

this  taken  from  the  femicir.  1061*8494892 

leaves  the  area  of  the  feg.   958*7521 446 


RULE 


V. 


■ 
To  the  chord  of  the  whole  arc,  add  ^  of  the  chord 

of  half  the  arc,  multiply  the  fum  by  the  verfed  fine, 

or  height  of  the  fegment,  and  ^  of  the  produd  will 

be  the  area  of  the  fegn^ent  nearly. 

That   is,     (c  +  ♦r)  x  ^^v, 

or    (c  +  ^\/dv)   X  T-*o  '^i 

<c  +  4  x/^c^  +  v*)  X  ^V  V, 


9 
or 


or 


(  \/dv^vv+^\/iiv)  x^vzz  the 
area  nearly:  where  drzvE  the 
diameter,  q  zi  ba  the  chord  of 
the  whole  arc,  czz  ad  the  chord 
of  the  half  arc,  and  'y  =  dp  the 
height  of  the  fegment.* 


E  X- 


DEMONSTJLATION. 


The  fcgmcnt  is  =  2Vj^ih  x{ -^ — 5^^^^  ^^  ^^^  3* 

Suppofe 
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E  X  AMP  L  E. 

Taking  the  fame  example  as  in   the  firft  three 
rules,  in  which  c  iz:  20,  and  vzi^z. 

Then  (c  +  ♦  y/^cc  +vv)  x  -^v  =  26*877998=: 
the  area,  nearly  the  fame  as  'before. 

»R  u  L  E     rr. 

Draw  AQ^fo,  that  dp  :  pq^::  5  :  v^io,  then  the 
fegment  adba  will  be  nearly  equal  to  4. dp  X  aq^=: 

Where  ^  —  the  diameter,  v  zz  dp,  c  iz  da,  and  c  iz  ab, 
as  in  die  laft  rule.* 

EX- 


Suppofc  it=2DP  X  (wxPA+«  X  ad)=2i;x  (w-v/^f— W+«^/fc) 
Then  let  the  coefficients  of  the  correfponding  terms  be  equa- 


2         .ml 


ted,  and  wc  fliall  have  zw  +  a  =  -,  and  —  =  — ;  whcace  m  = 

3  ^       S 

Then,  by  fubftituting  thefe  values  of  m  and  n  in  the  afTumed 
quantity,  wc  fliall  have   2DP  x  (wx  pa  +  «  X  ad)  =  2DP  X 
( V  PA  +  -\  ad)  =  ^^  dp  X  (2  PA  +  f  ad),  which  is   the   rule. » 
Or  it  is  =;  ^y  DP  X  (3  pa  +  2  ad).     And  this  is  one  of  Sir  I. 
Newton's  rules,  publiflied  by  Jones,  Wallis,  andCoLsoN. 

*    DEMONSTRATION   OF    RULE    VI. 

2  V  V^ 

By  rtilc  2  the  ferment  is  =  iVj^Jv  x  ( ^ gj^  &c). 

Suppofe  it  equal  to  2v^mdv^n*uv  =  ivajdv  X  %/«—    .  = 

2v^/dvx  (m' 2 7— :&c)'     Then,  by  equating  the 

coefficientSi 
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I4I 


EXAMPLE. 


Taking,  again,  the  fame  example  ; 

Wehave4^'z;v/^cc+^T;vz:^%/ioi-J-=:  26'879F5 
:  the  area  nearly. 


RULE       VII. 

If  AQ^bifeft  DP,  the  fegment 
ADBA  will  be  very  nearly  equal 
to    (45A  +  ad)  X  t^  dp    = 


4> 

TT 


(2\/cc  +  vv  +  e)  X 

(2v/cc"+~w  +  v^^cc  +  vv) 
X  vV  '^  >  where  the  letters  denote 
the  fame  quantities  as  in  the  laft 
rule.* 


E 


E  X- 


cocfficients,  we  have  A/m  =  -,  and  ——  =  -;  whence  m  =-,  and 

3  \/«      5  9 

15 


Then,  by  fubftltuting  thefc  values,  we  get  iv^/mdv'  —  Tiwzzi 
2Vf^%^  —  -^r'vnj  =  ^Vi^dfv  —  l-vvy  as  in  the  rule. 

Coroh  But,  now,  to  find  what  line  the  quantity  i/tl'v  ^\w 
reprefents ;  I  confider  that  it  is  greater  than  ap,  which  is  = 
^dv^w^  and  therefore  I  fuppofe  it  to  be  fome  line  AQ^meet' 

ing  DP  between  d  and  p. 

ThenpQj=  ^Q^^— AP-=;^/^— Jiw— ^i;+<tw='r^iy/— s= , 

Wherefore  if  there  be  made  dp:pq^::  5:>y/io,  and  qA.  be 
drawn;  the  fegment  will  be  nearly  f  dp  X  aq^  And  this  is 
another  of  Sir  I.  Newton*s  Rules. 


*    DEMONSTRATION    OF    RULE    VII. 


Suppofe  the  fegment  zv»/iv  x  ( ~j^^  to  be  =  3  pd  x 
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EXAMPLE. 

Taking,  ftill,  the  fame  example ; 
We  fhall  have  (2\/cc +  'z;i;+ v/^cc^-'uv)  X 
^'yz:  26'8786888  =i  the  area  very  nearly. 

RULE       VIII. 

From  the  fquare  of  the  chord  of  half  the  arc,  fub- 
traft  4-  ^f  ^^  fquare  of  the  verfed  fine  of  the  faid  half 
arc ;  to  7  times  the  ropt  of  the  difference,  add  4  of  the 
faid  chord ;  inultiply  the  fum  by  the  faid  verfed  fine, 
and  ^\.  of  the  prodiift  will  be  the  area  very  near. 

That  is,  (y\/^f-^|in;+4^)X.^'g;rr(7v^^^;— l^x; 

+  ^-s/dv)  X^\v  =  (7  \/icc  +^w+^\/^cc+vv)  X 
^i;zi  the  area  very  near  :  where  the  letters  are  the 
lame  as  in  the  lafl  niles.* 

E  X- 


(«rx  QJL  +  «X  ad)  =  2*aX  {mj/Jv^iw  +  n,Jdnf)  z=:iv,/dv  X 

<'"^ '- Is  +  '^  =  ^"■^'^'^  "^  (+  «  -  87  ^^^' 

Then,  equating  the  coefficients,  we  get  «  +  «  =  -,  and  ^  =: 

38. 

—5  whence  m  ^  ' — ,  and  n  ==  — . 

Therefore  2PDX  («x  qa  +  «x  ad)i=2Pd  x  (yV^A  +  -\AD)  = 
■jItFD  X  (4aA  +  ad),  as  in  the  rule.  And  this  Hkewifc  is  a  rule 
given  by  Sir  I.  Newton.  ' 

*    DEMONSTRATIOK. 

2  V      »     V* 

The  fegment  is  =  ivJd'u  x  ( . r-r-  &c). 

Suppofe  it  =r  T.'u  X  \m^/dv  —  nnw  'V  fi/dnf)   =   itVt/Jv  X 

Then,  equating  the  like  coefficients,  we  have  »» +/  =  - »    "*• 

3       * 

I         , «««       I        ,  c  14.        ,  8 

:»  — ^  and  ^-^  =  -3 ;  whence  «  =  £.,  w  =  — ^  and  /  =  — . 
5  8       28  7  35  75 

"VMiercforc 
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H3 


EXAMPLE. 

Taking^  again,  the  fame  example  as  before,  where 
c  ZI20,  and  vzzz  ; 

We  have  (7\/-ir^c+^vv+  !^\/^cc+vv)  X  -^^v 
zz  26-8787998  =  the  area  very  exadt. 


RULE       IX. 

/ 

1 .  Divide  the  verfed  fine,  or  height,  by  the  di- 
ameter. 

2.  Find  the  quotient  in  the  cohimn  of  verfed  fines 
in  the  table  of  circular  fegments,  at  the  end  of  the 
volume. 

3.  Multiply  the  number  immediately  on  the  right 
of  th?  verfed  fine,  in  the  table,  by  the  fquare  of  the 
diameter,  and  the  product  will  be  the  area.* 

Note. 


Wherefore  2v  x  {mj/dv  —  «w  +  f^/dv)  =  ^  v  x 
7  i^ih  —  f  iw  +  f  ^dtf)f  as  in  the  rule. 

CifroL   Suppofe  ^/dv^^w  :=:  AQJi/<e  lafijlg*'];  then  v<xjr: 

Wherefore  if  Aa.dividc  dp  in  q^  fo  that  7  :  ^14 ::  dp  :  pq^: 
then  (7Q^  +  fAD)  x^dp  will  be  nearly  equal  to  the  feg- 
ment  adba.  And  this  rule  is  not  only  new  and  very'  fimple,  but 
alfo  the  moil  exa^  of  any  approximation  that  I  know  of  for 
this  purpofe. 


*    DEMONSTRATION. 

The  rule  is  founded  on  this  property. 
That  fegments  whofe  verfed  fines  are     a 
as  the  diameters^  will  be  to  each  other 
as  the  fquares  of  the  (Uameters;  which  is 
thus  proved.  ^ 

Let  ADBA,  aSay  be  two  fimilar  feg< 
m<ints,  cut  off  from  the  fimilar  fedtors 
ADBCA,  adicay  by  the  chords  ab,  ai. 
And  draw  cd  to  bifed  them. 

Then,  by  fimilar  triangles,  ca  :  Cii :: 
ca«-dp  (cf)  :  ca^dp  (c/) ;;  dp  :  df, 

4 


That 
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Note:  When  the  quotient,  arifmg  from  the  verfed 
fine  divided  by  the  diameter,  has  a  remainder,  or 
fraction,  after  the  fourfh  place  of  decimals ;  having 
taken  the  area  anfwering  to  the  faid  four  firft  figures, 
fubtraft  it  from  the  next  following  area,  multiply  the 
remainder  by  the  faid  fraction,  and  add  the  produft 
to  the  firft  area ;  and  the  fum  will  be  the  area  for  the 
whole  quotient. — This  method  is  ufed  when  accu- 
racy is  required ;  but  for  common  ufe,  the  fradtion 
may  be  omitted. 


EXAMPLE. 


I 


If  the  diameter  be  52,  and  the  verfed  fine  2  ; 
what  is  the  area  ?        .  '  r  1  r 

Firft  ^V  =  A-='0384tV>  ^^^  tabular  verfed  fine. 

Thenagainft  •o384ftands -00991672,  and  the  dif- 
ference between  this  area  and  the  next  -00995517  is 
•00003  845  ,which  multiplied  by-xVproduces  -00002  366, 
which  added  to -0099 1 67  2  gives  •00994038=  the  area 

belonging  to  the  verfed  fine*0384jV- 

Wherefore  -00994038  X.52  X  52  =  26-87878752 
—  the  area,  nearly  the  fame  as  before. 


PRO- 


That  is,  fimilar  fegments  have  their  verfed  fines  as  their  radii  or 

XSfince  fimilar  feaors  are  as  the  fquares  of  the  diameters, 
as  well  as  fimilar  triangles  as  the  fquares  of  their  hke  fides,  wc 
(hall  have  ca*  :  ctf»  ::  feaor  cadb^  feftor  cadb  ::  A  cab  :  A 
cab  ::  fegment   adba  (feftor    cadb- Acab)  :  fcgraent  adba 

Now,  putting  ./  =  any  diameter,  and  v  =  verfed  fine.     We 

lliall  have  iii'viii  (diameter  in  the  table)  :  J  =    the   verfed 

fine  of  a  fimilar  fegment  in  the  table,  whofe  area  let  be  called  a. 

'^Then  1^  i  dd  w  a '.  add  ziz  the  area  of  |thc  fegm^cnt  whofe 

height  is  v  and  diameter  </,  as  in  the  tuIc. 


Sea.  I.] 


CXRCXTLAR    ZONE, 


H5 


PROBLEM     XI. 


^0  find  the  Area  of  the  Zone  or  Space  abcda  /»- 
eluded  between  two  parallel  Chords  ab^  cd^  and  the 

two  Arcs  AD,  CB. 


RULE       I. 


Find  the  area  of  each  fegment  aeba,^decd,  and 
their  difference  will  be  that  of  the  zone  required. 


EXAMPLE     I. 

Suppofe  the  greater  chord  ab  be  96,  the  lefs 
chord  DC  60,  and  thediftance  pq^ between  them  26; 

required  the  area. 

Draw  AD,  and  let  ds  be  ±  ap,  or  L  ad,  and 
RT  L  p(l;  then  qi^  zz  tp,  becaufe  ar  =  rd  ;  and 
TRz=4AP+4:Da:  But,  in  the  fimilar  triangles 
DAS,    ROT,    it   will    be    ds   :  as  ::  rt  :  to   =: 

RT  X  AS   _   AP  +  DCQC  AP  — DQ^,_   7^  X   l8    _,  j^^^ 

DS  ■"  2PQ^  Jl 

hence  op  =  ot  —  tp  zz  27  —  13  h:  14. ^ 

Then  oe  zi  oa  =  v/ a p*  +  po*  =  v/48*  +  14*  = 
^o  ZI  the  radius, 

Whence  pezzoe  — op  11:50— 14  =  36 

QEzioE— 0Qj=50  — 40=  10    the  two 

verfed  fines.  f 

L  And 
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And  ^^4^  =  -36 

^^zz'io  the  two  tab.  verfed  fines.  Againft 
which,  in  the  table,  (land  the  areas  '25455055, 

and  -04087528. 
Then  -25455055  X  100  X  100  =  2545-5055 
•04087528  X  100  X  100  =  408-7528 

their  difference     2136*7527  is  the 
area  of  the  zone  required. 

E  X  A  M  P  L  E    II. 

Suppofe  the  greater  chord  a  b  to  be  20,  the  lefs 
DC  15,  and  their^  diftance  pq^  174*  Required  the 
area  of  the  zone  abcd. 


Here,  as  in  the  laft  example, 

^Q--  PA  +  Da,XAP-DQ^_.       3SX5        _s^ 

2PQ^  2  X  2  X  35  4  * 

Which  being  lefs  than  tp  (8^)  half  the  diftance  of 
the  chords,  it  ihews  that  the  center  falls  within  the 
zone ;  and  then  it  is  evident  that  the  whole  circle 
diminiftied  by  th^  fum  of  the  two  fegments  afb, 
DEC,  will  give  the  zone. 
Now,  op  =  TP  —  ToizSj.  —  |.  =  7.J..   Hence  ao  = 

\/op*+PA*=:V^i5    +  10*  zii^n:  the  radius ;  there- 

21  ^2 

fore  the  diameter  is  25.     And  oq^zt  qj  +  to  =  8^- 
+  i-^zz  10. 

Whence 
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Whence  Qj:zroE  — OQ^r:  124.— ion24> 
PF  noF  — OP  zr  12^— 7iz=5. 

Then^:=-iz: -I, 

c         I 

and  -^  zz  —  :=:  -2  the  tab.  verfed  fines. 

Againft  which  (land  the  areas  •04087528, 

and  •III 823 80. 

Then  -04087528  X 25 X 25  zz the  fegment  dec, 
•I  1182380X25X25  =  the  fegment  afb, 

whofefum  is '15269908x25*. 

But     •78539816x25*  =  the  whole  circle. 
Their  dif.  is  '62369908X25*=  395-436925  the  zone 
A  BCD  required. 

RULE       II. 

To  the  area  of  the  trapezoid  adc^^j  ^d  that  of 
the  fmall  fegment  agdka,  and  double  the/fum 
will  be  the  area  of  the  zone  abcd  required. — And 
this  rule  is  eafier  than  the  other,  as  only  one  fegment 
is  to  be  found. 

EXAMPLE. 

I 

Suppofe  *the  fame  dimenfions  as  in  the  laft 
example. 

Then,  drawing  the  radius  org,  we  ftiall  have  or  rr 

V/0T*+TR*=  %/(iDQJ.iPA)*  +  OT*=  x/ 0^)  ^i^) 

=  W^^  +r  =  WS^  =  VV^  =  8-838834765- 
Hence  gr  =  oo  —  or  =  12-5  —  8-838834765  = 

3-66 II 65  the  verfed  fine. 

Therefore  21^^^  =  -1464466  the  tabular  verfed 

fine ;  the  tabular  area  for  which  is  -07 1 34954- 

L  2  Then 
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Then     -07134954  X  25   X  25  =  44-5934625, 
the  fegment  a  g  d  r  a  ,     But  ' 

(-i:Da.+4-AP)XPQ.=  ?ix^5«.i^--j^2.I25,     thc 

trapezoid  apqj>.    - 

Their  fum  is      ^ 197-7184625, 

the  femi-feg.  apqdga.     The  double  395*4369250, 
is  the  zone,  a  BCD,  the  fame  as  before. 

PROBLEM       XII. 

To  find  the  Area  vf  the  Ring  included  between  the  Or-' 
cumferences  K^YAy  dlqj)  of  two  concentric  Circles. 


m                         a 

r 

/                     ■ 
M 
/                     • 

1          I 

/ 

?^i 

ip 
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E 
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RULE       I. 


Multiply  the  fum  of  the  diameters  by  'the  diffe- 
rence of  the  diameters,  and  the  product  again  by 
•7854,  for  the  area  of  the  ring  required.'^ 


E  X- 


DEMONSTRATION. 


For,  fincc  thc  ring  is  evidently  equal  to  "the  difference  of  thc 
two  circles,  if  the  diameters  be  called  d,  //,  and  '785398  &c  =  a ; 
the  ring  wi]\ht  =  aD^  —  ad''=ax  (d  +  </)  x  (d  — ^.     J^jE. Z>. 

CoroL  I.  Whence,  if  there  be  made  dw  perpendicular  to  the 
radius  cda,  the  ring  will  be  equal  to  the  circle  whofe  radius  is 


DW ; 


Seft«   I,]  CIRCULAR    RIMG»  I49 


EXAMPLE. 


If  the  diameters  of  two  concentric  circles  be  lo  and 
6,  what  will  be  the  area  of  the  ring  included  between 
their  circumferences  ? 

7854  X  (10  +  6)  X(io  — 6)zr  •7854 X  16X4  = 
50*2656^,  the  area  required. 

RULE       TI» 

Multiply  half  the  fum  of  the  circumferences  by 
half  the  difference  of  the  diaiijeters,  and  the  produdt 
will  be  the  area.* 

EXAMPLE. 

Taking  the  fame  example  as  before,  we  fliall  have 
Firft  3-i4i6x     f.Zl   q. t     f.  ^^^  circumferences. 

Then  3^'4i6+ 18-8496  ^  10 -6  _  SQ'^656  ^  4   ^ 

2  2  2  2    '^ 

50*2656,  the  area  the  fame  as  before. 

Note.  This  rule  will  ferve,  alfo,  for  any  part  ab  ed a 
of  the  ring  included  between  the  parts  ad,  be,  of 
two  radii,  by  ufing  half  the  fum  of  their  intercepted 
4rcs  for  half  the  fum  of  the  circumferences, 

L  3  Thus, 

»  ■         —  ■  ■'  -     ■ ■'■  ■  f '        ■  ■  - 

Dw;  or  equal  to  the  circle  whofe  diameter  is  fw,  a  tangent  to 
the  lefs  circle,  and  terminated  by  the  greater. 

Carol,  2.  Or  the  ring  is  equal  to  an  ellipfe  whofe  axes  are 
D  -f  ^  and  D  —  d.  As  will  appear  by  comparing  the  above  rule 
with  the  rule  for  an  ellipfe  to  be  hereafter  giv«iw 

*    DEMONSTRATION    OF    RULE    II. 

For  the  circumferences  c,  c,  arc  equal  to  4flfD,  ^dx  tharefore 
tfX(D  +  //)  =  lc  +  Jf;  which,  fubuituted  in  the  lau  rule,  gi^vca 

a X  (D+^  X  (d-^=  ( 'c+iO  X  (D-iO=(lc  +  iO  X  (iD-ii/), 
as  in  the  rule.     ^E.D. 

And  it  is  evident  that  the  fame  ^le  will  ferve'for  a  part  of  the* 
ring  cut  off  by  two  radii,  uling  the  lengths  of  the  included  curvc% 
for  c  and-c. 


IJO  CIRCULAR     RING*  [Pait  Z* 

Thus,  if  the  length  of  the  arc  ab  be  15;  then, 
by  reafon  of  tlie  fiintlarity  of  the  arcs  ab,  de,  it  will 
be  10  :  6  ::  15  :  3  X3  11:9,  the  arc  de. 

Whence  1(15  +  9)  ^  i(io  — 6)  rr  12X2  =  24, 
the  area  of  the  part  abed  a. 


RULE       III. 


Multiply  the  perpendicular  breadth  of  ^  the  ring, 
that  is,  the  difference  of  the  radii,  by  the  circum- 
ference RST  (or  part  rs  for  the  part  abeda)  having 
die  fame  center  with,  and  equally  diflant  from  the 
bounding  arcs.* 


,       example. 


Taking,  ftill,  the  fame  example  ;  it  will  be 

Firft  ad  zi  ca— CD  =:  5—3  1=:  2,  the  diftance  of  the 
circumferences. 

And  cr=:cd  +  dr  =  cd  +  |ad=:3  +  i  =4>  ^h^ 
radius  of  the  middle  arc. 

Hence  3-1416  X  8  =:  25-1328  m  the  middle  cir- 
cumference. 

Therefore  25*1328  X  2  zr  50-2656,  the  area  the 

fame  as  before. 

And  for  the  part  abeda,  we  have  ca  :  cr  : :  ab  : 

SR  -=  -^— ^  zr:  3  X4  =  1 2. 

Then  ad  X  rs  z:  2  X  1 2  =:  24,  the  area. 


P  R  0- 


*    PEMONSTRATIOW. 


For  this  circumference,  being  equally  diftant  from  tlie  other 
two,  will  be  equal  to  half  their  fum.     Wherefore  &c. 

Corot.  Hence  the  whole  ring,  or  any  part  of  it  abeda,  m- 
eluded  between  two  radii,  is  equal  to  a  parallelogram  on  the 
fame  bafe  ad,  and  whofc  altitude  is  equal  to  rs  the  middle  cir- 
cumferencc. 


Seft.  I.] 
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P  ROBLEM    XIII, 


^0  find  the  Areas  of  Lunesx 


Lunes,  lunula^  or  little  moons,  are  fpaces  included 
between  the  interfering  arcs  of  two  excentric  circles, 
as  the  lune  abcda  ;  which  is,  evidently,  equal  to 
the  difference  of  the  fegments  abca,  adca. 


If  ABC  be  a  triangle  right-angled  at  c,  and  if 
femicircles  be  defcribed  on  the  three  fides  as  di- 
ameters; then  the  triangle  t  (abc)  will  be  equal  to 
the  fum  of  the  two  lunes  l  i,  L2. — For  the  greateft 
femicircle  is  equal  to  the  fum  of  the  other  two ;  from 
the  greateft  femicircle  take  the  fegments  si,  S2,  and 
there  will  remain  the  A  t  ;  from  the  two  lefs  femi- 
circles take  alfo  the  fame  two  fegments  si,  S2,  and 
there  will  remain  the  two  lunes  li,  l2;  wherefore 

TriLl+L2, 


L4 


Whence, 


l$t  L  u  N  E.  [Part  2. 

Whence,  if  the  two  fides  ac,  c<b,  of  the  triangle 
be  equal  to  each  other ;  the  two  lunes  will,  alfo,  be 
equal,  and  each  luneLi  equal  totheAACD;  and 
therefore  the  fegment  s  i  :z:  femicircle  aqca-^Aacd 
=  double  the  leg.  awda,  or  double  the  feg.  dvcd. 


( 

*  S  E  C  T.    II.  . 

A  PROMISCUOUS  COLLECTION  OF  QUESTIONS 

CONCERNING    AREAS. 

QJJ  E  S  T  I  O  N     I .  ' 

IN  the  trapezium  abcd  are  given  ab  z::6i,  b^zz 
154.,  CD  =  12,  and  da  =9,  alfo  b  a  right  angle; 
to  find  the  area  of  the  trapezium. 

D 


Firft     v/ab»   +    Bc*  =  ^0   +    (^/     1= 

i6-9  =  Ac;    and.v/37:2x£Jx  l^  x  ^  = 

tV^37*9X4"i  Xi3'9X^9'9  =  .t\/4*982*42  79  = 
51*8305098  =:  the  area  of  the  triangle  adc. 

And 


*  Some  of  the  quefHons  in  this  fection  are  taken  from  other 
books ;  'but  the  methods  of  folution  are,  generally,  different 
from  thofe  ufed  in  the  books  from  which  they  were  taken,  they 
being  there  moflly  folved  by  an  analytical  procefs.  And  I  have 
conftruded  thofe  of  which  the  conflru6tions  do  not  appear  to 
be  felf-evident* 


/ 


/ 
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And  —7-^*  =  -^  X 1  X  -^  =  507,  the  area  of 
the  triano;le  abc. 

Thefum  is  io2'5305098,  the  area  of  the  trape- 
zium required. 

Quest.  2.     To   find  the  area  of  a  ^    . 

trapezium,  the  length  of  its  fides  being  ^^  _.  j^!?^ 

as  in  the  margin,  and  the  fiim  of  the  bc  =  13-2 

two  oppofite  angles  b  and  d   equal  to  cd  =  lo'o 

180  degrees.  da  =26-0 

By  rule  5  of  prob.  3  of  feft.  i.  (32-4  being  half  the 
perimeter) 

V-(32'4-'i5'6)x  (32-4-13-2)  x(32-4~iojx(,^2'4-26)  = 
\/ 1 6-8  X  19-2  X  22-4X6-4  rz  215-04  fquare  chains 
=  2 1 '504  acres  =:  21a.  2r.  0-64  perches,  the  area 
required. 

Note.  A  conftruftion  of  this  problem  may  be  feen 
in  Simpfon's  Select  Exercifes,  page  135. 

Quest.  3.  In  the  pentangular  field  abode  are 
given  AB=  14,  Bc=:  7,  CDii:  10,  deztiI,  ea  =  5, 
and  the  diagonal  ac  =  1 7  chains,  alfo  e  a  right  anc^Ie; 
required  the  area. 

D 


V. 


Firfl:    AD  =  v/dH*+  EA*  iz  v/i2*+ 5*  zz  13. 

Then    ae  x  4-^d  zz  5  X  6Z130  zzAade. 
And\/2oX3X7XiozrioV'42Zi64-8o7407  =  AADC. 

Alfov/ I  9X2X5X12=12^570=47-749345=:  A  ABC. 

The    iiim  of  all   three  is     142*556752      fquare 
chains  zi  14  a,  1-0227  r,  the  .area  required. 

Quest. 


IJ4  PROMISCUOUS    QUESTIONS,        [Part  2. 

Quest.  4.  Given  th6  bafe  ac=:32,  ad  =  5, 
£0  =  9,  the  perpendicular  ef:=:4,  and  the  perpen- 
dicular DG  =  3 ;  required   the  area  of  the  triangle 

ABC. 

B 

J? 


A    D     HI  E         C 

Draw  GH  parallel  to  bc.  Then,  by  the  fimilar 
triangles  gdh,  fec,  we  have  fe  4  :  ec  9  ::  gd  3  : 
DH  V  >  and  hence  ah  zz  y.  Again,  from  the 
fimilar  triangles  agh,  abc,  we  have  ah  y  :  ac  32  :: 
DG  3  :  the  perpendicular  ib  iz  y^. 

Hence  i-Acx  IB  1=  i6xy/r:  130^^^1=1307234^ 
is  the  area  of  the  triangle  required. 


Quest.  5.  What  is  the  fide  of  that  equilateral 
triangle,  whofe  area  coft  as  much  paving  at  8d  a 
foot,  as  the  pallifading  the  three  fides  did  at  a 
guinea  a  yard  ? 

The  fidefe  are  7  s.  a  foot,  and  the 
area  *  s.  a  foot.  And  that  the  pro- 
duces may  be  equal,  the  quantities 
muft  be  inverfely  as  the  prices ;  but, 
by  rule  2,  page  113,  Jbc*^3  is  the 
area;  therefore  ^17  ::  3Bc:^bc*\/3 
.,3x4 

zz  72*7461339,  the  fide  required. 


3x4x7x3  . 


Quest.  6.  Surveying  a  quadrangular  field,  I 
found  the  four  fides  to  be  10,  9,  7,  and  6  chains,  in 
a  fucceflive  order :  I  likewife,  at  the  two  extremes 
of  the  longeft  fide,  took  the  bearings  of  the  oppo- 
fite  angles,  which  were  n.  e.  by  e.  and  n.  v^. 
Hence  the  content  of  the  field  is  required, 

I  From 
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^  P  G 


^Si 


From  the  given  bearings  of  the  angles  c  and  d, 
from  A  and  b,  it  appears  that  the  diagonals  ac,  bd, 
make  the  angle  aid  at  their  interfeclion  of  7  points 
or  7  8 A  degrees ;  therefore^  by  rule  3,  problem  3, 
fedion  I,  we  have  ^(io*+7*  — 9*— -6*)  x.^  tang. 
78^-"  zz  32  X  ^  X  5-0273395  =  8  X  5-0273395  = 
40-2 1 87 1 6  fquare  chains  =1  4a.  3*499456  perches, 
the  content  required.* 

Quest. 


*    CONSTRUCTION. 

With  two  of  the  given  lines  a^  10,  and  ic  6,  make  a  right 
angle  i  ;  and  with  the  other  two  complete  the  trapezium  a^^-d. 
In  the  perpendicular  ec  produced,  t«ake  ef  =  8'937492  =  the 
double  of  the  area  40*2137 16  divided  by  ad  9;  and  with  the 
center  f  and  radius  equal  to  6|  a  fourth  proportional  to  da,  a^, 
^r,  defcribe  an  arc  meeting,  in  c,  another  arc  defcribed  with 
the  center  d  and  radius  d^;  then  join  d,  c,  and  with  the  other 
two  given  lines,  =  c6  and  ^a,  complete  the  trapezium  abcd, 
and  it  is  done. 

For,  having  drawn  ac,  ac,  and  cf,  and  let  fall  the  perpenr 
diculars,  cp  upon  ad,  cq^  upon  ab,  and  fg  upon  pcg  ; 
fince  ad*  +  DC*  +  2Ad  x  dp  =  ac*  =  ab*  +  bc*  4-  2ab  x  bq^ 
and  AD*-f  DC*  +  2Ad'x  de  =  ac^  =  a^*  +  ^t*,  by  taking- 
thefe  latter  quantities  from  the  former,  it  follows  that 
2AD  X  EP  =  2ADXDP  — 2AD  x  DE  =  2AB  x  BQ^,  and  cottfequcntiy 
bq^:  fc  (ep)  : :  da  :  ab  ::  bc  :  cp  by  the  conftrudlion ; 
whence  the  triangles  cqj?,  cgf  are  fimilar,  and  therefore 
CQ^:  CG  ::  CD  :  cf  ::  (by  the  conllru«^ion)  ad  :  ab  ;  and 
hence  cq^x  ab  =  ad  x  cg  ;  and,  by  adding  cp  x  ad  to  each  wc 
have  CP  x  ad  +  cq^x  ab  =  double  the  area  abc rv  =  cp  x  ad 
+  cg  X  ad  =  EF  X  AD  =  (by  the  conftrudion)  double  the  given 
area. 


/ 


«5$ 
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Quest.  7.  Given  two  fides  of  an  obtiife-angled 
triangle,  which  are  20  and  40  poles ;  required  the 
third  fide,  that  the  triangle  may  contain  juft  an  acre 
of  land. 


Now  the  area  160  -^  20  (4-ab)  —  8  rr  the  perpen- 
dicular cd  ;  but  \/cB*  — CD*  =  v/20*  —  8*  =  db; 
hfence  AD  =:  AB  ±  BD  =:40±  y/zo*— 8*  and  AC  =: 
x/ad*  +  DC*  ir  v/8*  +4^*  +2o*-8*  ±  8o^/(2o*-8^) 
=4>/i25±:20\/2i  =:4Xv^io5=t2V'5=58-8  7634686 
and  23*09925922,  either  of  which  may  be  the  fide 
required. 

Quest.  8.  Given  the  four  fides  ab  =  9,  bc  =  10, 
CD  1=  1 1,,  and  DA  r:  12,  and  the  angle  b»c  =  30% 
formed  by  the  diagonal  bd  and  the  fideoc;  required 
the  area  of  the  trapezium. 

B  C 


Firft,  by 'trigonometry,   bc  :  cd  : :  J:  =^  s.-  Z-Bdc 

n  —  zz  '55  the  fine  of  the  angle  dbc  n  33®  22'; 

whence  180**  — 30**— 33""  22'  =  180''— 63*"  22'  = 
116'*  38'  rz  Z.C  ;  and  s.  /.bdc  :  s.  Z.c  ::  bc  :  bq 
zi  TO  X  8938936  X  2  IT  lySyjSyz.     . 

Then  bc  xcd  x|s.  Z. err  10  X  11  X  -446946^  = 
49'i64i48  =  the  area  of  the  triangle  bcd. 

And 
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And    \/i9'4-3^936  x  10-438936  X  7-438936  X 
1-561064  =  48-54337  ==  the  area  of  the  triangle 

ABD. 

And  their  fum  =  97707518,  is  the  area   of  the 
whole  trapezium. 

Quest.  9.    If  from  the  right-angled  triangle  A b c,  - 
whofe  bafe  is  12,  and  perpendicular  16  feet,  be  cut 
off,  by  a  line  de  parallel  to  the  perpendicular,  a 
triangle  whofe  area  is  24  fquare  feet ;  what  are  the 
fides  of  this  triangle  ? 


The  triangles  ABC,  ade,  are  fimilar, 
and  the  areas  of  fimilar  triangles  are  as 
the  fquares  of  their  like  fides ;  but  1 2  X  8 
=  96  is  the  area  of  the  triangle  abc, 
therefore 


^^        1_LJ1J  I2^/.|^  Z=  I2v/|  ZZ  12  X  ^  =  6  =  DA> 

and-   v'AD*  +  DE*  =v'6*  +  8*  =^100   =   10  =  ae. 

Quest.  10.  If  from  a  triangle  whofe  fides  are  13, 
14,  15,  be  cut  off  by  a  line  drawn  parallel  to  the 
longeft  fide,  an  area  of  24;  what  are  the  lengths  of 
the  fides  including  that  area  ? 

Firft,  il±if±ii  =ii  =  21  =  half  the  fum  of  the 

2  2 

fides;  from  which  each  fide  being  taken,  leaves  6,  7, 
8  ;  therefore  >/2 1x6x7x8  ~  v^3*X7*  X4*  = 
3X4x7  2^84  =:  the  area  of  the  given  triangle. 
Then,  as  in  the  laft, 

13  •  i3\/t^  T  v/H     ^he    3  fides 
\/84:v^24  ::-  14:  i^y/^-zz  2  v/14     inclofingthe 

^5  •  '^Ss/-r  =  V  v/14     area  cut  off. 

Quest,  ir.  Given  the  area  =  144,  the  bafe 
AC  =  24,  and  one  angle,  bac  =:  30%  at  the  bafe  ;  to 
find  the  fides  ab,  bc. 

Firft, 
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Fii-ft,    144  ^  i2(i.Ac)  =:  12  rzthe  perpendicular 

BD. 

Then,  as  |  =:.s.  ^a  30°:  f  ±:s.  Z.d  ::  12  =  db  : 

24  =  AB. 


But  Ai>  =:v/ab^— BD*  rrv/24*—  12*,  and  dc  = 

AC  — AD  z:  24— v/24*— 12*. 


Therefore  bc  =r v^bd*  +  dc*  =:  44\/2  — V'S  = 

1 2  X  ( >/6  —  \/2)  r:  I  2-4233 141 84. 

Or,  fince  ab  is  =  ac,  the  Z-c  will  be  =  the  ^  b 
=  2(180—^30)  —  73°;  hence  iLOBC  zr  15**;  and 
therefore  as  radius  i  :  fee.  15'*  =  1'0352762  ::  bdi 
12  :  12  X  1-0352762  =  12-4233144  =  BC. 

Note.  It  is  pretty  evident,  that  this  triangle  will  be 
conftufted  by  drawing  ab  to  make  with  the  given 
bafe  AC  an  angle  of  30'',  and  meeting  with  a  line 
drawn  parallel  to,  and  at  the  diftance  of,  the  perpen- 
dicular BD  from  AC  in  b  the  vertex  of  the  triangle. 

Quest.  12.  Given  the  area  1012,  and  ratio  of 
the  fides  of  a  triangle,  viz.  ac  to  cb,  as  4  to  3, 
and  AB  to  CB  as  3  to  2  ;  to  find  the  fides. 

It  is  evident  diat  the  fides  ab,  ac,  bc,  are  in  the 
ratio  of  the  three  numbers  9,  8,  6,  refpeftively  ;  and 
therefore  a  triangle  whofe  fides  arc  9,  8,  6,  will  be 
fimilar  to  the  triangle  propofed  ;  but  fimilar  tri- 
angles are  as  the  fquares  of  their  like  fides,  and 
v^V  X-i-X-^x  V  =  J\/8855  is  the  area  of  the  tri- 


angle 
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angle  whofe  fides  are  9,  8,  6 ;    therefore  1^8855  : 

'  3^v/-^  =  3-v/io847375  =  52-47o24izAc, 

*  •  """^v/^lP  =  3-] v/io847375  =  39'35268  =  cb,  ^ 
9  =  36y^^|p=|^;/io847375  =  59-o29o2  = 

Quest.  13.  The  diftance  of  the  centers  of  two 
circles,  whofe  diameters  are  each  50,'  being  given 
equal  to  30 ;  it  is  required  to  find  the  area  of  the 
fpace  inclofed  by  their  circumferences,  and  that  of  a 
fquare  infcribed  in  the  faid  fpace  ? 

Conftru5lion. 

Having  defcribed  the  cir- 
cumferences including  the 
.common  fpace  ahbi,  ih 
being  the  common  part  of 
both  the  diameters,  bifeft 
IH  in  c,  .and  through  c 
draw  FCD,  GCE,  each  making 
half  a  right  angle  with  ih, 
and  meeting  the  arcs  in  d, 
E,  F,  G,  the«  four  angular 
points,  of  the  fquare. 

Calculation. 

If  K  be  the  center  of  one  of  the  circles,  then 
KH— .Kc  =  25— .15  z:  lozrcH  iz  ci  is  the  height  of 

each  fegment ;  and  ^  =  'JB  -  -2  zr  die  tab.  verfed 

2KH  50 

fine ;  to  which,  in  the  table  of  circular  fegments, 
correfponds  the  area  -11182380;  therefore  •  iii  8  2  3  8  X 
50X50X2  =  559'^  19  =  the  two  fegments,  or  com- 
mon fpace  ahbi  a. 

Again, 
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Again^  drawing  kd,  we  (hall  have,  as  kd  25  : 
KC  15  : :  s.  Z-C  135**  or  45^  :  s.  jLkdc  n  25®  6^' ; 
hence  180^— 135*'  — 25^  6^'  r=  180^—160^6-;:'  = 
19**  53^'  iz:  Z-K  ;  then  as  radius  :  s.  Z-K  ::  kd  25  : 
DL  zz  8*507778,  the  double  of  which  is  de  zi 
1 7*0 15556  1=  the  fide  of  the  fquare.  And  therefore 
17*015556  X  i?'oi5556  rz  289*529  is  the  area  of  the 
fquare.  ; 

Quest.  14.  Given  die  bafe  ac  rz  15,  the  area  45, 
and  the  ratio  of^B  to  bc  as  2  to  3  ;  to  find  the  fides 
AB,  BC,  of  the  triangle  ? 

H..      B,       I 


A       ir£        G     C 

Firft,  the  area  45  -r-  7^  (Iac  zz  6r:the  perpendi- 
cylar  bd.    Then  take  a e  :  ec  : :  ab  :  bc,  that  is  5  =  2  + 

r  2  :  6  r;  ae,     andfuppofe  bfizba, 
^*  -^'"^3:9  —  EC  ;    ""asalfo  thelines  BE,EF, 

and  the  perpendicular  fg  to  be  drawn;  and  we  Ihall 
have  die  two  triangles  abe,  ebf,  equal  to  each  other 
in  every  refpeft ;  but 

iBDX   j^4  =  3X    (6=l8=AABE, 

*  LEcJ       ^       \9  IT  27  r:  Aebc; 

their  difference  is  9  zr  Aefc; 
or  AefcziAabc  —  abfe=:  A  abc  — 2  A  ab^  zz 
45  — 361Z9  ;  hence  9  (Aefc)  ->  4^  (Jec)  zz  2  zi 
^the  perpendicular  fg;  but  eg  — \/ef*— fg*  zi 
:z6*—  2*  zz%/32,  and  Gc  zi  ec  — eg  n  9  —  ^^32  ; 
whence,  by  fiitiilar  triaftgles,  fg  :  gc  ::  bd  :  dc=z. 
27  —  3^/32,  and,  confequemly,  ap  zi  ac— do  zi 
3  -^3  2  —  1 2  ;    wherefore,  lafl:ly,   ab  izv/bd\+  pa  * 

6\/i3  — tt^2  =  7*79146  ;  and,  as  2  :  3  ::  ab  :  bc 

ZZ9V/13  — bv{'2  =:  11-68719. 

From 
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From  the  foregoing  folution  the  following  con- 
ftruAion  is  evident. 

Having  drawn  hi  parallel  to  ac,  and  at  fuchdif* 
tance  from  it  as  is  expreffed  by  the  perpendicular 
BD,  found  from  the  given  area  and  bafe,  and  taken 
AE  to  EC  in  the  given  proportion  of  ab  to  bc  ;  with 
the  center  e  and  radius  ea  defcribe  an  arc  meeting 
in  F,  with  a  line  kl  drawn  parallel  to  ac,  and  at 
fuch  diftance  from  it  as  is  denoted  by  a  third  propor- 
tional to  EC,  EC  — EA,  and  bd;  then  through  i^ 
draw  CB  meeting  hi  in  b,  and  join  b,  a. 

Quest.  15.  Given  the  fegments  bdziio,  and 
Dccz  14,  qf  the  bafe  bc,  made  by  aline  ad  bifedting 
the  vertical  angle  a,  and  the  fum  of  the  fides 
BA  +  AC  =  48  ;  to  find  the  area. 

If  a  line  bifeft  any  angle  of  a 
triangle  and  cut  the  oppofite  fide,  it 
is  known  that  the  fegments  of  that 
fide  are  to  each  other,  as  the  other 
fides  adjacent  to  them. 

Therefore  as  BC  24:  BA+AC48  ::  <     ^      *    oZ^   ' 

^  '       ^        [  DC  14  :  20  =:  ca; 

hence  the  area  is  V/36X8  X  12  X  16  =  6  X  2  X  2  X 

4%/2  X  3  =z  96^/6  =  235'i5iooi54.. 

Qy  E  s  T .  1 6 .  Having  given  the  continuations  of  the 
two  fides  of  the  vertical  angle  of  a  given  triangle,  to 
find  the  area  of  the  triangle  formed  by  the  faid  con- 
tinuations, and  a  line  connefting  their  extremities. 


That,  is.  Given  ab  z=  2,    bc  r:  3,  Ac  =:  4; 
and^     At  =  7,  CD  zr  10,  or  be  =  5,  bd  z=  7 ; 
required  de  and  the  areaof  the  triangle  bde. 
^.  M  Firft, 
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Firft,  v/|-  XrX-|-X4^r:^v/i5  ;=  the  area  of  the 
triangle  abc.  But  fince  the  vertical  angles  at  b  are 
equal,  and  triangles,  having  one  angle  in  each  equal, 
are  as  the  reftangles  of  the  fides  about  the  equal 
angles;  we  fhall  have  6  :  35  ir^y/iS  :  y ^^15  = 
16*944302  zr  tlie  area  of  the  triangle  bde. 

Then,  having  drawn  ep  perpendicular  to  bo, 
y  v/i5>^.|:(4DB)zr.|.v/i5zr  EP  ;  but  v/be*— ep* 
=  v/25— 44-X  25  zz  v/44  =  i=  BP,  and  db  +  bc 
=  7  +  ^  =  V^n  DP  ;  hence    \/j>?*    +    pe*  = 

=  I  ^366  =  9*565563235  =  *^E. 

Quest.  17.  Given  the  area  100  of  the  equilateral 
triangle  abc,  whofe  bafe  falls  on  the  diameter,  and 
vertex  in  the  middle  of  the  arc  of  a  femicircle;  re- 
quired the  diameter  de  of  the  femicircle. 

Since  the  area  of  an  equilateral  B 

triangle  is  equal  to  the  fquare  of         /^ 
^  the  fide  drawn  into  ^V^J?  ^^e  (hall       /    / 

have  the  fide  ab  zi  v/i^^,  and      p  /    ^     C  B 

the  half  of  it  ap  zzv/— t-  zr  z — 5  whence  the  radius  of 
the  circle  or  perpendicular  of  the  triangle  bp  is  z:  area 
-r-  AP  zz  100  -f-  :j--  =  ^o  v^3  ;  fhe  double  of  which  i* 
2o{/3  zz  26'32i48o26,  the  diameter  required. 

Otberwije.  Since  ap  zz  BPv/4.,  therefore  apXbp 
zzBP*v^-^  =:  100  the  area;  hence  bp^j.  zz  10, 
and  2BP  ^  20^/3,  the  diameter. 

Quest.  18.    The  area  of  a  triangular  meadow  is 
100  perches  or  fquare  poles,  and  the  length  of  one  of 
its  fides  is  40  poles,  which  is  alfo  a  mean  propor- 
tional 


•  / 
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tional  between  the  other  two  fides ;  from  which  it  is 
required  to  find  the  unknown  fences. 

Make  a  b  zi  40  n  the 
bafe,  or  given  fide ;  on 
the  middle  c  of  which 
raife  cd  perpendicular 
and  equal  to  l^°  z:  5, 
the  perpendicular  height 
of  the  triangle.  Then, 
Cnce  the  reftangle  of 
two  fides  of  a  triangle 
drawn  into  the  fine  of  their  included  angle.  Is  equal 

to  double  the  area,  we  fliall  have 


200 


40x40 


=:  -J.  for  the 

fine  of  the  vertical  angle;  therefore  draw  be  making 
the  angle  cbe  equal  to  the  complement  of  that  angle, 
anci  meeting  cd  produced  in  e  ;  fo  will  e  be  the 
center  of  the  circle  circumfcribing  the  triangle. 
Therefore,  with  the  center  e  and  radius  eb  or  ea, 
dcfcribe  an  arc  abf  meeting  df,  drawn  parallel  to 
AB,  in  F ;  then  draw  af,  fb,  and  it  is  evident  that 
AFB  will  be  the  triangle  required. 

Calculation. 

Draw  FP  perpendicular  to  ab  produced.  Then, 
fince  ^  is  the  $.  of  Z.E,  it  will  be  as  4- :  i  s.  z.c  :: 
CB  20   :    160   z:be;      or     thus,     by     geometry, 

AF   X   FB  40X40     ,A        ^^  *  *.      . 

=:  ^ ^   rr    160  n  be.      Agam   ce   = 


iFP 


10 


v/eb*  — BC*  zi\/t6o*  — 20*  ZI  20V/63  zz.Soy/'j  ; 
hence   de  zi  ce  —  cd  zz  60V/7  —  5,  and   df   zr 

\/eF*  — ED*ZI  5  v/l5  +  24\/7;    butBPZIDF  — cb 

rz    ^y/i^  +  24^/7  —  20,    and    therefore    bf  zz 
v/fp*  +  bp*  zz  io\/8  +  6^/7  —  2v/i5  +  24a/7  zz 

00  J  r  1  AB^_   40x40    

24-80833,  and  confequendy  fa  =  —  -J^solii  " 

64-49447  • 

M  2  Quest. 
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Quest.  19.  The  four  fides  of  a  field,  whofe  di- 
agonals are, equal  to  each  other,  are  known  to  be  25, 
35,  31,  and  19  poles,  in  a  fucceffive  order;  from 
whence  the  content  of  the  field  is  required. 

CgnJlruSlion, 

Make  AB  and  ac  perpen- 
I  dicular  to  one  another,  and 
each  equal  to  one  of  the  given 
fides,  as  35  ;  with  the  centers 
B,  c,  and  radii  equal  to  the 
Xy>!0  remaining  oppofite  fides 
25  and  31,  defcribe  two  arcs, 
interfering  in  i>;  draw  ad, 
and -BE  perpendicular  and  equal  to  it;  draw  ae  and 
DE ;  and  abde  will  be  the  trapezium.* 

Calculation. 

Draw  BC  meeting  AD^n  Vy  upon  which  let  fail 
the  perpendiculars  a»,  Dtn.  Then  bc  i=\/ab*'+ac* 

=  35 ^2, and  a»  —  b»  zr  4.BC  zz"2liif  z=  ^';  again, 

BD*+BC*  — CD* 25*4-2X35*— 31* 2114  l^\i/X^ 

^0^^^  70i/2*"        10      * 


B»=: 


2BC 


and  nm  =  b»  -**  bw  =   (— —  ^)x  a/2  =:  ^*/zi 


but 


*  For,  by  the  conih*U(5lion,  ab,  bd  arc  the  two  fides  35,  25, 
and  the  diagonal  be  =  ad  ;  fo  that  we  have  only  to  flicw  that 
AE,  ED  are  equal  to  the  other  two  fides,  31,  19. — Now^  by  th« 
condru^lion  the  angles  cad>  abe,  being  each  th^  complement  of 
BAD,  are  equal  to  each  other  ;  and,  by  the  conflrudion  CA  and 
An,  AB  and  be,  about  thofe  equal  angles,  are  alfo  equal;  and 
therefore  the  remaining  fides  cd,  ae  are  like  wife  equal,  that  it 
AE  =31. — But,  by  the  property  of  all  triangles,  ab*  --  ae*  = 

BF*  — FE*  =  BD*— DE*;  ahd, therefore, DE  = //bd *+ At* —AB" 

=:^2S^  +  3i»-3S*  =  i9.    ^E.D. 
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^\/25o*-.2Xi5i*  zz,Vv/i6898;  and,byfimaar 
triangles,  a»  +  d/o  :;»;»::  am  :  ;/r  =:    ■  ^^^rl — . 
hence  Ar  zz 
v/a»*  +  »r*    =    ^J:X3S*x(i7S+v/8449)*+2X4io*, 

^7S+'/58449  ' 

and,    by   fimilar    triangles,    nr  :  nm  ::  Ar  ;  ad  = 

\/ 793 +  7^/8449  1=  BE. — ^Then,  .bccaufe  ad  is 
equal  and  perpendicular  to  be,  by  rule  2  prob.  3 
we  obtain  the  area  zz  ad  X  be  X 1  fine  z.  f  zz  4.  be* 

=  T  X  (793  +  7^^8449)  =  718-214547  fquare'pole^ 
;=;  4ac.  iro.  3 8 -2 14 547  perches. 

Otberwi/e. 

Having  found  bw  zz  i^  \/2  ^  we  (hall  have,  as 

BD  :  bw  ::  I  :  ii-'v'2  rr  •6o4\/2  =  -85418499  the 

cofine  of  the  Z.db«izz3i®  20';  but  iLABwz:45% 
confequently  Z-DBa  =  76'  20';  then  as  ab+bd  60  : 
AB  — BD  10  ::  tang,  ^^bda  +4-^bad  zz  51®  50'  : 
tang.  4.Z.BDA— 4.Z-BAD  zz  II®  58', hence 51^  50'  — 
11^  58'  zz  39*  52'  =  Z.BAD  ;  laftly,  s.  ^Lbad  : 
s.  Z.ABD  ::  BD  :  DA  n  37*897  zi  be,  which  is  nearly 

equal  to  \/ 793 +  7^/8449  zz  37*90025,  the  value 
above  found. 

Quest.  20.  The  trapezium  abcd  is  to  be  mea- 
fured ;  and,  becaufe  of  fome  obftruftions  from  wood, 
water,  &c,  or  for  want  of  proper  inftruments,  there 
can  be  taken  only  the  following  meafures  :  viz.  ab 
'58*5  chains,  bc  27*3,  cd  50,  and  da  32  chains;  alfo 
in  AD,  continued,  there  is  meafured  any  diftance 
DE  27*5,  and  the  diftance  from  e  to  c  is  32*5  fchains; 
required  the  area. 

M  3  DraMf 
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Draw  the  diagonal  ac,  and  on  ad,  produced,  let 
fall  the  perpendicular  cp. 

Becaufe  dc*  is  iz  de*  +  eg*  +  2DE  X  ep,  we  Ihall 

,  DC*— EC*  — DE*  CO^  — 52'C*— 27-C*     . 

have  EP  = \ =  ' ^— ^ '--^  =  1 2-  c ; 

but  PC  zrv/cE* —  EP*  n:  v/32*5-— 12*5*  zz  30, 
therefore  ^ad  X  pc  =  16x30  1=:  480  the  area  of 
the  triangle  acd. 

Again,  apzzad+de+epzi32+27'5  +  i2'5z::72; 

therefore  ac=:\/ap*  +  pc*  zz^/'ji^  +5^'  =  78- 

Alfo,  letting  fall  the  perpendicular  bq^  fince  ab* 
zz  AC*  4-  Bc*'— 2AC  X  CCL,  wc  (hall  ha^e  CQ^zr 
— -^ iZ2i"84:  and  hence  BQ  zr\/Bc*—cq^ 

2  AC  ^'  ■  ^ 

=:  16-38;  therefore^ AC  X  qb z:39X  16*38  =  638*82 

=  the  triangle  abc. 

Whence  4804- 638*82  iz  1118-82  fquare  chains 
=  1x1*882  acres  rz  mac.  3r.  21*12  perches  is  the 
whole  area  required. 

Quest.  21.  To  find  the  length  of  a  chord  cutting 
off  any  part,  as  fuppofe  ^,  from  a  circle  whofe  di- 
ameter is  289. 

The  area  of  the  whole  tabular  circle,  or  of  the 
circle  whofe  diameter  is  i,  is  •78539816;  the  4-  of 
which  is  '26179939  nearly,  which  is  a  fegment  fimi- 
lar  to  the  fegment  to  be  cut  off.  Now,  the  verfed 
fine  anfwering  to  this  area,  in  the  table  of  circular 
.  fegmjents,  is  '36753395,  which  taken  from  the  whole 

diameter 
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diameter  i  leaves  •63246605  for  the  other  part  of  the 
diameter;  then,  becaufe  the  femi-chord  .is  a  mean 
proportional  between  the  two  fegments  of  the  diamc- 
ter,  we  (hall  have  2v^*632466o5  X  •36753395  = 
•96426162  =:  the  chord  of  the  tabular  fimilar  feg- 
ment.  Therefore  as  i  :  289  ::  !96426i62  :  278'67i6 
zz  the  chord  line  required. 

Quest.  22.  In  the  unpaflable  field  abcd  there  arc 
meauired  the  fides  ab  29,  ad  59,  and,  dc  15 
chains  :  alfo,  by  drawing  bg  parallel  to  ad  till  it 
meet  with  dc,  produced,  in  o,  bg  meafures  23  ;  and 
GC,  10  chains;  required  the  content. 


Draw  BH  parallel  to  gd  :  then  is  bgdh  a  paral- 
lelogram, and  confequently  bh  =  gd  zr  25,  and  hd 
=1  BG  =:  23  ;  hence  ah  n  ad  —  hd  z:  36. 

But,    letting  fall    the   perpendicular  bi,.ih  = 

~ z:    15,    and   bi    z:\/bh*  — ih* 

2AH  -^ 

=  20.   Whence  (ad  +  bg)  X 4.BI  =  82X10=  820 
is  the  area  of  the  trapezoid  abgd. 

Again,  drawing  the  diagonal  bd,  hdX-bizt 
23  X  10  =  230  =  the  triangle  bhd  =  the  triangle 
bgd;  but  the  triangles  bgd,  bgc,  being  Of  the  fame 
height,  are  to  each  other  as  their  bafes  gd,  gc  ; 
that  is,  DG  :  GO  ::  triangle  bdg  :  triangle  bcg  = 
^  X  230  zz  2  X  46  =z  92. 

Whence,  by  taking  the  triangle  bgc  from,  the 
trapezoid  abgd,  we  have  82b  — 92=^:728  fquara 
chains  zz  72  a.  3r.  8  perches  z:  the  area  required. 

Note.  It  is  evident  that  this  figure  will  be  con- 
ftrudted,  by  firft  forming  the  triangle  abh,  and  join- 
ing the  parallelogram  bgdh  to  it. 

M  4.  Quest, 


J 
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Quest.  23.  To  find  the  area  of  the  hexagonal 
field  ABCDEF,  the  fides  bc,  de,  af,  being  produced 
to  meet  in  the  points  x,  y,  z  ;  there  are  given  the 
following  dimenfions,  zb  39,  bc  118,  cy  25,  yd  30, 
PE  100,  Bx  65,  XF  23,  FA  109,  and^AZ  37  chains, 

Firft,  by  prob.  2  fedt.  i  >  the  y 

area  of  the   triangle    zyx   is 
141 96  fquare  chains. 

But,  it  appears  from  rule  2  of 
the  fame  problem,  that  the  areas 
of  triangles,  having  one  angle 
common,  are  as  the  reftangles 
of  the  fides  including  the  com- 
mon angl^ ;  therefore 

ZxXzY=i69X  1^2:37X39 

yzXYx=ri82Xi95:<25X3o 

XYXxz= 195X169 165X23 


Zi 


A  f"^ 

:  14196:666=  AzBA, 
:i4i96:3oo=  AcYD, 
:  141 96  :  644=  Z^  EXF, 


whofe  fum  1610 
taken  fronl  141 96the  A  z yx 
leaves  12586   the  area 
of  the  hexagon  abcpef  required, 

QupsT.  24,  Jt  is  required  to  find  the  area  of  the 
heptagon  abcdefg  infcribed  in  the  trapezoid  hi kl, 
the  4innLenfions  being  as  below  : 

Viz.    HB  34,  BC  85,  CI   17,  ID  42,  DK  66,  KE  I3, 

|;p  91,  fl  j6,  lg  29,  GA  160,  and  ah  33, 

I      D 


Firft, 
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Firft,  drawing  im  parallel  to  kl,  and  letting  fall 
the  perpendicular   in,   im   will  be  =  kl   =    130^ 

HM  =  HL  — IK  =  114;  hence  nm  =:  — 


J2HM 


=  50, and  IN  =v/im'  —  nm*  z:  120. 

Hence  4in  X  (ik  +  hl)  =  60X330  =  19800  = 
the  trapez.  iklh. 

But  a  trapezoid  is  to  a  triangle,  having  each  one 
angle  equal,  as  the  reftangle  under  the  fum  of  the 
parallel  fides  and  the  other  fide  including  that  angle, 
in  the  trapezoid,  is  to  the  reftangle  under  the  fides 
including  the  angle,  in  the  triangle.    , 

Or,  As  that  one  of  the  two  fides  in  the  trapezoid, 
about  the  angle,  which  is  not  one  of  the  parallel  fides, 
is  to  half  the  diftance  of  the  parallel  fides,  fo  is  the 
reftangle  under  the  two  fides  of  the  triangle  about 
the  angle,  to  its  area.*     Therefore 

136  :6o  ::  33  X  34  :  495  =  Ahba, 

136  :  60  : :  17  X  42  :  315  =  Acid, 

130  :  60  : :  66x  13  :  396  1=  Adke, 

130  :  60  : :  26  X  29  :  348  =  Agfl, 

th^  fum  is  1554 
which  taken  from  19800  the  trapezoid, 

leaves   18246  fquare  chains 
=  1824a.  2  r.  1 6  perches.' 

Note.  This  is  conftrudted  as  the  22d. 

'  Quest. 


♦  For  AH  X  HB  :  A  bah  ::  (radius  ;  j^s.  /.h  ::)  hi  :^in  :: 

(by  equal  mult.)  hi  x  ik  +  hl  :  i  in  x  ik  +  hi*  =  *^^  trapezium. 
In  the  fame  manner,  gl  x  lf  :  A  glf  ::  lk  :  xIN  ::  lk  x 

IK  -f  hl  :  i  IN  X  IK  +  HL. 

But  the  angles  i  and-  k  are  the  fupplement^  of  the  angles  k 
and  L9  and  have,  therefore,  the  fame  fines ;  and|  confequently, 
^he  rule  will  be  the  fame  for  them. 
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Quest.  25.    In  the  quadrangular  field  a bcd,  if 
AD   be  46-8, -DC    19-5,  the  perpendicular  be  44-8 
chains,  and  d  a  right  angle ;  alio  if  a b  be  to  bc  as 
8  to  5  ;  it  is  required  to  find  the  content  of  the  tra- 
pezium ABCD,  and  the  length  of  the  fides  ab,  bc. 

B 


/l 

\ 



/ 

'k 

A 

ISi       D 

ConftruSlion. 

Draw  adz: 46*8,  and  dcz:i9'5  making  aright 
angle  d  with  it ;  join  a,  c  ;  take  af  :  fc  ::  8  :  5,  or 
AF  :  AC  ::  8  :  13;  make  agzzaf,  and  fh  parallel 
to  it  and  =  to  fc  ;  draw  ghi  meeting  ac  produced 
in  I ;  with  the  center  i  and  radius  i  f,  defcribe  an 
arc  meeting  in  b,  a  line  drawn  parallel  to,  and  at  the 
diftance  of,  the  perpendicular  44*8  from  ad  ;  and  B 
will  be  the  other  point  of  the  figure  required.'^^ 


Calculation. 


Fii*ft,    AC  —  \/ad 


conftxuftion. 


13 


8 


+  DC*  1=  507,  and, 
:    AC  :  31*2  r=  af; 


by  the 
hence 


fc 


*demonstration. 

Becaufe,  by  fimilar  triangles,  ai  :  AG  or  af  t:  Fr:  fh  or  fc, 
wc  have,  by  divifion,  ai  :  fi  ::  fi  :  ci,  or  joining  ib,  ai  :  bi  :: 
Bi  :  CI;  but  the  ill,  included  by  thcfe  proportional  lines,  is 
common  to  both  the  triangles  abi,  cbi,  therefore  thofe  triangles 
are  fimilar,  and  confcqwotly  AB  :  sc  :;  AI ;  bi  or  fi  ::  aq  t 
I'H  :;  8  :  5« 


{ 
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Fc  =  AC  —  AF  zi  ig'S*     Then,  by  fimilar  triangles, 

11*7  (=  AG  —  FH  or  AF—  FC)  :  ^I'Z  (nAF   Or  AI 

—  Fi)  ::  19-5  (=:fh  or  fc)  :  52  zi  fi  ,or  bi  ; 
whence  A I  or  af  4-^1  =  83-2.  Then,  by  fimilar 
triangles  again,  (drawing  ik  perpendiculai-  to  ad 
produced)  as  ac  50*7  :  ai  83*2  :: 

AD  46-8   :   76-8  ZZ   AK, 

DC    19-5    :  32      IZ    KI, 
whence,  (drawing  il  parallel  to  ke),  lb  or  be— ki 

=  i2'8,  and   ek  or  li  ~v/bi*  — bl*  —  50*4;  and 

hence  ae=:  ak  —  ekzi26-4,  and  AB—v/Ab^+EB* 
zr52;  alfo  8  :  5  ::  ab  52  :  32-5  zz  bc. 

But-^AEXEB  zz     591*36  triang.  ABE, 

And  4.ED  X  (be  +  CD)  zz    655-86  trapez.  e^cd. 

Their  fum  is      -     -     -     1 247*22  fq,  chains 

or  i24ac.  2  r,    35*52  p. 
the  area  of  the  quadrangle  a  bod  required. 

Quest.  26.  Given  the  three  fides  ab  13,  ac  14, 
and  BC  i^,  of  a  triangle  abc,  divided  into  three 
equal  parts  by  the  two  lines  fg,  ed,  both  parallel  to 
AC  ;  it  is  required  to  find  the  areas  of  the  two  feg- 
ments  mhn,  kil,  and  zone  lmnk,  into  which  the 
infcribed  circle  is  cut  by  thofe  lines. 


Firft, 
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Firft,  ^/^\  x8  X7  x6=:v/7*X3'X4*  =7X3X4 
n  84  the  area  of  the  triangle  abc. 

Then  84-r-7(4Ac)  =  12  is  the  perpendicular 
BQ^;  and  84 -r-  21  (-J-ab  +4rAc  +-|-bc)  =;  4  is  the 
radius,  or  8  is  the  diameter  hi  of  the  infcribed  circle. 

Now,  the  triangles  bfg,  bed,  bag,  are  fimilar; 
but  fimilar  triangles  are  as  the  fquares  of  their  like 
dimenfions ;  alfo  thofe  triangles  are  to  one  another 
as  the  numbers  i,  2,  3,  refpeftively ;  therefore 

^cr  •  BQ^  12  -I  "^^  '  '^^^  =  "^^3  =  BO, 
V3  .B(^i2  ••  1^2  .  lav'*  =  4^6  =  bp; 

HenceBQj— Bpn  12— 4^/61:1  pqj=  the  verfed  fine  ir, 

and  BQj— Boz:  12— 4A/3z:oQ^z:the verfedfineis; 

and  iH— 15  =  4^/3— 4zrtheverfedfine^H. 

Then,  dividing  the  verfed  fines  hs,  ir,  by  the  di- 
ameter, we  have  "^  -^  ^  ^  :r  zAZ±  —  -366025404, 

tlie  correfponding  tabular  verfed  fines ;  to  which,  in 
the  table  of  circular  fegments,  belong  the    arca% 

•26034449, 

and  •17577983* 
whofe  fum  •43612432, 

takeij  from  •78539816, 

leaves  -34927384, 
the  area  correfponding  to  the  zone.     Then  each  of 
thefe  being  multiplied  by  64,  the  fquare.of  the  di- 
ameter, gives  the  feveral  areas  following,  viz. 

"'26034^49=:  16*66204736 =thefe^ent  likl, 
64X  <  •17577983  =  1 1-24990912  zrthefeginentMHNj^ 

l-349^7384  =  2Z-3535^576  =  thezoneMLKN,' 


PART 


C   173   3 


PART        III. 


MENSURATION 


o    r 


O         L        I         D         S. 


GENERAL    DEFINITIONS. 

I.  A  Solid,  or  body,  is  a  figure  extended  in 
j[^\^  every  direction.  It  is  commonly  faid  to 
confift  of  length,  breadth,  and  thicknefs,  which  are 
three  of  its  extenfions ;  of  which  the  direction  of 
each  is  perpendicular  to  thofe  of  the  other  two. 

2.  The  meafure  of  a  folid  is  caUed  its  folidity,* 
capacity,  or  content. 

3.  By  the  menfuration  of  folids  then  are  deter- 
mined the  fpaces  included  by  contiguous  furfaces ; 
and  the  fum  of  the  meafures  of  thefe  including  fur- 
feces,  is  the  furface  or  fuperficies  of  the  body. 

4.  Solids  are  meafured  by  cubes,  whofe  fides  are 
inches,  feet,  yards,  or  any  other  afligned  quantity ; 
and  hence  the  folidity  of  a  body  is  faid  to  be  fo  many 
cubic  inches,  feet,  yards,  &c,  as  will  fill  its  capacity 
or  fpace,  or  another  of  an  equal  magnitude 

^  5.  The  leaft  folid  meafure  is  the  cubic  inch,  other 
cubes  being  taken  from  it  according  to  the  propor- 
tion in  the  following  table. 
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Table  of  Solid  Meajure. 


Cubic  inches 

172R 

46656 

7762392 

946793o88o®c 

1 543 58061056000 


cubic  teet 


187496000 
1471979^2000 


cubic  yards 

1 

i66j 

10648000 
^45;  1776000 


cub.  poies 

1 

64000 

52768000 


c.  furl. 
1 
nil 


c.  mile 
I 


SECTION 


I. 


OF   PRISMS,    PYRAMIDS,    AND     THE     SPHERE,   WITH   THE 
PARTS     INTO     WHICH     SOME   OF    THEM     MAY 
BE   CUT   BY   PLANES. 

I.  /I  Prifni  is  a  folid,  or 
•  £\^  body,  whofe  ends  are 
any  plane  figures,  which  are  equal 
and  fimilar ;  and  its  lides  are 
parallelograms. 

A  prifm  is  called  a  triangular 
prifm,  when  its  ends  are  tri- 
angles ;  a  fquare  prifm,  when  its 
ends  are  fquares;  a  pentagonal 
prifm,  when  its  ends  are  penta- 
gons; and  fo  on. 

2.  A  cube  is  a  fquare  prifm, 
having  fix  fides,  which  are  all 
fquares.  It  is  like  a  die,  having 
its  fides  perpendicular  to  one 
another. 

3.  A  parallelopipedon  is  a 
folid  having  fix  redlangularfides, 
every  oppofite  pair  of  which  are 
equal  and  parallel. 

4.  A  c}dinder  is  a  round 
prifm ;  having  circles  for  its  ends, 

4  '    5-  A 
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5.  A  pyramid  is  a  foHd  having 
any  plane  figure  for  a  bafe,  and 
its  fides  are  triangles  whofe  ver- 
tices meet  in  a  point  at  the  top, 
called  the  vertex  of  the  pyramid. 

The  pyramid  takes  names  ac- 
cording to  the  figure  of  its  bafe, 
like  the  prifm  ;  being  triangular, 
or  fqiiare,  or  hexagonal,  &c. 


6.    A  cone  is  a  round  pyra- 
mid ;  having  a  circular  bafe. 


7.  A  fphere  is  a  folid  bounded 
by  one  continued  convex  fur- 
£ice,  every  point  of  which  is 
equally  diftant  from  a  point  with- 
in, called  the  center. — The 
fphere  may  be  conceived  to  be 
formed  by  the  revolution  of  a 
femicircle  about  its  diameter, 
which  remains  fixed, 

8.  The  axis  of  a  folid,  is  a  line  drawn  from  the 
middle  of  one  end,  to  the  middle  of  the  oppofite  end ; 
as  between  the  oppofite  ends  of  a  prifm.  Hence  the 
axis  of  a  pyramid,  is  the  line  from  the  vertex  to  the 
middle  of  the  bafe,  or  the  end  on  which  it  is  fuppofed 
to  ftand.  And  the  axis  of  a  fphere,  is  the  fame  as  a 
diameter,  or  a  line  pafling  through  the  center,  and 
terminated  by  the  furface  on  both  fides. 

9.  When  the  axis  is  perpendicular  to  the  bafe,  it 
is  a  right  prifm  or  pyramid ;  odierwife  it  is  oblique, 

10.  The  height  or  altitude  of  a  folid,  is  a  line 
drawn  from  its  vertex  or  top,  perpendicular  to  its 
bafe. — This  is  equal  to  the  axis  in  a  right  prifm  or 

pyramid ; 
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pyramid ;  but  in.  an  oblique  one,  the  height  is  the 
perpendicular  fide  of  a  right-angled  triangle,  whofe 
hypotenufe  is  the  axis, 

1 1.  Alfo*  a  prifm  or  pyramid  is  regular  or  irregu- 
lar, as  its  bafe  is  a  regular  or  an  irregular  plane 
figure. 

12.  The  fegment  of  a  pyramid,  fphere,  or  any 
other  folid,  is  a  part  cut  oJBf  the  top  by  a  plane  paral* 
lei  to  the  bafe  of  that  figure. 

The  feftion  made  by  the  plane,  is  a  plane  fimilar 
to  the  bafe  of  the  figure ;  and  every  feftion  of  a 
fphere  is  a  circle.  If  rfie  fed  ion  be  made  through 
the  center,  it  is  a^  great  circle  of  the  fphere,  having 
the  fame  diameter  with  the  fphere ;  if  not,  it  is'  a 
little  circle. 

13.  A  fniftum,  tmncus,  or  trunk,  is  the  part  re- 
maining at  the  bottom  afi:er  the  fegment  is  cut  off. 

If  a  fniftum  be  cut  by  a  plane  diagonally  pafliilg 
through  the  extremity  of  one  fide  at  the  lels  end, 
and  through  the  extremity  of  the  oppofite  fide  at  the 
greater  end,  the  two  parts  into  which  it  is  cut,  are 
called  ungulas  or  hoofs ;  the  greater  hoof  being  that 
including  the  greater  end ;  and  the  lefs,  that  including 
the  lefs. 

14.  A  zone  of  a  fphere,  is  a  part,  intercepted  be- 
tween two  parallel  planes ;  and  it  is  the  difference  be- 
tween two  fegments.  When  the  ends,  or  planes,  are 
equally  diftant  from  the  center,  on  both  fides,  the 
figure  is  called  the  middle  zone. 

15.  The  feftor  of  a  fphere,  is  compofed  of  a  feg- 
ment lefs  than  a  hemifphere  or  half  fphere,  and  of  a 
cone  having  die  fame  bafe  with  the  fegment,  and  its 
vertex  in  the  center  of  the  fphere. 

16.  A  circular  fpindle,  is  a  folid 
generated  by  the  revolution  of  a  feg- 
ment of  a  circle  about  its  chord, 
which  remains  fixed. 

17.  A 


» 


17.  A  wedge  is  a  foUd  having  a  reftangular  bafe^ 
and  two  of  the  oppofite  fides  ending  in  an  acies  or 
edge. 

1 8.  A  prifmoid  h  a  folid  having  for  its  two  ends 
any  diflimilar  parallel  plane  figures  of  the  fame  num- 
ber of  fides,  and  all  the  upright  fides  of  the  folid 
trapezoids. — ^If  the  ends  of  the  prifmoid  be  bounded 
by  diflimilar  curves,  it  is  fometimes  called  a  cylin- 
droid. 

19.  An  ungula,  or  hoof,  is  a  part  cut  off  a  folid 
by  a  plane  oblique  to  the  bsife, 

PROBLEM    I. 

To  find  the  Surface  of  a  Frijm^ 

GENERAL     RULE. 

It  is  evident,  that,  if  the  area  of  each  fide  and  end 
be  calculated  feparately,  the  fum  of  thofe  areas  will 
be  the  whole  furface  of  any  prifm,  whether  right  or 
oblique  ;  or,  indeed,  of  any  other  body  whatever.* 
— i-But  for  a  rig^it  prifm  obferve  the  following 

PARTICULAR    RULE. 

Multiply  the  perimeter  of  the  end  by  the  height, 
and  the  produft  will  be  the, fum  of  the  fides,  or  up- 
right furface. 

If  the  ends  of  the  prifm  be  regular  plane  figures, 
multiply  the  perimeter  of  the  end  by  the  fum  of  the 
height  of  the  prifm  and  the  radius  of  the  circle  in-' 
fcribed  in  the  end,  and  the  product  will  be  the  whole 
furface. 

N  EX- 


*  The  furfaces  of  iimilar  prifms,  and  indeed  of  any  other 
fimilar  bodies,  are  as  the  fquares  of  their  like  lineal  dimenfions* 
This  follows  from  their  being  compofed  df  fimilar  plane  figures, 
alike  placed*  , 
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EXAMPLE     I* 

What  is  the  upright  furfacc  of  a  triangular  prifm 
nehofe  length  is  20  feet,  and  the  ends  of  its  bafe  each 
1 8  inches  ? 

Here  18x3  =  54  inches  =  4^  feet  is  the  peri- 
inetcr  of  the  bafe. 

Therefore  44.  X  20  =  90.fquarcfcet  is  the  upright 

furface. 

Again,  by  rule  2  problem  4  fedtion  r ,  we  have 
•    2  X  4-  X  4-  X  -433013  =:  1*9485585  =  the  area  of  the 
two  ends. 

Therefore  91 '94855.85  is  the  whole  furface. 

EXAMPLE     II. 

What  is  the  furface  of  a  cube,  the  length  of  each 
'  of  whofe  fides  is  20  feet  ? 

Firft,  20  X  20  =  400  is  the  area  of  one  fide. 
And  400  X  6  s:  2400  is  the  whole  furface  required. 

EXAMPLE    in. 

What  muft  be  paid  for  lining  a  reftangular  ciftern 
with  lead  at  2d  a  lb,  the  lead  being  7  feet  to  the  lb, 
Hippofing  the  length  within  fide  to  be  3  feet  2  inches, 
the  breadth  2  feet  8  inches,  and  height  2  feet  6 
inches  ? 

Firft,  (38  +  32)  X2X30Z:  70X60  =  4200 
fquare  inches,  the  two  fides  and  two  ends  together. 

Then,  38  X  32  zi  1 2 1 6  is  the  area  of  the  bottom. 

Therefore  4200  +  12 16  =5416  fquare  inches 
—  3744  fquare  feet,  is  the  whole  area. 

And  37-J4  X  7  =  ^63^'^  lb,  is  the  whole  weight. 

Therefore  i  lb  :  2d  ::  263-rV  =  ^1  3s  lo-Jd,  the 
coft. 
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EXAMPLE      IV. 

What  IS  the  convex  furface  of  a  round  prifm,  or 
cylinder,  whofe  length  is  20  feet,  and  the  diameter  of 
whofe  bafe  is  2  feet  ? 

Firft,  3*1416  X  2  =  6-2832  is  the  circumference. 
Therefore  6*2832  X  20  =  125*664  is  the  convex 
furface. 

EXAMPLE     V* 

What  is  the  whole  furface  of  a  cylinder  whofe 
length  is  10  feet,  and  the  circumference  3  feet  ? 

Here 2 — -  —  -47746?  is  the  radius  of  the  end. 

2  X3-I4l6  Ti  i-r   o 

Theref.  10-477463  X  3  =  3i'43^39  is  the  whole 
furface, 

PROBLEM     II. 

"To  find  the  Solidity  of  a  Prifm. 

Multiply  the  area  of  the  bafc  by  the  height,  and 
the  produd  will  be  the  folidity.* 

N  2  EX- 

«)  I  ■       -I         I.       ..  ■  l.li  ■  ■      ■..>^«i,l  ■■IWll  •— *iil^M^— » 

*  For,  if  we  conceive  to  be  cut  off  from  the  prifm,  by  a 
plane  parallel  to  the  ends,  a  part  whofe  height  is  equal  to  the 
lineal  meafuring  unit;  and  then  imagine  both  its  ends  to  be 
divided,  in  a  fimilar  manner,  into  as  many  fquares  as  are  ex- 
preifed  by  the  area  ef  each,  the  fide  of  each  of  thofe  fquares 
being  equal  to  the  lineal  meafuring  unit ;  and,  lalUy,  fuppofe 
planes  to  be  drawn  through  the  correfponding  lines  of  divifion  ; 
It  is  evident  that  the  part  cut  oflF  will  be  divided,  by  thofe  planes, 
into  as  many  cubes  as  there  are  fquares  in  each  end,  and  alfo 
having  the  fame  dimenfion  with  thofe  fquares,  viz.  the  lineal 
meafuring  unit;  and  this  number  of  cubes  is  the  meafure  of  the 
part. 

But  the  magnitude  of  the  whole  prifm,  or,  indeed,  of  any 
other  of  an  equal  bafe,  is  to  the  magnitude  of  the  part  whofe 
height  is  the  hneal  meafuring  .unit,  as  the  length  of  the  whole 

is  to  that  unit  ( I ). 

And 
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E  X  A  M»P  LEI. 

How  many  A)lid  feet  are  in  a  fquare  prifm  whofc 
length  is  5^  feet,  and  each  fide  of  its  bale  i^  feet? 

i^  X  i^  =:  ^  X  4  r:  L?  is  the  area  of  the  end. 

And  V  X  5^  —  r  X  V  =  V  =  9t  fo^id  feet,  is 
the  content. 

E  X  A  M  P  L  E     II. 

How  many  ale  gallons  of  water  will  the  ciftern 
hold,  whofe  length,  breadth,  and  height,  are  3  feet  2 
inches,  2  feet  8  inches,  and  2  feet  6  inches  ? 

38X32X3o::r  36480  is  the  folidity  in  inches. 
And  36480  -^  282  =  6080  -r-  47  =  129^,  the  ale 
gallons. 

EXAMPLE     III. 

What  is  the  capacity  of  a  cylinder  whofe  height, 
and  the  circumference  of  its  bafe,  are  each  20  feet  ? 

Firft, 7  n  the  diameter,  and  i  o  X     '^  v  = 

3'i4i6  '  3*1416 


100    25 


is  the  area  of  the  end. 


3-1416       -7854 

Then  45-  X  20  =  '^^^^^  =  636-61828    is  die 
content. 


E  X 


And  therefore  the  meafure  of  the  whole  is  equal  to  that  of 
the  part  as  often  repeated  as  there  are  lineal  mealuring  units  in 
the  height ;  that  is,  equal  to  the  bafe  drawn  into  the  height. 

And  that  tb^  rule  is  true  for  oblique  prifms  as  well  as  right 
ones,  will  be  evident  by  conceiving,  according  to  the  method  of 
CAVALERius/>a  right  and  an  oblique  ^rifm,  of  equal  bafes  and 
heights,  to  be  made  up  of  an  inacfinite  number  of  equal  thin 
plates,  all  parallel  to  the  bafe  ;  for  the  prifms  being,  both  of  a 
height,  the  one  of  them  will  require  as  many  of  fuch  plates  to 
compofe  it  as  the  other. 
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EX  A  MP  L  J£    IV. 

What  is  the  capacity  of  the  oblique  cylinder,  whofc 
axe,  and  the  circumference  of  its  bafe,  are  each  20 
feet ;  the  axe  making  an  angle  of  75**  with  the 
bafe  ? 

.  As  in  the  laft  example,  the  area 

r    ,       1     r     •         3C  I2COOO 

of  the  bafe  is  -^^  or  •■      ■   . 

.  •?8S4        3927 
But,  as  radius  :  fin.  Ab  75*  :: 

AB  20  :  I9*3i85i6  ir:  ac,  the 

height  of  the  cylinder. 

Thereforei^^^XiQ'qi8ci6 
3927       ^  ^     ^ 

=  125000  X  •0049194082  zz 
614*92602  is  the  capacity  re- 
quired. 

Otberwife. 

As  radius  :  fin.  Z.B  ::  636-61828  (the  capacity  in 
the  laft  example)  :  636-61828  X  "9659258  =: 
614*92602  the  capacity,  the  fame  as  before. 

EXAMPLE     V. 

« 

Suppofe  the  right  cylinder  whofe  length  is  .20  feet, 
and  diameter  3  feet,  be  cut  by  a  plane  parallel  to, 
and  at  the  diftance  of,  i  foot  from  its  axe  :  required 
the  folidities  of  the  two  prifms  into  which  the  cylin- 
der is  cut. 


^-i=:i  =  i  = -16=  the  tab. 

BA.  3  6 

verfed  fine ;  to  which  in  the  table 
of  circular  fegments  correfponds 
the  area       -     -     -     •086041 17 
which    taken    firom  '78539816 
leaves  the  other  feg.  '69935699 


^3 


Then 
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Then  multiplying  each  by  3*  or  9  gives 

•     9  X  •08604117  =      -77437053  =  feg,  DBE, 
9  X  '69935699  ZZ  6*29421291    ==  feg.  DAE. 

Hence 

20    X       77437053   =      15*48741  —  nice    FGHBED,' 

20  X  6'2942i699  z=,  125-88434  =  flicc  fgiaed. 

PROBLEM    III. 

To  find  the  Surface  of  a  Right  Pyramid. 

Multiply  the  perimeter  of  the  bafe  by  the  flant 
height,  or  length  of  the  fide,  and  half  the  product 
will,  evidently,  be  the  furface,  or  the  fum  of  the 
areas  of  all  the  triangles  which  form  it.* 

E  X- 


*  CoroL  I.  Hence,  becaufc,  in  a  right  cone,  the  circumference 
of  the  bafe  into  half  the  fide,  is  equal  to  the  curve  furface,  and 
into  half  the  radius,  is  equal  to  the  bafe ;  therefore  as  the  radius 
of  the  bafe  is  to  the  fide,  fo  is  the  bafe  to  the  curve  furface.-^ 
And  the  fame  is  true  of  any  other  pyramid  whofe  bafe  is  a  rcgu- 
Izr  figure,  viz.  as  the  radius  of  the  circle  infcribed  in  the  bafe  is 
to  the  flant  height,  fo  is  the  bafe  to  the  furface. 

CoroL  2.   Let  there  be  a  cone  and  cylinder  of  the  fame  bafe 
and  altitude,  the  common  altitude  being  equal  to  the. radius  of 
the  bafe ;  then  the  bafe,  the  furface  of  the  cone,  and  the  fur£ace 
of  the  cylinder,  are  to  one  another  as  the  numbers  x,  iy/a>  and  2, 
and  fo  are  in  continual  proportion. 

And  the  fame  is  true  of  any  other  regular  prifm  and  pyramid, 
of  the  fame  bafe  and  altitude,  the  altitude  being  equal  to  the 
radius  of  the  circle  infcribed  in  the  bafe. 

Moreover,  the  curve  furface  of  a  cylinder,  is  equal  to  a  circle 
whofe  radius  is  a  mean  proportional  between  tne  fide  of  the 
cylinder  and  the  diameter  of  its  bafe.  And  the  curve  furface  of 
a  cone,  is  equal  to  the  circle  whofe  radius  is  a  mean  proportional 
between  the  fide  of  the  cone  and  the  radius  of  its  bafe. 
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EXAMPLE    I. 

What  is  the  furface  of  a  triangular  pyramid,  the 
flant  height  being  20,  and  each  fide  of  the  bafe  3  ? 

Firft,  3X3    =  9  is  the  perimecer  of  the  bafe. 
Then  9X10  =  90  is  the  furface  required. 

EXAMPLE     II. 

Required  the  furface  of  a  fquare  pyramid  whofc 
flant  height  is  2o>  and  each  fide  of  the  bafe  3* 

Here  3X4=  12  is  the  perimeter  of  the  bafe. 
Therefore  12X10=  120  is  the  furface  fought, 

EXAMPLE     III. 

Required  the  convex  furface  of  a  circular  pyrar 
mid,  or  cone,  whofe  flant  fide  is  20,  and  the  circum* 
ference  of  the  bafe  9. 

V   Here  10  X  9  =  90  is  the  convex  furface  required, 

PROBLEM    IV. 

To  find  the  Surface  of  the  Frujlum  of  a  Right  Pyramid. 

Multiply  the  fum  of  the  perimeters  of  the  ends 
by  the  flant  height,  and  half  the  produft  will  be 
the  furface,*' 

EXAMPLE    I. 

How  many  fquare  feet  are  in  the  furface  of  the 
frufhim  of  a  fquare  pyramid,  whofe  flant  height  is 

N  4  10 


*    DEMONSTRATION. 

For  the  furface  is  compofed  of  a  number  of  equal  trapczoid89 
whofe  common  height  is  equal  to  the  flant  height  of  the  fruftum, 
and  the  fums  of  whofe  parallel  (ides,  make  up  the  perimeters  of 
the  ends  of  the  fruftum. 


I  $4 
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I  o  feet,  each  fide  of  the  greater  bafe  being  3  feet  4. 
inches,  and  each  fide  of  the  lefs  2  feet  %  inches  ? 

Here  4  X  (40  +  26)  zz  4  x  66  =:  264  is  the  fum 
of  the  perimeters. 

Then  264  X  10  X  6  fquare  inches  ir  11  X  10  zr 
110'  feet,  is  the  furface  required. 

EXAMPLE      II. 

If  a  fegment  of  6  feet  flant  height  be  cut  off  a  cone 
whofe  flant  height  is  30  feet,  and  circumference  of  its 
bafe  10  feet ;  what  will  be  the  furface  of  the  fruftum  ?' 

As  30  =  the  height  of  the  whole 
:     6  z=  the  height  of  the  upper  part 
::  10  zr  the  bottom  circumference 
:     2  zi  the  circumference  at  the  top  of  the  fruftum. 
Then  6  X  24  :z:  144  is  the  furface  required. 

PROBLEM     V.   , 

To  find  the  Solidity  of  a  Pyramjd. 

Multiply  the  bafe  by  the  perpendicular  height, 
and  4.  of  the  produft  will  be  the  content.* 

E  X- 


*  Let  VAB  be  a  pyramid  whofe  bafe  is  any 
plane  figure,  regular  or  irregular,  vp  apcrp. 


to  the  bafe  in  p,  and  meeting  the  fedlion  ahy 
parallel  to  the  bafe,  in  p ;  and  put  a  for  the 
area  of  the  bafe  ab,  ^  for  that  of  the  fedtion 
ah^  h  the  height  pv  of  the  pyramid,  and  x 
the  height  p/  of  the  fruftum  a^^b. 

Firft,  the  parallel  fe£tions  ab,  ab^  are  to 
each  other  as  the  fquares  of  their  diftances, 
▼p,  ypy  from  the  vertex.  For,  becaufe  they 
are  fimilar  plane  figures,  which  arc  as  the 
fquares  of  their  like  fides,  we  fhall  have 
A  :  a  ::  AC*  :  ac^  ;  (by  fim.  triangles)  av*  : 
tfv*  ::  (by  fimilar  triangles  again)  pv-  {hb\  : 


Hence 
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Required    the    foUdity  of  a  triangular  pyramid 
whofe  height  is  30,  and  each  fide  of  the  bafe  3, 

Firft,   3*X'433oi3  1=3*897117  =  areaofbafe. 
Then  3'897ii7  X  10  =  38*97 117  is  the  folidity. 

E  X- 


Hcnce  we  find a=z(Jb^xy  x  -A »  and ^i  =  4?  X    (^  -  *)*, 

wj  hb 

the  fluent  of  which  i8A;irx(i— t+  -n)=the  content  of  the 

h      ^bb 

fruftum  Ad^B. 

CoroL  !•    Since  ^/a  :  ji^a  w  h  i  b —^Xy  it  will  be  y^A  —  t/a  : 

;r  /a 
i/k  i\  X  I  b  z=.        ^ — —  which  beine  fubftituted  for  b  in  the 

V^A  —  ^^a  ^ 

quantity  A  ^  X  (1  —  7+  -r,),   cxpreffing  the  content  of  the 

h        '\bb 

frulluin,  that  content  will  become  ^  ;r  x  (a  +  «  +  v'Atf). 

CpfoU  2.    Or,  if  s  be  a  fide,  or  any  other  line,  in  the  greater 
end,  and  s  a  fimilar  fide  or  line  in  the  lefs,  fi^ice  s-^s  :  s:i  x  :  h, 

X         8  —  J 

hence  -  = ,  which  being    fubftituted  inftead  of  it,  girca 

I  A  *  X  for  the  value  of  the  faid  fruftum. 

83 

CoroL  3.    li  X  =  by  then  ^  =  o,   and  the  general  ezpreflion 

becomes  ^xb  =  the  whole  pyramid ;  which  is  our  rule, 

CoroL  4.  If  the  bafe  be  a  regular  figure";  let  s  be  one  of  its  fides, 

s  a  fide  of  the  lefs  end  of  the  fruftum,  and  n  the  area  of  a  fimilar 

figure  whofe  fide  is  i,  to  be  found  in  the  table  in  page  114:  then 

A  =  «  8  s,  and  a=:nss;  hence  the  folidity  of  the  fruftum  will  be 

s3— .j3 
(ss  +  Si  +  jj)  X  j  «*  = X  Inxy  and  that  of  the  pyramid 

8  — J 

=  |«S8*^. 

Coro!,  J.  If/=  |8  +  }j  thehalf  fum  of  the  fides,  and  Jz^-^s  —  ^d 
the  half  dif.  then  the  fruftum  will  be  =  (3/*  +  ^* )  X  j  »  *.  , 

CoroL 
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Required  the  folidity  of  the  fquarc  pyramid,  each 
fide  of  whofe  bafe  is  30,  and  the  flant  height  25. 

Q 

Firft,  30  X  30  rz  900  =  the  bafe. 
But  bcziv/ac*— AB*iz\/25*— 15* 

4X5'=  20,  the  perpendicular  height. 
Then  300  X  20  zi  6000  is  the  fo- 
lidity. 


EX- 


CorpI,  6.  If  the  bafe  be  a  fquare;  then  «=  1,  and  the  laft 
rxpreffions  become  J  b  s  A  for  the  whole  pyramid,     and 

(ss  +  sj  +  jj)  X  ix^oT X  3^, or  (3/*  +#/»)  l;r,forthc 

S  ■"■  s 

fruflum. 

.    Ccroh  7.  If  the  b^fc  be  a  circle ;  then  n  =r  '7854,  '261835/^  =: 

S3  ^  j3 

the  cone,   and  (ss  +  sj+jj)  x  •26184-,   or  x  •26i8.r, 

s  —  J 

®^  (3/*  +  ^)  X  •2618^1=:  the  fruftum;  where  s  is  the  diameter 
of  the  bafe,  and  s  that  of  the  top. 

CoroL  8.  If  tf  =  A  ;  then  (a  +  «  -f  ^aW)  x  {x  becomes 
3A  X  JA*  =:  A  jr  =r  the  prifm. 

Corel.  9.   Hence  a  prifm  is  to  a  pyramid  of  the  fame  bafe  and 

height,  as  310  i,  and  to  the  fruftum  of  the  fame  bafe  and  height,  as 

I  to  I  —  — +  ---,  or  as  3  to  I  + J-  a/-,  oras  i  to  — • 

b        ihb  ^  A     '    ^A  ^  8S 

5        ss 

or  I  +  -  +  — . 

s        ss 

Cord,  10.  Similar  pyramids  are  as  the  cubes  of  their  like 
fides.  For  the  pyramid  is  as  a/jj  or  as  h^,  or  as  va3  becaufe  A 
13  as  ^/»  by  fimilar  triangles. 

CorcL  1 1 .  All  iimilar  folids  arc  as  the  cubes  of  their  like 
fides.  This  f^ll^ws  from  their  being  compofed  of  fimilar 
pyramids. 
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EXAMPLE     III. 

WantiAg  to  meafurean  oblique  cone;  and  having 
taken  the  circumference  of  the  bafe  equal  to  40  feet, 
and  the  outward  angle  which  the  fide  of  the  cone, 
where  it  was  ftiorteft^  made  with  the  horizon,  85*  ; 
going  thence  in  a  direft  line  towards  the  part  to 
which  the  vertex  inclined,  to  the  diftance  of  1 00  feet, 
I  found  there  the  angle  oif  elevation  of  the  vertex  of 
the  cone  to  be  50* :  required  the  folidity. 

The  Z.B  +  Z.E  =  85*^  +  50'  =  135^ 

which  taken  from  180 
leaves  Z-bce     45 

Thens.  Abce45^   9*8494850 

S.  /.  E  50*  -  9*8842540 
BE  100  -  2'0000000 
BC    -    -   2-0347690  '. 


And  radius  -  -  i  o'ooooooo 
s.  Z/b85^  -  9-9983442 
Bc  -  -  2*0347690 
DC  107*9228  2*033  ^  ^32 


BD      S 


H 


40      _ 


^"^  PI^  -  :^  ==  12*732396  is  the  diameter. 
And  12*732396  X  10  =  127*32396  is  the  bafe. 
Theref.^DcX  127*32396  =  42*44132  X  107*9228 
=  4580*386  is  the  content  of  the  cone. 


example    IV. 


There  is  a  cone  whoTe  perpendicular  altitude  is  40 
feet,  and  the  circumference  of  its  bafe  30  feet,  which 
is  cut  by  a  plane  drawn  from  the  vertex,  and  paffing 
through  the  bafe  at  the  diftance  of  2  feet  from  the 

center ; 


iSS 
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center ;  what  is  the  folidity  of  the  whole  cone,  and 
of  the  two  pyramids,  ghbc,  ghac,  into  which  it  is 
cut? 

^^^^f^  =  9*549 299  is 
the  diameter  of  the  bafe. 

And  its  half  4*774648  ts 
the  radius.     ' 

Therefore  47  74648— 2  = 
2*774648  is  the  verfed  fine  of 
the  lefs  fegment  of  the  circle. 

Then,  to  find  its  area  by  the  table  of  circular  feg- 
ments,  2-774648  -7-9*549299  =  '290561 1  is  the 
tabular  verled  fine,  to  which    anfwers  the   tabular 

fegment  '18955709; 
and  this  taken  from  •78539816 
leaves  the  odier  tab.  feg.  •59584107. 
Then  each  of  thefe  fegments  multiplied  by  the  fq. 
of  the  diara.  give  17*2856  for  the  lefs  bafe  gbhg, 

and  54*3341  for  the  greater  bafe GAHG» 
Then  -jV  X  17*2856  n  230-4744-=:  the  lefs  pyramid, 
and  -^^^  X  54*3341  —  7 M'454t  =  the  greater  pyr. 

^        their  fum  is  954-929-J-  zz  die  whole  cone. 


PROBLEM     VI. 

T^ofind  the  Solidity  of  the  Fruftum  of  a  pyramid. 

Add  into  one  fum  the  areas  of  the  two  ends  and 
the  mean  proportional  between  them,  multiply  the 
fiim  by  the  perpendicular  height,  and  4- of  the  pro- 
dud  will  be  the  folidity. 

That  is.  If  A  be  the  area  of  the  greater  end, 

a  that  of  the  lefs,  and  h  the  height. 

Then  (a+^  +  ^/a/?)  X  ^h  will  be  the  folidity. 


Nott 
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Nott  I .  If  the  ends  be  regular  polygons,  the  par- 
ticular rule  for  them  will  be  eafier,  thus :  Add  to- 
gether the  fquare  of  a  fide  of  each  end  of  the  fruf- 
tum,  and  the  produA  oif  thofe  fides,  multiply  the 
fum  by  the  height,  and  the  produd  by  the  tabular 
area  anfwering  to  the  particular  figure  of  the  ends, 
and  \  of  the  laft  produft  will  be  the  content. 

Or,  Divide  the  difference  of  the  cubes  of  the  faid 
fides  by  their  difference,  and  multiply  the  quotient 
by  the  height,  and  the  tabular  area,  and  take  \  of 
the  produdt. 

Note  2.  If  the  ends  be  circles,  thefruftum  will  be 
that  of  a  cone,  and  then  multiply  -2618,  namely  |X)f 
•7854,  by  tlie  height,  and^  the  produft  either  by  the 
quotient  arifing  from  the  divifion  of  the  difference  of 
the  cubes  of  the  diameters  by  the  difference  of  the 
diameters,  or  by  the  fum  arifing  from  the  addition 
of  the  fquare  of  each  dianieter  and  the  produft  of  the 
diameters,  or  by  the  fum  arifing  from  the  fquare  of 
the  half  difference  of  the  diameters  added  to  triple  the 
fquare  of  the  half  fum.* 

EXAMPLE     I. 

How  many  folid  feet  are  there  in  a  tree  whofe 
bafes  are  fquares,  each  fide  of  the  one  being  1 5  inches, 
and  each  fide  of  the  other  6,  and  the  length  along 
the  fide  meafures  24  feet?  Ci 

Here  13X15:^225,  the  greater  bafe, 

and  6  X  6  ~    36,thelefs, 

and  15X  6  zz    90,  their  mean. 


l-^-ifir'- 


their  fum  is  3  5 1 , 
and  Tof  it  is  117. 


■•^  •  •• 


aVj-B  \ 


But, 


*  All  thefc  rules  come  from  the  demonftration  of  prob.  5,  and 
its  corollaries. 
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But,    AB~l>E   =   7f  —  3  1=  41   r:  af,    and 

v/aD*--  AF*       V/(24X   I2)*-(4i)»  =  287-9649 

inches  zr  dp,  the  perpendicular. 

Therefore  117  X  287-9649  =r  3369i'S933  inches 
—  i  9*49762  feet  is  the  folidity. 

EXAMPLE     II, 

If  a  cafk,  which  is  two  equal  conic  fruflums  joined 
together  at  the  bafes,  have  its  bung  diameter  28 
inches,  its  head  diameter  20  inches,  and  length  40 
inches  ;  how  many  gallons  of  wine  will  it  hold  ? 

Here  20*  X  7854  =  3 14*  16  is  the  area  at  the  end, 
and  28*  X  •7854  z:  615-7536  =  area bungcircle* 
and  20  X  28  X  '7854  =  439-824  their  mean  propor, 
their  fum  is     -     -      -  ^3^9*7376, 
and  its  third  part  is    -     456-5792, 
which  multiplied  by  40,  the  length  of  both  fruflums 
together,  produces   18263-168  folid  inches;  which 
divided  by  231,  the  inches  in  a  wine  gallon,  thus, 

r  3)18263-168 

231  =3X7X11^       7)6087-7226 

11)869-6746 
»  ■  ■ 

gives  79*0613  wine  gallons. 

Or  (20*  +  28*  +  20  X  28)  X  40  X  -26x8  rr 
1744  X  10-472  =  18263-168,  the  folidity  the  fame 
as  before, 

PROBLEM    VII. 

^0  find  the  Solidity  of  a  IVcdge. 

To  twice  the  length  of  the  bafe  add  the  length  of 
the  edge,  multiply  the  fum  by  the  breadth  of  the  bafe, 

and 


Scft.  1.]  CUNEUS   OR    WEDGE.  I9I 

and  the  produft  by  the  height  of  the  wedge,  and 
j.  of  the  laft  produft  will  be  the  folidity. 

That  is,  ufing  the  letters  in  the  demonflxation  be- 
low, (2L  +  I)  Xith  is  the  content.* 

Nofe.  If  the  leAgth  of  the  edge  be  equal  to  the 
length  of  the  bafe,  the  wedge  will  be  equal  to  half  a 
primi  of  the  fame  bafe  and  height,  or  equal  to  half 
the  produft  of  the  bafe  and  height. 

EXAMPLE     I. 

How  many  foHd  feet  are  in  a  wedge  whofe  bafe 
is  3  feet  4  inches  long,  and  i  o  inches  broad ;  and  each 
end  is  inclined  to  the  bafe  in  an  angle  of  70" ;  the 
edge  being  2  feet  6  inches  long  ? 

Firft,  fp  =  |l  —  f/i=5 inches. 

And  as  rad.  :  tang.  Z-F  70*  : :  fp  5  :  ap  zz 
13*737387  zr  b. 

Then,  irih  X  (2L  +  /)  =  10  X  1 10  X  2-2895645 
=  1 100  X  2*2895645  ~  2518*52095  folid  inches 
zz  1*45747  folid  feet. 

E  X- 

A  B 

*    DEMONSTRATION. 

Pot  L  =  BC  the  length  of  the  bafe, 
/  =  EF  the  length  of  the  edge, 
^  =  AB  the  breadth  of  the  bafe, 
h  =z  E?  the  height  of  the  wedge. 

Then,  fince  it  is  evident  that,  according  as  the  edge  is  fhorter 
•r  longer  than  the  bafe,  the  wedge  is  greater  or  lefs  than  half  a 
prifm  of  the  fame  height  and  breadth  -  with  the  wedge,  and 
length  equal  to  that  of  the  edge,  by  a  pyramid  of  the  fame 
height  and  breadth  at  the  bafe  alfo,  and  the  length  of  whofe 
bafe  is  equal  to  the  difference  of  the  lengths  of  the  edge  and 
bafe  of  the  wedge ;  we  fhall  have  ^blh±:\hh  x  (dtLqp/)  = 

Zs  ^*  ^• 

CoroL  If  /  =  L,  the  ruk  will  become  ^bb  x  (3L)  =  J^Z*!; 
=  4  a  prifm  of  the  fame  bafe  and  height,  as  it  ought. 

Scholium,  It  is  evident  that,  whether  the  two  ends,  or  the 
two  fides  of  the  wedge,  be  equally  or  unequally  inclined  to  the 
bafe,  it  will  make  no  difference  in  the  rule. 
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EXAMPLE    !!• 


If  the  length  and  breadth  of  the  bafe  of  a  wedge 
be  35  and  15  inches,  and  the  length  of  the  edge  ^^ ; 
what  will  be  its  folidity  in  feet,  fuppofing  the  bafe 
to  make  an  angle  of  115®  with  one  end  of  the 
wedge,  and  of  i25'  with  the  other. ' 


B  C 

Let  E  p  be  perpendicular  to  the  bafe,  e  r  parallel 
to  the  end  d  c  f,  and  r  p  q^  perpendicular  to  a  b. 

Then  rq^iz  ef—  bczi  55  —  35  zi  20,  anc^ 
the  angles  at  r  and  cl»  or  the  fupplements  of  the 
angles  11 5*^  and  125^,  are  6  5**  and  55°;  and  confe- 
quently  the  angle  r  e  o^zr  60^.     Hence, 

Ass.  Z.E.60*' :  s.  Z.Q^55°  ::  rq^:  re  zr  1 8*91 75; 
and     s.  Z-P  90®  :  s.  Z.R  65^  ::  re  :  ep  :z:  i7'i45o8, 
the  height  of  the  wedge,  or  b. 

Wheref.  hl^h  X  (2L  +  /)  =  ^  X  15  X  17-14508  X 

C70  +  S5)  =  8-57254  X  5  X  125  1=  5357-8375  folid 
inches  iz  3' 1006  folid  feet,  the  content  required* 


PROBLEM     VIII. 

I 

To  find  the  Solidity  of  a  Prijmoid. 

GE  NER  AL     RUL  E. 

To  the  fum  of  the  areas  of  the  two  ends,  add  four 
times  the  area  of  a  feftion  parallel  to,  and  equally 
diftant  from,  both  ends ;  multiply  the  laft  fum  by  the 
height,  and  y  of  the  produft  will  be  the  foliidity. 

PAR- 


Seft.  n] 
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PARTICULAR     RULE.*' 

Or,  If  the  bafes  be  diflimilar  reftangles,  take  two 
correfponding  dimenfions,  and  multiply  each  by  die 
fum  of  double  the  other  dimenfion  of  the  fame  end 
and  the  dimenfion  of  the  other  end  correfponding  to 
this  laft  dimenfion;  then  multiply  the  fiim  of  the 
produdls  by  the  height,  and  ^  of  the  laft  produd 
will  be  the  folidity,    - 


That  is,  if  L,  /  be  one  dimenfion 
of  each 'correfponding  to  each  other, 
and  B,  b  the  other  correfponding 
dimenfions,  and  h  the  height. 

Then  [(2L  + /)b  +  (2/ +  l)^} 
X  4-i&  zr  thefolidity. 


i 


-M 


M 


Note.  Correfponding  dimenfions  are  thofe  which 
are  connefted  by  a  fide  of  the  folid,  as  is  evident  in 
the  figure. 


O 


EX- 


,        *    DEMONSTRATION* 

It  is  evident  that  the  rectangular  prifxnoid  is  compofed  of  two 
wedges,  whofe  bafes  arc  the  two  ends  of  the  prifmoid,  and  whofs 
heights  are  each  equal  to  that  of  the  prifmoid ;  therefore;  by  the 
laftproblcm,  itsfolidity  willbe==[(2L*+ /)b  +  (2/+  L)^]xf^ 
Which  is  the  particular  rule* 

CoroL  I.  Since  i-t  +  {/  =  M,  and  J-b  +  -J^  =  «,  are  the 
length  and  breadth  of  a"  fcdion  parallel  to,  and  equally  dif- 
tant  from,  each  end  ;  the  above  rule  [(il  +  /)  b  +  (2/+  l)  ^] 

X     \;h    ox     (2BL    +    B/+2^/-h^L)       X      J  4       will     bcCOmC  * 

(bl  +  ^/+4Mw)  X  7rh.     That  is,  the  fum  of  the  areas  of  the 
two  ends  and  four  times  the  fedion  ill  the  middle,  multiplied  by 

Coroh  2,  This  laft  rule  will  ferve  for  any  prifmoid,  or  cylin* 
droid,  of  whatever  figures  the  ends  may  be ;  inafmuch  as  they 
may  be  conceived  to  be  compofed  of  an  infinite  number  of 
xediangular  prifmoids.     Which  is  the  general  rule. 


■ 
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EXAMPLE     I. 

How  many  folid  feet  of  timber  are  in  a  tree  whofe 
ends  are  reftangles,  the. length  and  breadth  of  the 
one  being  14  and  12  inches,  and  their  correfponding 
fides  of  the  other  ^  and  4  inches ;  and  the  perpen- 
dicular lengtli  304-  f^^^  ^ 

Firft,  by  the  general  rule, 

14  +  6       20  '^ 

iz  —  zr  10 

,/,  ,        ,^  >  the  dimenfions  in  the  middle 

^^  +4 2-  8  1 

2  2  J 

10x8x4  =  3  20  =:  four  times  the  middle  area 
14X       12ZZ168  zz  area  of  the  greater  end 
6  X        4  =1    24  z=  area  of  the  lefs  end 

their  fum  is   512  fquarc  inches  1=  —  fquare  feet. 
Then  2f  X  3°*  =  l^S^i  _  iM  L  i8  *      feet, 

96  9x3  9  ^^ 

the  folidity. 

Secondly,  by  the  particular  rule, 

Here  l  zr  14,  b  iz  12.  I  zz  6y  h  zz  /\.  inches,  and 
i&  iz  30I  feet ;  therefore  [(2l  +  /)b  +  (2/  +  l)  ^j 
Xih  =  34XI.-I..6X4  X      ^^  ^   ,8^  feet,    the 

^  ox   144  ^      *'  XX  ' 

fame  as  before. 


EXAMPLE     II. 

What  is  the  capacity  of  a  waggon  whofe  infidc 
dimenfions  are  thus :  at  the  top,  the  length  and 
breadth  814-,  and  55  inches;  at  the  bottom,  the 
length  41  and  breadth  294.;  and  the  perpendicular 
depth  47-^-  ? 

/Here  [(2L  -I-  /)  B  +  (2/  +  l)^]  X  4-i&  = 
(102X55  +  8175X  29-5)X47-25X4=  8021-625 
X  1575  —  i26340'59375  cubic  inches zi 448*0 1629 

ale  gallons,  the  content  required. 

« 

PRO- 
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PROBLEM    IX. 

^0  find  the  Solidity  of  the  two  Parts,  called  Ungulas 

or  Hoofs y  into  which  the  Frujium  of  a  ReSlangu-- 

lar  or  a  Square  Pyramid,  or  a  ReSlangular 

Prijmoidy'is  cut  by  a  Plane  Inclined 

to  its  Baje. 

CASE      I. 

'If  the  plane,  paffing  through  a 
and  B,  cut  the  end  in  et,  be- 
tween GH  and  DC  ;  it  will  cut  off 
the  wedge  aehgfb,  whofe  bafe 
is  EFGH,  edge  ab,  and  height 
the  fame  with  that  of  the  fruftum, 
or  prifmoid;  and  the  remaining 
part  AEDCFBcy  will  be  a  prif- 
moid. 

Then,  by  problem  7,  find  the  content  of  the 
wedge  ABFEHG,  and  that  of  the  'prifmoid 
ABQjDCFE  by  problem  8. 


EXAMPLE. 

I 

If  the  fruftum  of  a  fquare  pyramid  be  cut  by  a 
plane,  paffing  through  one  fide  of  the  lefs  end,  and 
through  the  middle  of  the  greater  end ;  what  are  the 
contents  of  the  two  parts,  fuppofing  each  fide  of  the 
greater  end  to  be  15  inches,  each  fide  of  the  lefs  6, 
and  the  flant  height  24  feet  ?    * 

Since,  by  example  i  problem  6,  the  perpendicu- 
lar height  is  287 -9649  inches,  therefore, 

Firft,    4(2  X  15  +  6)   X  74-  X  287-9649    = 

45  X  287*9649  IT  12958*4205  inches  zi  7*499086 

feet,  the  content  of  the  wedge. 

o  2  And 
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^And  :J-[(3o+6)X74+(i2  +  i5)  x  6]  x  287-9649 
=  4(^8x  15  +  27  X  6)  X  287*9649  =:  72X287*9649 

=  20733*4728  inches  zi  11*998536  feet,  the  prif- 


moid. 


C  A  SB     II, 


If  the  plane  pafs  through  dc,  as  well  as  ab, 
the  folid  is  thereby  divided  into  two  wedges  or  hoofs 
A  B  c  G  H  D,  A  B  c  Qj  D,  whofe  two  bafes  are  the  ends 
or  bafes  of  the  folid. 

And  then  the  contents  of  the  two  parts  will  be 
found  by  problem  ). 


EXAMPLE. 

Let  there  be  taken  here  the  fame  figure  as  in  the 
lafl:  example,  to  find  the  content  of  the  two  wedges 
into  which  it  is  cut. 

'  Firft,  4-(3o  +  6)x  15  X  287-9649  zz  90  X  287-9649 
zz  25916-841  inches  zz  14-99817  feet,  the  greater 
wedge. 

And  ^(12+15)  x6X287-9649  =  27X287-9649 
zz  mS'^S^o  inches  =  4-499]^5  feet,  the  lefs 
wedge. 


•  * 


C  A  S  E      III. 


If  the  plane  cut  the  fide  of  the  folid  in  ef;  the 
part  cut  off  A  B  oj^e  p  will  be  a  wedge,  whole  bafe 
is  AQ^;  and  which  being  taken  from  the  whole  figure, 
will  leave  the  content  of  the  part  a  b/^p  c  g  h. 


EXAMPLE. 


Let  there  be  taken  here  the  fame  figure,  fuppofing 
the  plane  to  cut  the  fide  p  c  in  ^/  at  the  diftance  of 
10  feet  from  pq^,  which  let  be  now  fuppofed  one 
fide  of  the  lefs  end  aq^;  to  find  tlie  folidity  x)f  the 
two  parts. 

Firfl, 
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Firft,  As  PD  24  :  Ptf  10  :: 
287*9649  the  height  of  the  whole 
folid  :  1 19*98536  the  height  of 
.  the  wedge  a  qj. 

And  as  pd  24  :  p^  lo  :: 
DC  —  PQ^9  :  ef-^  PQ^=   V  = 

Hence  ef  =  375  +  6  zz  975 
zr  the  length  of  the  edge. 

Wherefore  -^(12  +  975)  X  6  X  119*98536   z: 

21^  X  1 19-98336  z:  87  X  2r9'99634  =:  2609*68158 

inches  zz  1*51023  feet,  the  folidity  of  the 

wedge  AQj?. 
which  taken  from  19*49762  the  whole  fniftum  found 

by  prob.  8, 
leaves  17*98739  for  the  content  of  the 

part  A  B/e  d  c  h  g  , 

PROBLEM     X* 

7*0  find  the  Curve  Surface  of  a  Sphere y  or  of  arq  Seg^ 

ment  or  Zone  of  it. 

Multiply  the  circumference  of  the  fphere  by  the 
height  of  the  part  required,  and  the  produft  v/ill  be 
the  curve  furface,  whether  it  be  fegment,  zone,  he- 
mifphere,  or  the  whole  fphere.* 

o  3  Note. 

*    DEMONS  TR  A  T  I  O  N* 

Pat  ^=  the  diameter  a  b  or  2  c  g, 
;r  =  c£   the   height    of   the   zone 

ADFB,  ^  =JDE,»=  AD,/ =  3*14159, 

and  s  =  the  furface  required. 
•  •  •     • 

Then  J  =  ify%\  but^  \\d\\x  xt:^ 
•  •  •  • 

or  %y%  ■=.  dx\  therefore  s  =:  pdx^ 
and  confequently  s:=pdx\  viz.  the 
produ£b  ot"  the  circumference  of  the 
fphere  and  height  of  the  zone;  for 
pd  \%  z=z  the  circumference  of  the 
circle  whofe  diameter  is  </• 

CoroL 
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SPHERE. 


[Parts; 


Note.  The  heiglit  of  the  whole  fphere  is  its  di- 
ameter. 

EXAMPLE     I. 

If  the  diameter  or  axe  of  the  earth  be  7957^ 
miles,  what  is  the  whole  furface,  fuppofing  it  a  per- 
feft  fphere  ? 

Firil,  7957-J-  X  3*141592  zz  25000  miles,  very- 
near,  zi  the  circumference. 

Then  7957I  X  25000  zz  198943750  fquare 
miles  —  the  whole  furface  required.  And  die  half  is 
99471875  =  the  furface  of  the  hemifphere. 

E  X- 


CoroL  I .  When  x  becomes  =  c  o 
=  J^,  s  will  be  =  \pdd  =z  the  fur- 
face of  the  he  mi  fphere.  And  con- 
fequently  that  of  the  whole  fphere  is 
pdd^  the  produd  of  the  circumfer- 
ence aiid  height  or  diameter. 

CoroL  2,  To  or  from  {pdd^  the 
furface  of  the  hemifphere,  add  or 
fubtra(^  pdxy  that  of  the  zone  a  d  f  b, 
and  the  remainder ^^  x  (lddzx)  = 
pd  X  GE  will  be  the  furface  of  the 

fegment  dg  f,  viz.  the  product  of  the  circumference  and  height. 
So  that  the  rule  is  general,     j^  E.  D. 

CoroL  3.  The  furfaces  of  fphercs,  and  alfo  of  their  fimilar 
parts,  are  to  each  other  as  the  fnuares  of  their  diameters.  For, 
by  exterminating  the  common  given  quantity  /,  they  are  as  d, 
the  diameter,  into  the  height  of  the  part;  but  the  heights  of 
fimilar  parts  are  as  the  diameters ;  theireforc  &c. 

CoroU  4.  The  furfaces  of  any  fegment s  or  zones  of  a  fphere  arc 
to  each  other,  or  to  that  of  the  whole  fphere,  as  their  heights. 
ror/</is  common  to  them  all. 

CoroL  5.  Or  the  furface  of  any  fegment  or  zone  of  a  fphere,  ia 
as  its  height. 

'  CoroU 
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EXAB^PLE     II. 

r 

To  fiiid  the  furface  of  the  twp  frigid  zones  of 
'  the  earth. 

Note.  The  frigid  zones  are  the  two  oppofite  feg- 
ments  dgf,  ^h/,  in  which  each  of  the  arcs  dg, 
dHj  or  half  the  breadth  of  the  zone,  is  234-  degrees. 

Draw  the  radius  cf  ;  then  the  angle  fce  =:  234- 
degrees,  and  its  complement  efc  =  661  degrees; 
alfo  the  angle  e  ir  90  degrees. 

Then,  as  s. /.e  !  s.  Z-F  : :  fc    =:    3978-J.  :  CE 

-  3648-8675054. 
Which  taken  from  cg  —      —  3978-8750000, 

leaves  the   height  ge  —      —     330*0074946. 

And  the  circumference  is  25000. 

Hence  25000  X  330*0074946  rz  8250187*365 
zi  the  furface  of  the  fegment  dgf  or  frigid  zone. 

*     o  4  •  E  X- 


Coroh  6.  The  furface  of  any  fegment  or  zone,  is  equal  to  4 
times  a  circle  whofe  diameter  is  a  mean  proportional  between  its 
height  and  the  diameter  of  the  fphere.     For  this  circle  is  = 

CoroU  7.  Hence  the  furface  of  a  fegment  d  Q  F  is  equal  to  4 
times  the  circle  whofe  diameter  is  the  chord  d  g  drawn  from  the 
vertex  to  the  extremity  of  the  bafe ;  or  equal  to  a  circle  whofe 
j?adius  is  that  chord.     For  d  o  =  i/c  h  x  g  e  =  ,^dx. 

CoroL  8.  And  hence  the  furface  of  a  fphere  is  equal  to  4  times 
the  area  of  a  great  circle  of  it ;  that  is,  4  times  the  area  of  a 
circle  of  the  fame  diameter  with  the  fphere.  And  confequently 
the  furface  of  an  hemifphere  is  double  the  area  of  its  bafe. 

CoroL  9.  Or  the  furface  of  a  fphere  is  equal  to  a  circle  whofe 
diameter  is  double  to  that  of  the  fphere. 

CoroL  10.  The  furface  of  any  fegment  or  zone  of  a  fphere,  is 
equal  to  the  curve  furface  of  a  cylinder  of  the  fame  height  with 
it,  and  whofe  diameter  is  equal  to  that  of  the  fphere. 

CoroL  II.  Hence  the  furface'  of  a  whole  fphere,  or  of  a  he- 
mifphere, is  equal  to  the  curve  furface  of  the  circumfcribed 
cylinder. 


zoo  SPHERE.  [Part  3. 

EXAMPLE     III. 

To  find  the  fui-fece  of  the  torrid  zone  iKki,  which 
extends  to  the  diftance  of  a i  or  a/  234-  degrees  on 
each  fide  from  a  b  the  diameter. 

Here  .the  XLKC  =  2 3^:  degrees. 

Then,  s.jLl  :  s.  Z,lkc  : :  ck  :  ct  zz  i586'572. 

And  the  height  l/  zz  2CL*:;:  3i73*i44. 

Hence^  25000  X  3i73'i44  =:  79328600  fquare 
miles  :=  die  furface  of  the  torrid  zone. 

,       EXAMPLE    IV. 

Required  the  convex  furface  of  each  of  the  tem- 
perate zones  iDFK,  id/ky  which  are  included  be-r 
tween  the  frigid  and  torrid  zones. 
Here,"by  the  ift  ex.  ce  iz  3648-8675 
and   by  the  2d  ex,  cl  =  1586-572 
their  difference  is  j-e  iz  2062-2955  z:  the  height. 
Therefore   25000  X  2062-2955    =    515573874- 
fquare  miles  zz  e^ch  temperate  zone. 

Hence  the  two  frigid  zones  zz     16500375 

the  two  temperate  zones    :zz   103114775 
the  torrid  zone  zz     79328600 

their  fum  is  198943750 
]        or  the  furface  of  the  whole  fpliere. 

PROBLEM       XI. 

To  find  the  Lunar  Surface  abdca,  included  between 
two  Great  Circles  abd,  acd  of  a  Sphere^ 

R    U    L    £       I. 

Multiply  the  diameter  a  d  by 
the  breadth  b  c  of  the  furface  in 
the  middle,  that  is,  by  the  arc 
which  meafures  the  angle  bag 
of  inclination  of  the  two  circles ; 
and  the  product  will  be  the  fur- 
face ABDCA.  _ 

That 
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That  is,  x( d  zz  ad  the  diameter, 

and  a  zz  the  length  of  the  arc  B  c. 
Then^rf  is  the  furface. 


* 


RULE       !!• 


As  four  right  angles,  to  the  furface  of  the  fphere ; 
Or,  As  one  right  angle,  to  a  great  circle  of  the  fphere; 
So  is  the  angle  made  by  the  two  great  circles. 
To  the  furface  included  by  them. 

EXAMPLE. 

Required  the  furface  included  by  two  great  circles 
forming  an*  angle  of  25  degrees;  the  diameter  of 
the  fphere  being  10  feet. 

I.  By  rule  i. 

Firft,  3*1415926  X  10  rz  3i*4i5926  is  thecircumf. 
And  360  :  25  (::  72  :  5  ::  144  :  10)::  31*415926  : 
I  2- 1 8 1661  the  greateft  breadth  of  the  furface. 

Then  2'i8i66i  X  10  =  21-81661  is  the  furface  req, 

2.  Bjr 


*    DEMONSTRATION. 

If  the  great  circle  b  c  e,  whofe  poles  are  a  and  d,  be  conceived 
to  be  divided  into  an  indefinite  number  of  equal  parts,  and  g^eat 
circles  be  conceived  to  be  drawn  through  the  points  of  divilion, 
and  throueh  a  and  n :  it  is  evident  that  the  whole  furface  will 
be  dividec^  by  the  circles,  into  the  fame  number  of  parts,  fimilar 
and  equal  to  one  another ;  and  that,  therefore,  the  furface  in- 
cludea  between  any  two  of  thofe  circles,  will  be  as  the  number 
of  parts,  or  as  the  arc  of  the  circle  be  included  by  them; 
wherefore  as  the  whole  circumference  be  is  to  th6  arc  bc,  or  as 
four  right  angles  to  the  angle  bac,  fo  is  the  furface  of  the 
fphere  to  the  lunar  furface  a b  dc  a  ;  or  alfo  as  oftc  right  angle 
is  to  the  angle  b  a  c,  fo  is  the  area  of  a  great  circle  of  the  fphere 
(^  of  the  furface)  to  the  lunar  furface.     W'hich  is  rule  2. 

Corollary.  If  //  be  the  diameter,  and  c  the  circumference  of  the 
fphere,  and  ^  the  arc  b  c  j  then,  from  the  procefs  above, 
r  :  a  ::  cti  (the  furface  of  the  fphere)  :  a  J  =  the  lunar  furface. 
Which  is  rule  i. 
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2.    By  rule  2. 

Here  31-415926  x  lo  =  314*15926  is  the  fur- 
face  of  the  fphere. 

And   360   :   25    ::   (144  :   10   '0  3^4'^ 59^^   • 
2 1 -8 1 66 1  the  furface  required. 


PROBLEM     XII. 

^ofind  the  Area  of  a  Spherical  Triangle  \  that  is,  the 

Spherical  Surface  included  by  the  Arcs  of  Three 

Great    Circles    of  the  Sphere    InterJeSling 

one  another. 

As  8  right  angles  or  720^, 

To  the  furface  of  the  fphere ; 

Or,  As  2  right  angles  or  1 80**, 

To  a  great  circle  of  the  fphere; 

So  is  the  excefs  of  the  3  angles  above  2  right  angles, 


To  the  area  of  the  triangle.* 


That 


*    DEMONSTRATION. 

For  having  produced  all  the  fides  of  the 
triangle  abc  (p),  till  they  interfedt  again, 
and  form  the  triangle  py  which  by  the  prin- 
ciples of  the  fphere  will  be  equal  to  the 
former  triangle  p ;  put  ^  s  =  j;  the  furface 
of  the  fphere  =;=  p  -f  Q^-f  k  +  t.  Then, 
by  the  laft  problem, 

r  180°:  A  ::  is  :  p  +  T, 
<  180  :  B  ::  4s  :  p  -f  Q^ 

y  180  :c::is:p  +  R=/4"R;    hence 
180  :  A+B-J-c  ::  is  :  3P  +  t  +  oJ-R  = 

and  as  180:  a  -f  b  +  c  —  180::  is  :  2P  :: 

Corollary,  When  P  =  o,  then  (a  +  B  +  c  or)  j  =  180 ;  but 
when  p  =  i/</</,  half  the  furface  of  the  fphere,  then  j  —  180 
=1  360,  or  i  =  540 :  confcquently  a  +  b  +  c  is  always  bet%vcen 
180  and  540,  that  is,  greater  than  2,  and  lefs  than  6,  right  angles. 
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That  is,  fddy.  =:  the  area  of  the  triangle; 

putting  ;>  =  3-14159^ 

d  '==.  the  diameter  of  the  fphere, 

J  =  the  fum  of  the  3  angles  of  the  triangle. 


EXAMPLE. 

If  the  angles  be  55,  6b,  and  85  degrees ;  what  is 
the  trilineal  furface ;    fuppofing  the  diameter  to  be 

10  ?  • 

Here  •7853982  X  102  zi  78*53982  =z  ^  of  the 
furface  of  the  fphere.  And  ^^  +  60  +  85  —  180 
rr  20. 

Then  180  :  20,  or9  :  i  ::  78*53982  :  8'72664, 
the  area  of  the  triangle  required. 


PROBLEM    XIII. 


^0  find  the  Area  of  a  Spheric  Polygon^  or  to  find  the 

Spherical  Surface  included  by  Any  Number  of 

Inter/elf ing  Great  Circles. 

As  8  right  angles  or  720°, 
To  the  furface  of  the  fphere ;  » 

Or,  As  2  right  angles  or  1 80®, 
To  a  great  circle  of  the  fphere ; 
So  is  the  excefs  of  all  the  angles,  above  the  produft 
of  180  and  2  lefs  than  the  number  of  angles. 
To  the  area  of  the  fpherical  polygon. 

That  is,  putting  n  zz  the  number  of  angles, 

s  rz' the  fum  of  all  the  angles, 
d  =  the  diameter  of  the  fphere, 

P  =  3-14159  &c. 

^  .  Thfen 
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Then  pd*  X  ^-'8°><("-^)  =  the  area  of  the 
fpherical  polygon.* 

EXAMPLE. 

What  furface  is  included  by  the  intercepted  arcs 
of  five  interfering  great  circles  of  a  fphere,  of  lo  feet 
diameter ;  fuppofilig  the  fum  of  the  angles  formed 
by  thofe  arcs  to  be  640  degrees. 

Here  the  furface  of  the  fphere  is3'i4i5926  x  102 
=  314-159^6. 

And  180  X  (»—  2)  1=  180  X  3  =:  540 ;  which 
taken  from  640,  leaves  1 00. 

Then  as  720  :  100  ::  314T5926  :  43*63323,  the 
area  of  the  polygon  required. 

PRO- 


*    DE  MON  S  T  R  A  T  I  O  N. 

For  if  the  polygon  be  fuppofed  to  be  divided  into  as  many  tri- 
angles as^t  has  fides,  by  great  circles  drawn  to  all  the  anelcs 
through  any  point  within  it,  forming  at  that  poinf  the  vertical 
angles  of  all  the  triangles.  Then,  by  the  laft  problem,  it  will 
be,  in  any  one  trianele. 

As  720 :  s  ::  fum  of  its  angles  — 180 :  its  area.   Thcref.  by  compof. 
as  720  :  s  ::  J  -f  all  the  vertical  angles  —  i8o« 

:  fum  of  all  the  triangles   or  area  of  the  polygon. 

But  all  the  vertical  angles  =  360  or  180 'x  2.     Therefore 

A  o         /  N  J  -  180  X  (« -  2)    , 

As  720  :  s  ::  J  —  180  X  (/r  —  2)  :  s  X ^ -y  the 

720 

area  of  the  polygon.     ^E,D, 

Corollary,  When  the  polygon  is  =:  o,  then  j is  =r  1 80  x  («— 2) ; 
and  when  the  polygon  is  =  the  femi  fpheric  furface,  then 
J  =  180  X  («  —  2)  +  360  =  180  X  »  ;  confequently  /  the  fum 
of  all  the  angles  of  any  polygo,n,  is  always  between  180  x 
(«  —  2)  and  ,180  X  »,  that  is,  lefs  than  n  times  2  right  angles, 
but  greater  than  «  —  2  times  2  right  angles,  n  being  the  whole 
Dumber  of  angles. 
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sphere; 
problem   xiv. 


nos 


To  find  the  Surface    a  e  b  f    included   between   Two 
Interfering  Little  Circles  of  a  Sphere. 

Through  the  poles  d,  c,  and  in-' 
terfeftions  a,  b,  of  the  two  little 
circles  a  f  b,  a  e  b,  draw  the  great 
circles  ad,  b d,  a c,  b c  ;  and alfo 
the  great  circle  d  e  f  c. 

By  prob.  1 2  find  the  area  of  the 
triangle  b  c  d,  having  firft  found  the 
angles  at  b,  c,  and  d,  from  the 
given   fides,   by  the   principles    of  fpherical   trigo- 
nometry. 

By  prob.  i  o  find  the  furface  of  die  fegment  cut 
off  by  the  circle  of  which  A  f  b  is  a  part,  thus,  viz. 
As  the  diameter  is  to  the  verfed  fine  of  the  arc  df> 
or  D  b,  fo  is  the  furface  of  the  fphere  to  that  of  the 
fegment. 

Then  as  4  right  angles,  to  the  z.  b  d  c. 

So  is  that  furface,  to  the  part  of  it  d  b  f. 

In  the  fame. manner  find  the  furface  cbe. 

^hen  from  the  fum  of  d  b  f  ^nd  c^b  e  take  the 
triangle  dbc,  and  the  remainder  will  be  the  part 
b  E  f  ;  the  double  of  which  will  be  the  whole 
A  ebfa, 

PROBLEM     XV. 

i 

To  find  the  Solidity  of  a  Sphere  or  Glohe^ 


'tf 


rule      I. 


Multiply  the  furface  by  A  of  the  radius,  or  by  4^  of 
the  diameter ;  and  the  produdt  will  be  the  folidity. 


rule 


*DEMONSTRATfON. 

The  fphere  may  be  coniidercd  as  conflitutectof  an  infinite 
number  of  pyramids,  whofe  bafes  compofe  the  fpheric  furface, 

and 
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RULE       II. 


Multiply  the  cube  of  the  diameter  by  •5236,  and 
the  produd:  will  be  the  folidity. 

That  is  (4. of  3'i4i6  or)  •^236^^  =  the  folidity. 


E  X- 


and  all  the  vertices  meeting  in  the  center,  their  common  height 
being  equal  to  the  radius  of  the  fphere.  And  confecjuently  the 
iphere,  or  any  fpherical  pyramid,  being  a  part  contamed  within 
right  lines  drawn  from  the  furface  to  the  center,  is  equal  to  a 
pyramid  whofe  bafe  is  equal  to  the  fpherical  furface,  and  height 
equal  to  the  radius.  And  therefore  the  furface  of  the  whole,  or 
of  any  fuch  part,  being  drawn  into  |  of  the  radius,  will  give  the 
iblidity,  as  in  rule  i. 

CoroU  I.  Since  the  furface  of  the  fphere  is  =  pdJ^  we  fhall 
hzvepJJ  X  {{  of  the  radius  or)  J.//  =  I  />if^  =  '523598775  Sec. 
X  d^  (which  is  rule  2)  =  |  of  a  cylinder  of  the  fame  diameter 
and  height. 

CoroL  2.  If  16  be  the  height,  or  verfed  fine,  of  any  (egmcnt; 
then,  fince  pdh  =.  its  furface,  jrpd'^h  =  '523598775  &c.  x  d^h 
will  be  the  lolidity  of  the  fpheric  pyramid,  or  cone,  whofe  bafe 
is  the  furface  of  the  fegmcntl' 

CoroL  3.  Hence  fphercs  and  their  fimilar  pyramids,  and  Mfb 
any  other  fimilar  parts  of  them,  are  as  the  cubes  of  the 
diameters. 

Corol.  4.  If  to  or  from  I  pdV?^  the  fpheric  cone,  be  added  or  fub- 
traded  \px{z^\f±:h)x\hx{d^h)  =:^\pd^hdti^pdh'-z^\ph^^ 
the  cone  whofe  bafe  is  the  fame  with  the  bafe  of  the  {tg* 
ment,  and  whofe  vertex  is  in  the  center,  the  fum  or  difference 
^pdh^-^\phi  =  \ph^  X  {{d'^h)j  will  be  the  fpheric  fegment 
whofe  height  is  h^  either  greater  or  Icfs  than  the  hemifphere,  or 
of  whatever  magnitude-^  is,  not  exceeding  d.  Or  if  r  be  =  the 
radius  of  the  fegment's  bafe,  fince  dh  =  r*  +  />*,  the  fegment 
wlllbei/r*^  +  ^ph^  zru^ph  X  (3r^ +  /-''). 

CoroL  5.  Hence  the  difference  between  two  fegments  whofe 
heights  are  H,  /»,  and  the  radii  of  their  bafes  r,  r,  will  give  for 
the  fruilum  or  zone  Ip  x  (3R*h  +  h^  —  T^r^JI?  —  i?^)  ;  which, 
putting  a  for  the  altitude  of  the  fruftum,  and  exterminating  h 
and  /j  by  means  of  the  two  equations  (r*  +  h')  />  =  (r*  +  />*)  H, 
and  a  =;  H  —  >6,  will  become  iaf  x  (r*  +  r*  +  j^*)- 

I  Corclm 
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EXAMPLE.  ^ 

Suppofmg  die  earth  to  be  fpherical,  and  its  dia- 
meter 79574-  miles,  what  is  its  folidity  ? 

I.  By  rule  i.    " 

By  exam,  i  of  prob.  10  the  furface  is  198943750. 
Then  198943750  X  7957^X4- ='^63857437760 
miles  is  the  folidity. 

2.  By  the  2d  rule. 
Here-5236J'z:*5236x(79574)'=263858i49i2o 
miles  =  the  folidity  by  this  rule.      The  difference 
arifmg  by  taking  the  number  "5236  rather  too  great. 

PROBLEM    XVI. 

To  find  the  Solidity  of  the  Segment  of  a  Sphere. 

RULE       I. 

To  three  times  the  fquare  of  the  radius  of  its  bafe, 
add  the  fquare  of  its  height ;  multiply  the  fum  by 
the  height,  and  the  produd:  by -5236,  for  the  folidity. 

That  is,  if  r  zz  PE  the  radius  of  its  bafe, 
i&  zz  G  E  the  height ; 

Then  •5236/^  X  (s^r  +  hh)  zz  the  folidity  of  the 
fegment  dgf.  By  cor.  4  to  the  laft  problem.  [See 
the  figure  in  page  198.] 

RULE 


CoToU  6.    If  one  end  of  the  fruftum  oafs  through  the  center, 
then  R*  =  4:^*  =  r*+tf%  and  the   laft  theorem  will    become 

CoroL  7.  Hence  the  middle  zone,  or  the  double  of  the  laft 
cxpreffion,  will  be  zaf  x  (r*  +  |^«*)  =  2a f  x  (  i^  —  !«*); 
where  a  is  half  its  altitude,  and  r  half  the  diameter  of  each  end. 
But  if  A  be  its  whole  altitude,  and  d  the  diameter  of  each  end, 
thofe  theorems  will  become  ^a/  x  (d*  +  |a*)  ^==-  i^p  X 
(i/*-iA»)   =|A/>X  Crf'+ar»). 
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RULE      ir. 

From  three  times  the  diameter  df  the  fphere,  fub- 
traft  twice  the  height  of  the  fruftum ;  multiply  the 
difference  by  the  fquare  of  the  height,  and  the  pro- 
duft  by  •5236,  for  the  folidity. 

That  is. 

If  ^  zz  G  H  the  diam.  of  the  fph.    ' 

/?  zz  G  E  the  height  of  the  fruft.      [See  Jig.  page  1 9  8 .  J 

Then  -5236 /&•  x  (3^/  —  xh) 
ir  the  folidity  of  d  g  f.  By 
cor.  4  to  the  lail  problem. 

EXAMPLE. 

What  is  the  folidity  of  each  of  the  frigid  zones  of 
the  earth;  the  axe  being  7957-1:  miles,  and  half  the 
breadth,  or  arc  dg,  of  the  zone  being  234-  deg;:ees? 

By  mle  2. 

As  I  =  tabular  radius  ;  3978^  zz  radius  of  the 
earth  ::  -0829399  zz  tab.  veried  fine  of  234  degrees  : 
330*0074946,  the  verfed  fine  or  height  of  the  feg- 
ment. 

Then'5236^*x(3^— 2i&)  zz-5236X330'oo74946* 
X  23213*2350108  =:  1323679710,  the  content. 

By  rule  i , 

As  I  :  3978-J-  ::  "3987491  rz  tabular  fine  of  23.J1 
degrees  :  1586*57282526,  the  radius  of  the  bafe. 

Then  •5236i&  X  (3r*  +  h^)  zz  -5236  X  330*0074946 
X  7660544*936  Z3  1323680299*69,  the  folidity^ 
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PROBLEM     XVII, 

To  find  the  Solidity  of  a  Fruftum  or  Zone  of  a  Sphere. 

Add  together  the  fcjuares  of  the  radii  of  the  ends, 
and  4-  of  the  fquare  of  their  diftance,  or  of  the 
height ;  multiply  the  fum  by  the  faid  height,  and 
the  produft  again  by  1*5  708  for  the  content. 

That  is,  (R*  +  r*  +  ^ A*)  X  ^       ^ 

l-pb  :=,  the  folidity  of  the 
fruftum  whofe  height  is  b^  and 
the  radii  of  its  ends  r  and  r, 
p  being  3*i4i6.  By  cor.  5  to 
prob.  15. 


EXAMPLE     I. 


What  is  the  folidity  of  the  fruftum  of  a  fphere, 
the  diameter  of  whofe  great  end  is  4  feet,  the  dia- 
meter of  the  lefs  3  feet,  and  the  height  2^  feet  ? 


Here(R*+r*+4i&*)xi-57o8i>: 

X  1-5708  X  24-  =  8^X3'9^7 
of  the  fruftum  required. 


(2*+r5»+4.X2-5*) 
:  32725,  the  folidity 


EXAMPLE     II. 

What  is  the  folidity  of  each  temperate  zone  of  the 
earth,  extending  from  23 1  degrees  to  66^  degrees  of 
latitude,  and  the  diameter  of  the  earth  being  7957!- 
miles  ? 

By  the  example  to  the  laft  problem,  the  radius  of 
the  top  is  i586*57282526. 

And  as  i  :  3978 J  ::  -gi 70601  =  tabular  fine  of 
664.  degrees  :  3648-86750538,  the  radius  of  the 
bafe. 

P  Alfo 
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Alfo  by 'example  4  prob.  10,  the  height  is 
ao62'2955. 

Then  (r*  +  r*  +  ^h*)  x  i-^yoSb  =  172491^6 
X  2062-2955  X  1-5708  zz  55877778668,  the  fo- 
lidity  of  each  temperate  zone, 

Otberwife. 

Since  the  radii  of  the  ends  of  this  zone,  are  die 
fines  of  23  ^  and  661  degrees,  which  are  complements 
the  one  of  the  other,  the  fum  of  the  fquares  of  thofe 
radii  vvill  be  equal  to  the  fquare  of  the  radius  of  the 
fphere;  and  therefore  {J^dd  +  ^hh)  X  i*57o8i&  = 
17249136  X  2062-2955  X  1-5708  =  55877778668, 
the  content,  as  before. 


PROBLEM     XVIII,. 

To  find  the  Solidity  of  the  Middle  Zone  of  a  Sphere. 

Muldply,  either  the  funi  of  the  fquare  of  the  dia- 
meter of  the  end  and  \.  of  the  fquare  of  the  height, 
or  the  difference  between  the  fquare  of  the  diameter 
of  the  fphere  and  -f  of  the  fquare  of  the  height,  by 
the  height,  and  the  product  by  7854  for  the  con- 
tent. 

Thatis,(DD.f-|i^i&)X-7854i& 
or  {dd^^hh)  X  •7854i&  is 
the  content  of  the  middle 
zonp  whofe  height  is  b^  the 
diameter  of  each  end  d,  and 
the  diameter  of  the  fphere  d. 
By  cor.  6.  to  prob.  15.* 

EXAMPLE     I. 

Required  the  folidity  ^of  the  middle  zone  of  a 
fphere  whofe  top  and  bottom  diameters  are  each  3 
feet,  and  height  4  fept. 

4  Here 
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Here  (dd  +  ^bh)  X  •7854i&  =  (3*  +  *  X4»)  X  4 
X  7854  =  59  X  4  X  •2618  =  617848,  the  content 
required. 

EXAMPLE    II. 

What  is  the  folidity  of  the  torrid  zone  of  the  earth, 
which  extends  to  234.  degrees  on  each  fide  of  the 
equator;  the  diameter  of  the  earth  being  79571- 
miles  ? 

By  the  example  to  prob.  16,  the  fine  of  234.  de- 
grees, t)r  i  the  height  of  the  zone,  is  1586*57282526, 
and  the  whole  height  is  3i73'i4565052  =  b. 

Then   {dd  ^  J^bb)  X  7854^^  = 

(7957'75*-tX  3173-1456505^*)  X  3173-1456505^ 
X  7854  =  149455081137,  the  content. 

SCHOLIUM. 

From  the  laft  three  problems  we  find  that 
The  iwo  fi'igid  zones         =^       2.647359420 
The  two  temperate  zones  =111 75555 733^ 
The  torrid  zone  =  1 4945  508 1 1 3  7 

whofe  fum  263857997893  is 
the  whole  fphere,  nearly  the  fame  •  as  found  in 
prob.  15. 

PROBLEM     XIX. 

/ 

To  find  tbe  Solidity  oftbe  Second  Segment  of  a  Sfbere. 

DEFINITION. 

A  fecond  fegmcnt  is  a  part  cut  off  a  fegment  by 
a  plane  perpendicular  to  the  bafe. 

p  2  R  V  L  K 
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RULE. 

By  prob.  1 4  find  the  curve 
furface  of  the  fecond  fegment 
AEC^,  which  being  drawn 
into  ^  of  the  radius  of  the 
fpherc,  will  produce  the  con- 
tent of  the  fpheric  feftor 
oE  AC^;  from  which  if  there  be  taken  the  pyramid 
CEA^,  whofe  bafe  is  the  fegment  ae^,  and  height 
o  H  ;  and  from  the  remainder  be  taken  the  pyramid 
OEC^,  whofe  bafe  is  the  fegment  ce^,  and  height 
Ko,  or  hi;  it  is  evident  diat  the  laft  remainder  will 
be  the  fecond  fegment  aec^  :  for  thefe  two  pyra- 
mids and  the  fecond  fegment  compofe  the  fpheric 
pyramid. 


PROBLEM    XX. 

to  fipd  the  Surface  of  a  Circular  Spindle,  or  of  any 

Segment  or  Frujium  of  it: 

From  the  produft  of  the  height  of  the  folid  and 
radius  of  the  revolving  arc,  fubtradt  the  produdl  of 
the  faid  arc  and  central  diftance ;  multiply  the  re- 
mainder by  3*  1416  ;  and  double  the  produd  will  be 
the  furface  defcribed  bv  that  arc ;  whether  it  be  the 
whole  or  any  part  of  the  fpindle.-* 

That 


*    DEMONSTRATION. 

Put  %  =  the  arc  c  p,  *  =:  its  fine  R  e,  r  and  c  for  the  radius 
and  central  diflance,  and^  =r  3"  141 59.     Then  the  fluxion  of  the 

furface  j  is  =  ip-z  x  R  p  =  2^  x  {p^»Jrr  —  xx  —  ess);  but, by 

the  property  of  the  circle,  zj^rr  —  xx  h  t=.  f  x^    therefore  s  =: 

^p    X    {rx    —    rs),  and    j    =    2/  x  {rx  —   c%)   z:z    ip    X 
(r  X  RE  —  r  X  Pc). 

CoroL 
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That  is, 

r  ~  F  c  the  rad.  of  the  arc, 
c  zz  FE  the  central  dift. 
hzz  rK  the  height, 
a'=:  ?p  its  revolving  arc, 
^  =  3-1416. 

Then  (hr  —  ac)  X  2p 
zz  the  furface  of  tliat  part 
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EXAMPLE, 

Required  the  furface  of  a  circular  *  fpindle  whofe 
greatefl:  diameter  is  30,  and  its  length  40  inches. 

Here,  by  the  property  of  .the  circle,  ek  zi  ae*  -f- 
EC  =  400  -^  15  =  264. ;  and  26*  +  15  zz  41^  is 
the  diameter  c  k,  or  20^  zz  the  radius  of  the  circle. 

p  3  And 


CoroL  I.  When  re  ==  ae,  the  rule  becomes  2fi  x 
(r  X  AE  —  f  X  Ac)  for  the  furface  of  half  the  fpindle,  or 
2^  X  (r  X  A  B  —  c  X  AC  b)  for  that  of  the  whole. 

Carol.  2,  If  from  the  furface  of  the  femi-fpindle  be  taken  that 
of  the  frullum,  there  will  remain  2^  X  (r  x  ar  —  f  x  ap)  for 
that  of  the  fegment  apq^:  fo  that  the  rule  is^generaU 

Carol.  3.  When  E  coincides  with  f,  c  vanifhes,  and  the  fpindle 
becomes  a  fphere;  and  then  the  theorem  becomes  barely  zfrx^ 
the  fame  with  that  before  found  for  the  fphere. 

Carol.  ^.  From  cor.  i,  it  appears  that  the  radius  is  to  the 
coline  of  an  arc,  always  in  a  greater  proportion  than  that  of  the 
arc  to  its  fine,  or  of  the  double  arc  to  its  chord.  But  thofe  ratios 
approximate  to  an  equality  as  the  arc  diminifhes,  till,  when  the 
arc  vaniflies,  they  become  accurately  equal,  and  the  arc  and, 
chord  vanifli  alfo  in  anratio  of  equality. — Coniequently,  in  fmal( 
arcs,  the  arc  is  a  fourth  proportional  to  the  cofine,  fine,  and  ra- 
dius, nearly.  Thus,  the  fine  and  cofine  of  an  arc  of  i  degree 
are '0174524  and  •9998477  to  the  radius  i;  then  '9998477  : 
•0174524::  I  :  '01 74550  =;  the  arc  nearly,  the,  true  figurcg 
being  'Oi 74533, 
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PROBLEM    XXII. 

To  find  the  Content  of  the  Middle  Frujlum  or  Zone 

of  a  Circular  Swindle. 

From  the  fqiiare  of  half  the  length  of  the  fpindle, 
take-J-of  thefquare  of  half  the  length  of  the  middle 
zone ;  and  multiply  the  remainder  by  the  faid  hal£ 
length  of  the  zone ;  from  the  produd:  fubtraft  the 
produft  of  the  generating  circular  area,  and  central 
diftance ;  then  the  remainder  drawn  into  2  times 
3-14159  will  be  the  content  of  the  middle  zone. 

That  is,  putting 

/  zi  E  R  half  the  length  of  the  zone, 
L  =  E  A  half  the  length  of  the  fpindle, 
^  n  F  E  the  central  diftance, 
a  zz  the  generating  area  rp  Yw. 

Then  [(ll  — -J-//)/  — ^^j  x  2p  zz  the  zone 
p  YZ  <^. 

EXAMPLE. 

If  a  ca/k,  in  the  form  of  the  middle  fniftum  of  a 
circular  fpindle,  have  its  head  diameter  24,  bung 
diameter  32,  and  length  40  inches;  how  many  ale 
gallons  will  it  hold  ? 

Here  ce  —  pr  zz  16  ^  12  1=  41ZTC,  and 
p T*  -f-  T c  =  400  -H. 4  zz  100  zz  TK  ;  hence  100 
4-  4  =:  104  zz  the  diameter,  and  52  =:  the  radius 
of  the  generating  circle. 

FC  —  CE  zz  52  —  16  =r  36  =:  EF  the  central 
diftance ;    and   v/af*—  fe*  zt  v/52*  —    36*     zz 

4\/i3*-9'  =  4  v/88  zz  8  v/22  zz  ae  half  the 
length  of  the  fpindle. 

p  R  X  r  w  zz  1 2  X  40  zz  480  zz  the  area  r  p  x  y  w. 

And  the  fegment  pc  Y,  is  ioy5i85. 

The 
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The  fum  of  thefe  two  is  S^7'5^^5  —  ^^^  gene- 
rating area  r  *  c  y  w. 

Then    [(l  l  —  4  //)/  -^  ac^  X  2p  — 
[(64.x  22  —  -J-  X  (400  X  20  -.  36  X  587*5185]  >^ 

2  X  3'Hi59  =  43427879  X*  6^28318  = 
27286-5411256  the  folidity  in  inches. 

•    Then    27286*541 125^  -=-  282    =r    96*7608    ale 

gallons. 

PROBLEM     XXIII. 

To  find  the  Content  of  the  Segment  of  a  Circular  Spindle. 

From  3  times. half  the  length  of  the  fpindle  fub- 
tradt  the  height  of  the  fegment,  and  multiply  the 
remainder  by  the  fquare  of  the  faid  height;  from  \. 
of  the  produft  fubtraft  double  the  product  of  the 
generating  area  and  central  diftance ;  then  the  re- 
mainder drawn  into  3*14159,  will  produce  the  con- 
tent. 

That  is,    [(3  E  A  —  A  r)*  X  4  A  R*  —  2  F  E  X   APR] 

X  j>  ==  the  folidity  of  p  a  o^ 

EXAMPLE. 

If  the  length  of  the  whole  fpindle  be  12,  and  its 
greateft  diameter  9 ;  what  will  be.  the  content  of  a 
fegment  of  it  whofe  height  is  i  ? 

—  =  ^,  zz^  =  8  =  ek;  ke  +  ec  =  84-4^  =  124.= 

EC  44.  9  ^*  * 

diam.  and  6-^  rz  the  radius  of  the  generating  circle ; 
Fc  —  CE  1=  6^  —  4i.z:i^ii:EF  the  central  diftance; 

^/7p:F?=v/(6;)V=v/(-l)*x(5^-4^)=3l=TF, 

and  cF  —  FT=z6^—  3^=124-::::  tc. 

By  the  table  of  circular  fegments,  the  half  fegment 
PCX  i5  8*736.2 34375,'  to  which  adding  rt  zz  5  X  2^ 
;=  10,  makes  18736234375  zz  the  area  rc. 

Alfo 
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Alfo  the  half  fegment  ace  is  19-886763281. 

Their  difference  =  i*i5o5289o6' is  the  genera- 
ting area  a  p  r. 

Therefore  [(3AE  —  ar)X^ar*— .zfe  Xapr] 
X^  ==  (17  Xt-34  X  1-150528906)  X  3-14159 
=  1-639815495  X  3-14159  ='5*i5i6323,  the 
content  required. 


PROBLEM    XXIV. 

To  find  the  Curve  Surface  of  the  Ungula  deagd 

of  a  Cylinder^ 

Put  i»  =  the  height  ad, 

v  z:  'af  the  verf.  fine  of  ae, 

d  in  the  diameter  ab, 

a  n  the  arc  eag  of  die  bafe, 

s  z:  the  right  fine  fg, 

c  =:  the  cofine  of  the  4  arc. 

Then  ^^^:^  y.  b  h  tiie 

convex  furface.* 


c 

(^     ^ 

^       ^ 

D 

B 

1 

That 

*    DEMONSTRATION. 

For,  having  drawn  hi,  ik  parallel  to  fa  and  ad  rcfpe6Hvcly> 
and  joined  the  points  h,  k  ;  fince  it  is  evident  that  the  furface  i' 
generated  by  the  motion  of  ik  along  the  arc  aig,  ki  x  the 
fluxion  of  I A  will  be  the  flufion  of  the  furface.  Therefore  put 
z  =  ai,  X  =:  its  fine  il,  and^  =  its  cofine ;  then  hi  ^jr  ^  r ; 

and)  by  fimilar  triangles,  fa:  ad::  hi:  ik  =  -x(;^— c);  ^'^d 
heqce  the  fluxion  of  the  furface,  oraj  x  ik  is  -  x  (yz— cz)=: 

I  •  h 

^  X  {\dx  —  fa?)  :  the  fluent  of  which  is  =  -  x  {wdx  ^  c%)  = 
(when  Al  =  ag)  -  x  {\,ds  —  \ac)\   the   double  of   which  it 

jL 

—  X  (^^  —  tf  0  ^  the  whole  convex  furface  deago* 
1} 

•  CoroU 
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That  is,  from  the  produdt  of  the  diameter  and 
fine,  fubtradl  the  produdt  of  the  arc  and  cofine,  and 
multiply  the  difference  by  the  height,  and  divide  by 
the  verfed  line. 

NQte  If,  When  f  is  the  center  of  the  bafe ;  then 
V  =:  J  n  4^^,  and  c  zz  o;  and  then  the  theorem  be- 
comes dh^  viz.  the  produdt  of.  the  diameter  and  height 
equal  to  the  curve  furface. 

Note  2.  When  af  exceeds  4- a  b,  then  ac  muft 
be  added. 

EXAM  P  L  E     I.^ 

Given  the  diameter  a  b  ioo,  the  height  ap  140, 
and  the  verfed .  fine  a  p  10:  required  the  curve 
furface.    • 

Here  d  ^z  100,  h  zz  140,  and  t;  =:  10  : 
therefore  :^d  ^  v  zz  50  —  10  r:  40  zz  r. 

And  \/^^— rt  zzv/2500— i6ooz2V90or:3o=zj. 

But  ^  zz  44  —  T  ^  *6  ^s  ^^^  ^^^  reduced  to  the 

radius  i ;  to  which,  in  a  table  of  fines,  belong  36^ 
52*268'  =  j6'87ii3  degrees.  . 

Then,  by  rule  i  for  the  length  of  a  circular  arc, 
•01745329  X  36*87ii3  X  100  =  64'352252  is  the 
arc  a. 

Whence  — ^^  X  h  zz  (3000^2574*09008)  X  14 

zz   425*90992   X   14  zz  5962*73888  zi  the  convex 

furface  required. 

EX- 


Corohi*   If  F  be  the  center;   thenv  =  ^  =  ^^,  and  r  =  o; 
and  then  the  theorem  becomes  barely  db  =2  ^  times  the  triangle 

FDA. 

Carol.  2.    When  ap  exceeds  |^,  r  is  negative,  and  then  «—  ac 
becomes  +  acl 

CoroL  3.»     If  F  coincide  with  b  ;  then  i  =  o,  and  f  =  —  J  v ; 
;ind  the  theorem  becomes  |^^  =  the  furface  of  the  half  cylinder. 
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EXAMPLE     II. 

If  the  diameter  and  height  be  loo  and  140,  as 
before,  and  the  feftion  be  made  through  the  center 
of  the  bafe,  or  v  :^  i^d  zz  50;  what  is  the  convex 
furface  ? 

Here,  by  note  1,  dh  zz  100  i(.  140  ir  14000  iz 
the  convex  furface  required. 


EXAMPLE    III. 

5uppofing  d  and  b  ftill  the  fame,  and  1;  zr:  90 ; 
to  find  the  convex  furface. 

Here  i^—  -z;  =:  50  —  90  zz  —  40  —  ^,  ^  =1  30  the 
fame  as  before,  but  it  is  here  the  fine  of  the  fupple- 
mental  arc,  which  therefore  is  180  — 36-87113  rf: 
143-12887  degrees.  Hence  •01745329X 143-12887 
X  100  n:  249-807013  ■::=:  the  arc  a.  Or  the  arc 
may  be  fooner  found  by  only  fubtrafting  the  arc  in 
the  firft  example,  viz.  64-352252,  from  3 14•^59265, 
the  whole  circumference. 

Then,  by  note 2,  •^!— ^^^— '_*(3ooo  +  9992-28o5a) 

rz  ^^  X  12992-28052  —  202io'2i4i4  the  convex 
furface  required. 


PROBLEM     XXV. 

1^0  find  the  Solidity  of  the  Hoof  of  a  Cylinder. 

From  4  of  the  cube  of  the  right  fine,  fubtraft  the 
product  of  the  bafe  and  cofine  of  half  the  arc  of  the 
bafe  ;  then  multiply  the  difference  by  the  height, 
and  divide  by  the  verfed  fine,  the  quotient  will  be 

•  the 
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the  folidity  required.     That  is,  putting,  as  before 
h  iz  the  height  ad 
V  zz  the  verfcd  fine  af  • 
s  zz  the  right  fine  fg 
c  1=  the  cofine  :z:  ^ab  —  af 
i  zi  the  bafe,  or  area  of  the 
feg.  GAEG  ; 

Then  ^ii^  x  i&  =  the   fo^ 

lidity.* 

Note  I.  If  F  be  the  center,  that  is,  if  the  bafe  be 
equal  to  the  femicircle,  then  v  =  s,  and  c  :=z  o;  and 
therefore  ^bss  =  ^dldb  is  the  foHdity  in  that  cafe. 

Note  2.  If  x;  exceed -i^/,  that  is,  if  the  bafe  ex- 
ceed the  femicircle,  then  c  is  negative,  and  be  muft 
be  added.  ■  . . 

E  X- 


*    DEMONSTHATION. 

For,  the  fluxion  of  the  folid  is  =  the  A  hik  drawn  into  the 
fluxion  of  LI,  wliich  fluxion  will,  therefore,  be  a*  x   —    X  hi* 

(ufing  the  fame  characters  as  in  the  demonftration  of  the  laft 

•  •  • 

problem)   =  —  x   (y  —  0=  —  X  iyy  —  ary -f  t-r)  = —  x 

hx 
(\dd—xX'-2cy'\-cc)=^ —  X  Udd -^  xx -^  dc -{- 2c  x  AL+<^0  = 

2V 

^^        / '                                 ^         n    r  »           hx       ^           ^       ^        he 
—  X  (jj  —  ;rAr  —  2c  X  fl)  ;  whofe  fluent, —    x  (ji  —  \xx) 

X  area  faih,  when  i  coincides  with  g,  is  —  x  (f-*^  —  ^0>  ^^ 

21) 

double  of  which  is  -  x   (|j3  —  ^r)  =  the  content  of  the   folid 

deagd  required. 

CoroU  I .  If  F  fall  in  the  center  of  the  bafe ;  then  r  =  o,  and 
5  =  V  sr  }^;  and  the  rule  will  be  ];ddh. 

CoroU  2.  If  A  F  exceed  F  b,  c  will  be  negative,  and  then  —he 
will  become  -^-hc, 

CoroL  3.  If  F  fall  in  e  ;  j  =  o,  and  r  =:  —  -Iv ;  and  then  the 
theorem  becomes  \hh  =  half  the  cylinder. 
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EXA  M  P  L  E      I. 

If  the  diameter  ab  be  50,  the  height  ad  120,  and 
,  the  verfed  fine  a  f   10;  what  is  the  folidity  of  the 
hoof?    ._ 

Or  foppofing  a  cylindric  veflel  abcd,  containing  a 
fluidj,^  to  be  placed  in  fuch  a  pofitioh  that  the  furfacp 
of  the  fluid,  difpofing  itfelf  paiallel  to  the  horizon, 
may  cut  the  bafe  in  ge,  leaving  40  inches  of  the 
diameter  dry,  and  the  fide  of  the  cylinder  in  d,  120 
inches  diflant  from  the  bafe;  to  find  how  many  ale 
.  gallons  are  in  it;  the  diameter  of  the  bafe  being  50 
inches.  . .  ,,.-.... 

Here  b  =  120,  d -=,  50,   and  v^zz  10/      Then 
Id'^v  =  25— -lo    =    15    z:   r,    and   \/ ^dd^^cc 


V 


=>\/23*—  15*  =r  V/40X  10  zz  20  =  J-. 
And,  to  find  the  bafe  by  the  table  ,of  fegments, 

J  -T  4-J  =  '2  ;  this  being  found  in  the  column  of 
verfed  fines,  bpjJofite  to  it  is  theafea  1 1 18238  :  hence 
56X50X '1118238  zz  ^^Sl'SS95  =  *  is; the  feg- 
ment  or  bafe. 

Then  ^^^""  ^h  =  12  X  (|  X-8000—  15X279-5595) 

=  12  X  (5333t  —  4193-3925)  =  12  X  ii39'94o8 
zi   i3679"2896  .=  the  folidity  in  inches;    which, 

divided   by   282,    the    inches    in    a  gallon,    give 

48-50939  ale  gallons  for  the  content. 

example     II. 

Suppofe  the  cylinder  fo  placed,  that  the  furface  of 
the  liquor  may  bifcft  the  bafe,  and  rife  up  the  fide 
to  the  fame  difl:ance  of  1 20  inches  from  the  bafe  :  to 
find  the  content. 

Here,  by  note  i,  we  have  ^ddb  =r  50  X  50  x  20 
=  50000  folid  inches  =  i77'3049645  gallons^  for 
the  content  in  this  cafe. 

E  X- 
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EXAMPLE     III. 

Suppofe,  now,  the  fame  veflel  fo  placed,  as  that 
the  furface  of  the  liquor  may  leave  only"  10  inches 
of  the  diameter  dry,  ftill  rifing  to  fhe  fame  diftance 
of  120  inches  along  the  fide;  to  find  the  content.  • 

Here  the  part  of  the  cylinder's  bafe  left  dry,  is  equal 
to  the  bafe  in  the  firft  example,  viz.  279"5595 
which,  therefore,  taken  from 

50  X  56  X   -78539816  =   1 963-4954,  the 
whole   circle,   leaves  i683*9359r:^, 

the  bafe  of  die  ungula  in  this  example. 

Now  V  zz  40,  c  zz  —  15,  and  s  zr  20. 

Whence  iil::i^i&  =  (^X  8000  +  25259-0385)  \^ 

—  30592*3718  X  3  z:  91777-1154  folid  inches  = 
325-45076  gajlons,  the  content  in  this  cafe. 

PROBLEM     XXVI. 

To  find  the  Solidity  of  the  Elliptic  Hoofs  of  the  Frufium 

of  a  Cone,  made  by  a  Plane  cutting  Diagonally 

the  Opfofite  Extremities  of  the  Ends. 

*  From  the  fquare  of  the  diameter  of  the  bafe  of 
the  hoof,  fubtrad  the  produdl  of  the  diameter  of  the 

other 

*  Let  AEBF  be  the  bafe  of 
a  cone,  or  of  any  other 
pyramid,  right,  or  oblique  ; 
AVB  a  fedtion  through  the 
rertex  by  a  plane  perpen- 
dicular to  the  bafe;  and 
EVF,  EOF  two  other  fedtions 
perpendicular  to  avb,  the 
former  through  the  vertex, 
and  the  latter  through  the 
fide,  at  c,  between  v  and  b. 
On  AB  let  isiW  the  perpen- 
diculars VH,  CI ;  and  on  dc  • 
the  perpendiculars  vk,  bl; 
and  draw  gc  parallel  19  ab,  and  meeting  av  and  7h  in  oand  m. 

Then 
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other  end  of  the  fniftum,  and  a  mean  proportional 
between  the  diameters  ;  divide  the  difference  by  the 
difference  of  the  diameters ;  multiply  the  quotient 
by  the  height  of  the  hoof,  and  the  produft  by  the 
diameter  of  its  bafe ;  fo  fliall  the  laft  produft  mul- 
tiplied by  -2618  give  the  content  of  the  hoof. — That 
is,  putting 

D  3:  A  B  the  diameter  of  the  greater  end, 
d  zz  cc   the  Icfs  diameter,  and 
b  zz  ct   die  perpendicular  height. 

Then    ^_       X  0*26 1 8  d  ^  zz  the  greater  hoof  a  bc. 

And  ^^^    . —  X  0-261  Sd/j  zz  the  lefs  hoof  agc. 

A  plane  being  conceived  to  be,  drawn  through  c  and 
A.— The  proof  is  in  corollary  2. 

E  X- 


Then  it  is  evident  that  efbv  is  a  pyramid  whofe  bafe  is  efb 
(a),  altitude  vh  (a) ;  and  therefore  its  content  is  equal  to  {  Aa; 
and  that  efcv  is  a  pyramid  whofe  bafe  is  efc  (e),  height  vk 
(3),  and  therefore  its  content  equal  to  5  b3;  and  moreover  that 
the  difference  of  thefc  pyramids,  or  j  aa  —  3  b^  is  the  content  of 
the  hoof  EFBC. 

But,  by  the  limilar  triartgles  abv,  gvc,  it  is 

AB    X    C1I 

AB  —  CG  :  CI    or    Hv  —  VM  ::  AB  :  Hv«    or  tf  := ; 

AB  —  GC 
,-  ^  GC   X   CI 

alfo    AB  —  GC   :    CI   ::   AB   :    hv   ::   gc   :    vm   =   


AB  —  gc  * 


and  DC  :  bd  ::  (by  the  limilar  triangles    icd,.  dbl)  ci  :  bl  :: 

(bccaufe  of  the  limilar  triangles  bci  and  cvm,  vkc  and  clb) 

gc  X  ci  .,^  gc  X  CI  X  DB 

Vm  (  = )  :  VK  {0)  = 


AB  — gc  DC  X   (AB  — gc) 

Wherefore  the  hoof  efbc  will  be 

4  CI           ,                              gc  X  db        ,  .  ,    .  - 

X  (a  X  AB  —  b  X  . ;  which  is  a  general 


AE  —  GC  ^  DC 

theorem^    •  the  hoof  of  any  pyramid. 

Corol,  I.  if  the  bafe  be  circular,  or  the  pyramid  a  cone,  and 
the  angle  CD B  be  Icfs  than  the  ans:!^  v  ..\  ;  ur,  which  is  the 
fame,  if  cd  and  VA,  produced,  intenc:;  iu  s  ;  the  fedtion  ecf 

wHl 


Seft.  I.]  CONIC    UNGULAS.  225 

EXAMPLE     I. 

If  a  copical  veflel,  whofe  bottom  diameter  is  30 
inches,  be  inclined  to  the  horizon  till  the  liquor  in 
it  juft  cover  the  bottom,  and  its  furface,  difpofmg 
itfelfinto  the  pofition  ac,  cut  the  fide  bc  of  the 
veflel  in  c,  at  the  diftance  of  18  inches  from  the 
bottom  AB  ;  how  many  wine  gallons  of  liquor  are  in 
it,  fuppofing  the  diameter  gc  of  the  veflel  at  c  to. be 
19-2  inches? 

Here  d  =  30,  j^  =  19*2,  and  h  zz  iS. 

Whence  H::-^'^X-26i8D^=32;-9-V3ox.y. 

X  3Q  X  18  X   -2618    =   439^  X  jo  X  18  X  -.6,8  ' 

2106   X   M   X    18    X   "1618  ,    ,,         e     o    . 

-2 2-— —     2196   X   •2618   X    10      = 

5749-128  inches.     Which    being  divided  by  231, 
thus, 

3)5749-118 

231=3X7X11^    7)1916-376 

11)  273-768 

gives  24  888 
wine  gallons. 

Q,  EX- 


Htll  be  a  ferment  of  an  elltpfe  whofe  tranfverie  uce  U  ch,  and 
conjugate  ^no  x  gc,  N9  beme;  drawn  parallel  to  ab,  and 
meeting  vb  produced  in  o.     And   then    the   above  general 

theorem  will  become x    (ab    x   circular   fepment 

AB  —  GC  - 

GC  X  I 


-  X  elliptic  fegment  ecf)  =,  by  prob.  6  fed.  3 

/  .      .       '  GC  X  DB  X  t/VO  X  GC 

-  X  (as  X  cir.  feg.  EBP li-i — 


X  cir.  feg,  whofe  diameter  is  cn  and  height  cd)  =,  fince  fimilar 

fegmenti 


lib 
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EXAMP  L  E     II. 

Let  there  bte  taken  here  the  fame  dimenfions  as  in 
the  laft  example,  fuppofing  the  veffel  to  be  narroweft 
at  the  bottom,  to  find  how  many  ale  gallons  are  m 
it. 

Here  ^^^^^X -2618^4  = 

30 A/30  X  i9f-iy2* 

X  -2618   X    19-^   X    18     = 
:^<;i/t  X  i9t  X  18  X  '2618     _ 

%Ki^  X  96  X   18  X  -2618     _ 

117^  X  96  X  -2618  ==  II7"I2  X  96  X  '2618  = 
2.943*55  inches.  Which  being  divided  by  282, 
give  io*43,  for  the  number  of  ale  gallons  required. 

PRO- 


«CI 


fegments  arc  as  the  fquarcs  of  their  diameters, X  (ab 

1       r     ^^«i.  »r»,»        CC  X'DB  X  CN  X  i/NO  X  GC  r- 

X  circular  fegment  ebf  —  f X  leg. 

I  DC  X  AB* 

of  the  cir.  aebf  whofe  height  is -^)  =  the  content  of  the 

ON 

elliptic  hoof  E FOB. 

GC  X  CD 

But,  by  ntn.  triangles,  gc  —  ad  :  dc  ::  gc  :cn  = 1 

and  gc  —  ad  :  db  ::  gc  :  NO  r: ;    which    values  of 

gc  —  AD  ^ 

vo  and  Nc  being  fubiHtuted  inftead  of  them,    in  the   above 
cxprcffion  of  the  elliptic  hoof,  will  give 

-ill-    X  [ab  X  cir.  feg.  EBF  -  — '  X  ( 2—)^  X  fcg. 

AB  —  gc  ab*  ^GC  —  AD 

of  the  cir.  aebf  whofe  height  is  ^ 

ABX(GC— Ad)t         T^  r  •         r  ^    ,r       ^^  \^ 

— — ]="— — ^X  [d  X circ.  feg.  EBF rX  (- -t-j) 

gc  D  — <^  D*       ^BD  — D+» 

,DX(l5B  —  D~f"»)x 

X  fegment  of  the  circle  ab  whofe  height  is  • -j J 
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1 
PROBLEM    XXVII, 

To  find  the  Solidity  of  the  Elliptic  Hoofs  of  the  Frufium 
of  a  Cone  made  by  a  Plane  cutting  off  a  Part 

of  the  Baje. 

1 .  From  the  yerfed  fine,  or  height  of  the  bafe  of 
the  hoof,  fubtraA  the  difference  of  the  diameters  of 
the  bafe  and  end  of  the  fruftum,  and  divide  the  re- 
mainder by  the  diameter  of  the  faid  end ;  find  the 
tabular  fegment  whofe  verfed  fine  is  equal  to  the 
quotient ;  find  alfo  the  tabular  fegment  whoTe  verfed 
fine  is  expreffed  by  the  quotient  of  the  verfed  fine 
of  the  bafe  of  the  hoof  divided  by  the  diameter  of 
the  bafe  of  the  fruftum ;  multiply  die  former  feg- 
ment by  the  cube  of  the  diameter  of  the  end,  and  by 
the  quotient  of  the  verfed  fine  of  the  bafe  of  the  hoof 
divided  by  ihe  difference  between  the  faid  verfed  fine 
and  the  difference  of  the  diameters,  and  by  the 
root  of  the  faid  quotient ;  and  multiply  the  latter 
Q_2  fegment 


=  the  elliptic  hoof  efcb  ;  putting  h  for  the  height  of  the  hoof, 
and  11  and  d  for  the  diamcterB  of  the  bafe  and  cad,  or  top,  of 
the  fruftum,  refpedively. 

Or  if  we  would  reduce  the 
circular  fegmeats  in  the  lad 
eipreffion  to  thofe  of  a  circle 
whofe  diameter  is  i,  to  be 
found  in  the  table  of  circular 
fegincntB  at  the  end  of  the 
book,  that  ezpreflion  win  be- 

{h 
come  ■■  X    [d'    X  tab. 

feg.  whofe  height  is 

X  t>b.  feg.  whofe  height  it 

^-r ]  =  the  elliptic  hoof  bpcb.    And  thiiit  the  rul« 

in  prob.  i-j. 


tiS 
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fegment  by  the  cube  of  the  greater  diameter ;  mul- 
tiply the  difference  of  thefe  two  products  by  ^  of  the 
height  of  the  hoof,  and  the  produiSt  divided  by  the 
difference  of  the  diameters  will  give  the  content  of 
the  hoof  required. 

2.  Subtract 


And  if  this  value  of  the  hoof  be  taken  from  ihn  x  r 

=z  that  of  the  whole  conip  fruftuniy  the  remainder     ^ 

— — :;  X  :  [d3  —  <^)  X  «  —  d'  X  tab.  feg.  whofe   height  is 

D  —  ff 

1-  i/i  X  ( r^y  X  tabular  feg*  whofe  height  is 

D  ^  BD    —    D  +  ^ 

B  D  —  D  +  </_ 

— 1/ ]or 


BD 


X  [  —  «<^'  +  d'  X  tab.  feg.  whofe  height  is 


— +  <^X(— ^ 'J    ^  tabular  feg.  whofe  height   is' 

D  BD   —   D  +  iT  *• 

■»■         — 7—}  will  exprefs  the  meafure  of  the  complemental 
elliptic  hoof  efcga. 

CorfiL  2.  If  the  points  d  and  a  coincide,  the  fe6Hon  e  fc  will 
be  a  whole  elHpfe,  and  the  rules  in  corollary  i  will  become 

^Dhn   X    —  ■  \ —     =     the    elliptic     hoof    acb,    and 


^Dhfi  X 


D  -^ 


=>the  complemental  elliptic  hoof  acg. 


And  thefe  arc  the  rules  in  prob.  26. 

h  H 

CoroL^.  Since -^  =  —,  denoting  the  height  of  the  whole 

cone  by  h,  the  laft  theor.  will  become  | «  h  x  (d*  —dtjn  d)  =.  acb^ 

and  \nBX  {T>i>/j>d'^dd)  =  acg. 

Coro\  4.  But  |«HD^  =  the  whole  cone  tab,  aiyi  therefore 
-JjfHD*  —  j«H  X  (d*  —  d„/i>d)  =  {nudi/Dd  =.  the  top  part 
VAC.     Which  top  party  confequently,  is  to  the  whole  cone 

vab,  as  |ffHi/^D^  to  |ifHD^,  oras  W'^  to  d*;  or  the  fquart 
of  the  whole  cone  vab  is  to  the  fquare  of  the  top  part  vac^ 
AS  n3  to  d*. 

Ccr9U 
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2.  Subtraft  the  meafure  of  the  hoof,  above  found, 
from  that  of  the  whole  fruftum,  and  the  remainder 
will  be  the  meafure  of  the  complemental  hoof. 

That  is,  if  D  and  d  be  the  extreme  diameters  of 
the  faiftum,  and  b  its  height ;    alfo  p  zz  the  tabular 

fegment  whofe  verfed  fine  is  — ,  q.=  that  whofe  ver- 
fed  fine  is  """v"*"^,  and  «  =  785398  &c.  ' 
Then  (p  X  D»-.^x  d^  x      ""^V     "^Jx^ 

^  ^~  BD  — D  +  rf        ED  — D  +  </'       ^  —  d 

=  the  content  of  the  elliptic  hoof  efcb. 
-  And 
[«(d»  -  d})  -  p  X  D'  +  Q.X  ^'  X      °°     V— L°     ] 

X  -^— J  =    to    that    of    the    complemental    hoof 

EFCGA. 

Thefe  are  proved  in  corollary  i  to  probt  26^ 


<^3 


E  X- 


CoroL  5.  If  the  angle  cdb 
be  equal  to  the  angle  v  a  By 
or  if  the  fedion  e  c  f  be  pa« 
rallel  to  the  fide  a  o  of  the 
cone,  it  will  be  a  parabola 
vifhofe  axe  is  c  d  bafe  £  f  = 
:iv^adXdb=2^(d— //)x^, 
and  its  area,  by  prob.  5  fe^ 
4 part  3,=  fDC  X  EF  i= 
t  D c  ^(d  —  d)  X  J;  and 
therefore  the  general  the- 
orem will  become 

^       X  (dx cir.feg,  ebf ^^        x    ■}dc^(d  —  </)  x  4) 


D  — ^      '  "  DC 

=  I -^  X  ( 5 X  tab.  feg.  whofe  height  is f  Jy^(D— ^Xi/) 

=  the  parabolic  hoof  £  ^  b  c* 

Which 
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EXAMPLE     I. 

If  a  vcflel  in  the  form  of  the  fruftum  of  a  cone, 
whofe  bottom  diameter  is  30  inches,  be  inclined  to 
the  horizon  till  the  furface  of  the  liquor  in  it  cut  the 
bottom,  leaving  10  inches  of  its  diameter  dry,  and 
meeting  the  fide  in  c  at  the  diflance  c  i  of  1 8 
•  inches  from  the  bafe  :  how  many  Winchefler  gallons 
are  in^it,  fuppofing  the  diameter  g  c  of  the  veifel  at 
the  top  of  the  liquor  to  be  1 9-J-  inches  ? 

Here 


Which  being  taken  from  J  hn  x  =  the  mcafure  of  the 

whole  fruflum  ABCG,  the  remainder 
\bx  [^^-/(d— ^/)//-- — j-^'- — ^x  tab.  fcg.  whofe  height  is-], 


D  —  </      D  — d 


or 


X  [(d  —  ^)  \d^d{\i  —  d)'-nd^  -h  x>^  X*   tab.  fegment 


whofe  height  is  •-,]  will  exprefs  the  meafure  of  the  complcmental 

d 
parabolic  hoof  £  f  c  g  A. 

Carol,  6.  If  the  Z.cdb  exceed  the 
Z.VAB ;  or,  which  is  the  fame  thing, 
if  DC  and  Av,  produced,  interfed> above 
V,  as  in  N ;  the  fc6lion  e  c  F  will  be  an 
hyperbola,  whofe  tranfverfe  axe  is  cn. 
But  in  the  hyperbola,  as  well  as  in  the 
other  conic  lections,  the  tranfverfe  axe 

GC  X  CD  ,    .        J 

c  N  =  — ,  c  p  being  drawn  paral- 

dx  cn  ,     , 

and  the 


po 
lei  to  V  A,  or  =: 


D  —  d  —  bd' 


DB 


conjugate  of  each  alfo  =gca/ —  z=z  dJ- 

^  .  ^^  ^  — y—  DB 

area  of  the  hyperbolic  fe^ion  being  found  by  prob.  6  fc6l.  J 
part  3,  and  fubftituted  in  the  general  theorem,  will  give  the  fo- 
lidity  of  the  hyperbolic  ungula. 

CoroL  7,   If  D  coincide  with  i,  or  cdb  be  a  rizht  angle,  the 
tranfverfe  and  conjugate  axes  of   tl\p  hyperbolic  fedion  will 

become and  d  rcfpcdively» 
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Here    r>   =:    30,    ^  =    19I,    b   =    18,     and 
BD  =z  30  —  10  zr  20.    . 

Whence  —  =  ^  z:  -  zz  -6666*,   the  tab.  verf. 
D       30      3  . 

the  tabular   area    for  which    is    '55622573;     and 
BD~D+^_2o-3o+i9f  —  4^  _  ^  -.  a-Syj  —  ..-7n* 
d       ""        19I        ""  96  ""  48  ■"     6     "^  ''■79t> 
the  tabular  area  anfwering  to  which  is  •371 871 78. 

Again,  D'zi27ooo,whichmukiplied  by  55622573, 

the  former  area,  produces  150 18 '09471. 

Xv/-?=  19-i-X  (ii^TX2ov/i84  =  ^^^  ^  "'^  ^  ^^ 
x>/46  =:  22686*470698,  which  multiplied  by 
•3 7 1 87 1 78,  the  latter  area,  gives  8436*45824. 

Then  658 1*63647,  the  difference  of  thefe  two  pro- 
ducts, being  multiplied  by  — ^  iz  —  =:  —  — '    \_  ^.y 

the  quotient  of  4.  pf  the  height  divided  by  the  dif- 
ference of  the  diameters,  will  produce  3656*4647  for 
the  folidity  in  inches  :  which  being  divided  by  2684, 
the  inches  in  a  corn  gallon,  give  13*6029  corn  or 
Winchefter  gallons,  for  the  quantity  of  liquor  in  the 
veflel. 


EXAMPLE    II. 

If  a  veflel,  in  form  of  the  fruftum  of  a  cone, 
clofe  at  both  ends,  be  placed  in  fuch  a  pofition,  that 
the  liquor  may  juft  cover  the  lefs  end,  and  10  inches 
of  the  diameter  of  the  greater ;  what  number  of  wine 
gallons  are  in  it,  fuppofing  the  diameters  of  the  two 
ends  to  be  30  and  194-  inches,  and  their  diftance  18 
inches? 

0^4  Here 
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Here  the  part  filled  is  the  complemental  hoof 
to  tha;  in  the  laft  example.  Therefore  if  from 
(d*  +  (d  +  d)d)  X  :^nb  zz  (30*  +  194-  x  494.)  x  6  X 
•785398  n:  8692*661,  the  content  of  the  whple  fmf- 
tum,  be  taken  3656-4647,  that  of  the  hoof  in  the 
laft  example,  the  remainder  5036-1963  will  be  the 
content,  in  inches,  of  the  complemental  hoof;  which 
being  divided  by  23 1 ,  give  21 -80 18  wine  gallons  for 
the  content  required. 

PROBLEM    XXVIII. 

To  find  the  Parabolic  Hoofs  of  the  Frujium  of  a  Cone; 

that  is,  of  the  Hoofs  made  by  a  Plane  faffing 

Parallel  to  the  Side  of  the  Cone. 

Multiply  the  bafe  of  the  hoof  by  the  greater  dia- 
meter of  the.  fruftum,  and  divide  the  produft  by  the . 
difference  of  the  diameters ;  from  the  quotient  fub- 
tra6t  \  of  the  product  arifmg  from  the  multiplication 
of  the  lefs  diameter  by  the  fquare  root  of  the  produft 
of  the  lefs  diameter  and  difference  of  the  diameters ; 
then  the  remainder  multiplied  by  \  of  the  height  will 
be  the  content  of  the  hoof  required. 

That  is,  (^^  -.  ^ds/{p-d)d)  X  \h   -  the 

parabolic  hoof  efcb  ;  where  d  and  d  are  the  di- 
ameters AB  and  Gc,  of  the  fruftum,  h  the  height 
CI,  and  A  the  bafe  ebf  of  the  hoof.  {See  the  fig. 
page  229.] 

E  X  A  M  P  L  £• 

If  a  veffel,  in  the  form  of  the  fruftiim  of  a  cone, 
be  laid  with  its  upper  fide  parallel  to  the  horizon, 
and  if  the  greateft  diftance  of  the  furface  of  the  liquor 
from  the  bottom,  whofe  diameter  is  30  inches,  b^ 
18  inches;  how  many  ale  gallons  of  liquor  are  in 
it,    fuppofing  the  diameter  of  the  veffel,    at   the 

grpateft 
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greateft  diftance  of  the  furface  of  the  liquor  from 
the  bottom,  to  be  194  inches. 

Here  the  dimenlGons  are  the 
fame  as  iii  the  iaft  problems ; 
and  fiD  z:  d  —  d  zz  30  —  19-J. 
zz  lo*  zz  io'8  the  verfed  fine, 
or  height,  of  the  bafe;  which 
divided  by  the  diameter  30, 
gives  '36  zr  the  tabular  verfed 
fine ;  the  area  anfwering  to 
which  is  '25455056 ;  which  multiplied  by  900, 
.the  fquare  of  the  diameter,  gives  229*095504  for 
the  circular  fegment,  or  bafe   of  the  hoof.      Then 

-^9-09  55  X  gs  =  tL9^Jm^3ll^=  636-37639- 
Again  ^d\/{D  ^  d)y.  dzz  4.  x  194-V/104  X  194. 

zz  4.  X  19-2  X  v/ v"x~v  =  T  X  ^9*2  ^  14*4  =; 

4  X  6*4  X  14-4  iz  368-64. 

.  Then  (636-37639— 368'64)x  '-5? .zz 267*73639X6 
rr  1606-41834  inches,  the  folidity;  which  being 
divided  by  282,  give  5-696526  ale  gallons,  for  the 
quantity  of  liquor  required. 

Note  I.  If  from  8692-661,  the  content  of  the 
whole  fruftum,  found  in  the  fecond  example  of  the 
Iaft  problem,  be  taken  1606-418,  the  content  of  the 
hoof,  above  found,  the  remainder  7086-243  will  be 
that  of  the  complemental  parabolic  hoof  dagc. 

Note  2.  If  thefeftion  ecf  be  an  hyperbola,  the 
hoofs  may  then  be  found  after  the  manner  defcribed 
in  the  fixth  corollary  to  prob.  27. 


BRO* 
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PROBLEM    XXIX. 

To  find  the  Convex  Surface  of  the  Elliptic  Hoofs  of  the 

,Fruftum  of  a  Cone^  made  by  a  Plane  cutting  the 

Ofpoftte  Extremities  of  the  Ends,^ 

To  /our  limes  the  fquarc  of  the  height  of  the  fruf- 
tum,  add  the  fquare  of  the  difference  of  the  diameters 
of  the  bafe  and  end ;  divide  the  fquare  root  of  the 
fum,  by  the  difference  of  the  faid  diameters ;  and  call 
the  quotient  c^. 

Multiply 


*  Let  the  right-angled  trianglp 
voH  be  conceived  to  revolve 
about  the  axe  vo^  the  part  ^h 
of  the  hypi>tenure  defcribing  the 
furface  of  the  ungula,  while  the 
part  HP  of  the  radius  of  the  bafe 
of  the  cone,  cut  off  by  the  per- 
pendicular hvj  defcribes  the 
fpace  FPiEEF* 

Then  iince,  by  the  iimilar  tri- 
angles, VOH,  ^PH,  it  is  every- 
where as  HP  :  H/&  ::  ho  or  ob  : 
Hv  or  BVy  the  fpaces  generated 
by  thefe  lines  will  be,  likewife, 
in  the  fame  ratio,  viz.  ob  :  bv  :: 
the  area    fiebf   :  the    furface 

BV 

FCEBS  =  —   X  FIEBF. 
BO 

And  in  the  fame  manner,  by  reafon  of  the  iimilar  triangles 
DIG,  Qj^,  QJP  being  drawn  parallel  to  db,  we  have  do  :  di  :: 
FCEF  =  B  =  the  fpace  defcribed  by  q^,  :  fief  the  fpace  dc- 

fcribed  in  the  fame  time  byQP=  —  xfcef=  —  XB. 

^  -DC  DC 

But  the  fpace  fiebf  =  the  circular  feg.  fbef  or  a  —  fibf 
«=  A  —  —    X  B.      And  confequently 

DC 

VB  VB         ,  DI  X  CB         ,  DI  V 

8  =—    X  FIEBF=   ~X   (a X   b)  =  --   X  (A—  --  X  B; 

ob  ob  DC  IB  DC 


=  the  convex  furface  of  the  ungula  efbc# 


And 
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Multiply  half  the  fum  of  the  faid  diameters  by  the 
fquare'root  of  their  produd ;  and  call  the  produdt  p. 
Then 

I 

1.  (^multiplied  by  p  and  by  •785398,  will  give 
the  convex  furface  of  the  oblique  cone  ac  v. 

That  is,  -j^^lll^  X  ^±-Vw     =     the 

curve  furface  of  acv. 

2.  Q^  multiplied  by  the  difference  between  p  and 
the  fquare    of  the  diameter    of  the  bafe,    and  by^ 
•785398,  will  give  that  of  the  hoof,  abc,  including 
the  bafe. 

•    That  is,  IvVlt^ziiOl  X  (^pD  _  ^V^i)  = 
the  curve  furface  of  abc. 

3-  Q- 


And  the  method  of  proceeding  will  be  the  fame  for  any  other 
kind  of  pyramid. 

VB 

CoroL  I.  If  from  —  x  the  circle  A  b,  the  convex  furface  of  the 

OB  , 

whole  cone,  be  taken  that  of  the  ungula,  above  found,  the  re- 
mairtder   —  x  (faef  H x  fcef).  will  exprefs  the  convex 

OB  DC 

furface  of  the  remaining  part  efcva  of  the  cone. 

CoroL  2,  And  if  from  the  value  of  the  part  laft  found  be  taken 

vs         .  vc 

—  X  circle  gc  =  —  x  circle  Gc,  the  convex  furface  of  the  top 

OB  ,  01 

cone  Gvc,  the  remainder  —  x  (faef  H x  fcef  —  circle  gc). 

OB  DC 

will  exprefs  that  of  the  complemental  ungula  efagc. 

CoroL  3.    If  the   Z.CDB   be  lefs   than    the    ^Lgab,   or  the 
fc£l.  fce  be  an  ellipfe,   the   furface   of  the    ungula  will    be 

VB  D I  . 

—   X  (cir.  fcg.  fbe X  ellipfe  feg.  fce)  ==  by  proceeding 

as 


V    \ 
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3.  Q^multiplied  by  the  difference  between  p  arid 
the  fquare  of  the  top  diameter,  and  by,  •785398, 
will  give  the  furface  of  the  hoof  ago  including  the 
top. 

That  IS,  -^--i^ — -  \  '  ^    X  ( v/d  J  —  ^^  zr 

the  curve  furface  of  acg. 

Where  the  letters  denote  the  fame  Quantities  as 
in  the  foregoing  problems. — All  thefe  are  proved  in 
corollary  4. 

EX. 


,         ,     VB        ^  GC*  X    DI  ,        DB 

as  in  cor.  i  prob.  26,  —  x  (ebf ' r  ,/- 


OB  AB*  X  (gC  —  ad)         CC  —  ad 

X  fcg.  of  the  circle  ab  whofe  height  is  ab  X  » )  = 

°  GC 


V'4^*+(d-£0*  ^^  DB— |(d— <^        ,  DB 

X  (ebf — X T^ — :k"v 


D  —  </  DD  DB  —  (d— ^  DB— (d  — la?) 

X  feg.  of  the  circle  ab  whofe  height  is  d  X  ^ )  = 


■ .       ^— J ^  X   (d*  X  tabular  fegjiient,  whofe  height  is 

D  -^  » 
DB  ^  DB  —  i  (d  —  //)      ^  DB  ,      ^  ,     - 

—  —  ^  X  ^~ r-'  4/ ; 1   X  tab.  {eg.  whofe 

D  BD  — (d— tf)      ^     DB  — (d  — tf) 

height  18 ^ -)j  where  /j  is  the  height,  and  d  and  </the 

diameters  of  the  bafe  and  top  of  the  frudum. 

And  the  value  of  the  furface  of  the  remaining  part  efcva,  in 

vb'  DI  •" 

corollary  i,  will  become  —  X   (cir.  feg.  fae  H X  ellip.  feg, 

V  VB  ,  GC*  X  DI  y   *    D^B  _  -  -   .  ^ 

fce)  =^  —  X  (fae  +  -— rv/ X  feg.  of  the 

OB         ^  AB*(GC  — ad)         GC  — AD 

•      1  1-    r    i_   •    i_     •  GC-AD.  V'4^*T(d^^^ 

Circle  AB  whofe  height  is  ab  X )  = ■. X 

^  CC  d  —  </ 

,     ^i/        DB  —  i(D  — //)      y  DB  ^  r    ^u-. 

(FAE  +  —  X ^ y^\/ ^  X  feg.  of  the 

DD  DB  —  (D—  </)  DB—  (D  — ^ 

cir* 
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EXAMPLE. 

Required  the  convex  furfaces  of  the  two  hoofs  of 
a  conic  fruftum,  whofe  bafe  and  top  diameters  are 
30  and  19-J.,  and  height  18  inches  ;  the  feftion  being 
made  through  the  contrary  extremities  of  the  diame* 
ters:  together  with  that  or  the  oblique  cone  acv. 

Here  d  =  30,  d  =  194.,  and 
b=.  18.  

Then  Q_=VVl+in-^_ 

10-8       ^  ^  7^2  ^    "" 

i  v^io*+3*   =  ^  ^109    =;  ^ 
3*48010217. 

= ,  590t' ^And  then 

1.   Q. 


cir.  AB  whofe  height  is  d  x  "'"(p-A       a/4^*+(d-^*.. 
(d»  X  tab.  feg.  whofe  height   is  —  +  <^  x  p°-t(p-«0 

D  ,  DB  —  (d— </) 

^DB-"'-^  ^  tab.  feg.  Whofe -height  is  ^iH-^^Z^).  Or 

it  is  =  ^^:^I^  X  (KAE + i-^x  iii±ilz:i£v/2=^" 

^-^  DD  ^/— AD  ^    </  — AD 

X  fegment  of  the  circle  ab  whofe  height  is  d  X  ^-^1^)  = 

— \ L___  d 

v^4i'*+(D-^» 

"^ZTj X  (d*  X   tabular  fegment  whofe  height  is 

^^  A.JZ  V  g(p+^  — AD     vd-ad     >     ,  ■  ^   ^   ,    .  , 

.     </— AD^ 

Alfo 
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I.  Q^x  p  X  -785398  =  273326528  X  590-4  = 

16137198213  inches  rr  ii*2o63876  feet,  the  con- 
vex furface  of  the  oblique  cone  acv. 

2.  Q.  X  785398  X  (D*-.p)  =  785398  X 
3-48010217  X  (900  —  590-4)  =  2-73326528  X 
309-6  —  846-2189307  inches  =  5-87652  feet, 
that  of  the  hoof  abc. 

3.  Q^  X  -785398  X  (p-O  =  785398  X 
3-48010217  X  (509-4  — 368-64)  =  2-73326528  X 

221-76  zz  606-1289085  inches  =  4-2092285  feet, 

'     that  of  the  complemental  hoof  acg. 

p  R  6- 


Alib  that  of  the  complemental  hoof  in  cor*  2,  will  become 
—  (cir.  feg.  FAE  H X  cUip.  feg.   fce  —  the   cir.  cg)  =. 

OB  DC  . 

f 

"VB  <5C     X  DI         .       ,        DB 

—  X   (—  a   X  GC*  4-  FAE  +  :; ; )v/ X 

OB  AB*X(GC  — AD  GC  —  AD 

fegment  of  the  circle  ab  whofe  height  is  ab  x  )  = 


GC 


l>—d  DD  a— AD 

</", X  fee.  of  the  circle  ab  whofe  height  is  d  X  — 7—  ) 

^   a --AD  » 


_  ^4/>^4(D-^)*  X  (  -  «i^  +  D*  X  tab.  feg.  whofe  height  is 
^  +  J^x  M^jLfLZJtR^^-Z^  X  tab.feg.whofehcight 

D  i/— AD  ^— AD 

.     ^— AD. 

Caroh  4.   If  D  coincide  with  A,  the  rules  in  the  laft  corollary 

VB  '■        <■     ■       ■ 

will  become  —  X  (ab*  X  «  -  «  X  ab  X  >/ai     x    cc   = 
bo 

n^^^-^jv^d)-   ^  _  Z±J^vJ)  for  the  convex  fur- 

i>  —  d  * 

face  of  the  ungula  abc«  .    . 

^    -  Ani 
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PROBLEM     XXX. 


To  find  the  Convex  Surf  aces  of  the  Elliptic  Ungulas  of  a 
Coney  made  by  a  Plane  cutting  off  a  Part  of  the  Bafe. 

Multiply  continually  together  the  four  following 
quantities,  viz.  the  quotient  arifing  frona  the  divifion 

of 


VB  — —  QQ 

And —  X  aia/ab  X  gc  X  «  =  2if  X  vb  X  ki\/ —  = 

OB  ^  AB 

ns/6^'-  -f  (p  -  d) "  ^  ^JJ  j^^  for  that 'Of  the  oblique  cond 

D  — ^  2 


ACV. 


Alfo X     (AI^AB  X   GC-GC*)=  -2LZ_LL- L 

OB  D  — ^ 


,D  +  ^ 


X  (      ■  —  ii/Dd—d*)  for   that    of  the  complemental    elliptic 

hoof  ACG.      ' 

Corol,  5.  If  DC  be  parallel  to  av,  or  the  re£tioii  a  parabola ; 
fince  its  area  b  is  f dc  X  df  =  foe  y^AD  X  db,  the  general 
theor.  for  the  ungula  will  become  

—  X  (feg.  FBE  -  Idi^^adxdb)  =-!LZ- — 1— i-- i-  X 

OB  P.^  ^ 

{{eg.  FEE  to  height  db— |(d  —  ^  v^^(d  -  </)]  ^oir  the  con- 
vex furface  of  the  parabolic  ungula  febc. 

And  the  rule  in  cor.  i  will  be 

li    X    (fcg.    FAE     +    fDVTTl^l,)  =  ^/4^*  +  ("-'^'    ^ 
OB  D  — ".  ^ 

[(fcg.  FAE  to  height  ae  +  |(i>— 'O  j/d  {d -— d)^  for  that  of 
the  part  aefcv. 

VB  _ 

Alfo  that  in  cor,  2  will  be  —  X  (feg.  fae  +  f  di  a/ad  x  db 

OB  ^      o  »  ir 

—  AD*    X  »)  =  -^^-^ ~ X  (legmcnt  fae  to  height 

D  —  a 

AD  +  I  (d  —  ^  -v/^(d  — //)  ^  «//<0,  for  that  of  the  comple* 

mcotal  parabolic  ungula  faecg. 

Ctrol. 
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of  the  fquare  of  the  lefs  diameter  by  that  of  the  greater; 
the  quotient  arifing  from  the'divifion  of  the  difference 
between  the  part  of  the  diameter  of  the  bafe  not  cut 
off  and  half  the  fum  of  the  diameters,  by  the  diffe- 
rence between  the  faid  part  of  the  diameter  of  the 
bafe  and  the  lefs  diameter ;  the  fquare  root  qf  the 
quotient  arifing  from  the  divifion  of  the  part  cut  off 
the  diameter  of  the  bafe,  by  the  difference  between 
.  the  part  not  cut  off  and  the  lefs  diameter ;  and  fuch 
a  fegment  of  the  bafe  of  the  fruflum,  whofe  height 
is  equal  to  the  product  arifing  from  the  multiplica- 
tion 


Coral.  6.  If  the  angle  cdb  be  greater  than  the  angle  tab,  or 
the  fe6tion  be  an  hyperbola,  its  area  being  found,  and  fubiH- 
tuted  for  b  in  the  general  rules,  will  give  the  furfaces  of  the 
hyperbolic  ungulas. 

Coroh  7.  If  the  hyperbolic  feftion  be  perpendicular  to  the 
bafe,   Di    will  vaniih,  and  the  general  theorems  will  become 

V  R  CB 

—   X  feg.  FBE   =  —   X    fee*  fee  its   height  being   ib  = 

OB  IB  ° 


^T  X  feg.  of  the  circle  ab,  whofe  height  is 1 

for  the  curve  furface  of  the  perpendicular  ungula  cii. 

VB  CB  •  • 

Alfo  —  X   fccrment  fae  =  —  x  fegment  whofe  height  is 

OB  **  IB  '  ^ 


Ai  =  -^-^^- ^-7 ^  X    feg.  of  the  cir.  ab  whofe  height  is 

— — -,  for  that  of  the  remaining  part  aicv. 


And  —   X  feg.  fae  —  cir.  cg  =  .2LZ i- x  (leg. 


of  the  circle  ab  whofe  height  is n^^h  for  that  of  tht 

2 

complemental  perpendicular  ungula  aicg. 
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tion  of  rfie  quotient  of  the  greater  diameter  divided 
by  the  !efs,  into  the  difference  between  the  lefs  dia- 
meter and  the  part  of  the  bafe  diameter  not  cut  off : 
and  call  the  laft  produA  r. — Then 

I.  The  difference  between  a  and  the  bafe  of  the 
hoof,  multiplied  by  the  quantity  o^,  in  the  lafl:  pro- 
blem, will  give  the  convex  furface  of  the  unguis 
required. 


(feg.  FEE— —  X  '^     T    ^ 
°  DD  d — AD 

/v/t-— —  X  fee.  of  the  circle 

d— AD  = 


=  the  convex  furfece  of  the 
hoofpEBC.  Ufing  ftill  the 
fame  letters  as  in  the  former 
problems. 

2.  The  fum  of  r  and  the  remaining  fegment  of 
the  bafe,  not  included  by  the  hoof  above,  multiplied 
by  (L,  will  give  the  furfece  of  the  remaining  part 
of  the  whole  cone. 


That  is;  ^^^'+_;y^'  X  (feg.  FAE  +  ^  X 
'^^  ?-f  ~  *  V^?^  ^  fegment  of  the  circle  ab 
whofe  height  is  d  x  ^—^—)  —  tlie  convex  furface 
of  the  part  feavc. 

3.  From  the  fur&ce  of  the  part  in  the  laft:  article, 
fubtratft  that  of  the  little  cone  at  the  top,  viz.  the 
product  of  (Lby  the  area  of  the  top  of  the  fruftum ; 
and  the  remainder  will  be  the  furface  of  the  comple- 
mental  ungula. 

K.  That 
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That  is,  ^^^^+_[yl^  X  (-  ndd  +  fcg.  f  ae  + 
££  X  ^(°  +  'O  -  *P^_£i^  X  feg.  of  the  circle  ab 

DD  tf—  AD  J— AD  *^ 

whofe  height  is  d  X  — j^)  =  the  convex  furface  of 
the  complemental hoof  feagc— Allthefeare  proved 
in  corollary  3  problem  29. 

EXAMPLE. 

Required  the  convex  furfaces  of  the  parts  into 
which  a  cone  is  cut  by  a  plane  which  enters  the  fide 
at  the  diftance  of  1 8  inches  from  the  bafe,  and  cuts 
off  20  inches  of  the  diameter  of  the  bafe;  that  dia- 
meter being  30,  and  the  diameter  at  the  top  of  the 
feftion  19^  inches. 

Here  d  iz  30,  ^zz  19-J.,  ib  z=  18,  bd  ==  20,  and 
AD  zz  10. 

Whence  q^  =   y4^*-K^7^'   =  i^^ioo   = 

D  —  a 

3'48oio2i7. 

The  feg.  fbe  zz  30*  X'55622573  =:  5oo'6o3i57. 
The  feg.  fae  zz  30*  X'229 17243  =  206*255 187* 

R  =  C^Y  X  i^V^  X  feg.  whofe  diameter 

is  30  and  height  ^^    ,^^ 

= ^^4  v±.  X  30*  X  tabular  feg.  whofe  height  is  ^ 

6*  X  8*  X  146A/46  ^^  0.0  a 

zz — _t.^i±.x  -37187178  =  320761173. 

And  ndd  =  785398  X  (19I)*  =  289-529179. 

Therefore 

I.  Q^.x  (fbe  — r)  =  3-48010217  X  179-841984 
zz  625-868479  =  the.  convex  furface  of  the  hoof 

FEBC. 

2.    CL 
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2.  <i,x(fae  +  r)  =  3-48010217  X  527*01636  = 
■  i834'070779  =:  that  of  the  part  faecv. 

3-  qj<Cfae+r—W</) =3-4801021 7x237*487181 
=  826-479654  =  that  of  the  complementai  hoof 

FAECG. 


PROBLSM    XXXI. 

To  find  the  Convex  Surfaces  of  the  Parabolic  Hoofs  made 
iy  a  Plane  cutting  a  Cone  Parallel  to  one  Side. 

Multiply  ^  of  the  difference  of  the  diameters  of  the 
bafe  and  top  of  the  fruftum,  by  the  fquare  root  of  the   , 
produft  of  the  faid  difference  and  the  Irfs  diameter; 
and  call  the  produft  s. — Then 

I .  The  diflerence  between 
s  and  the  bafe  of  the  hoof, 
multiplied  by  q,,  in  the  29th 
problem,  will  give  die  fur- 
face  of  the  hoof 


That  h,  '^**'^^y^'  X 
[fegment  fbe  -~  ^(d  —d) 
v^</(D  — (^)]  =  the  convex 
fiirface  of  the  ungula  febc. 
Uling  fljll  the  fame  letters. 

2.  The  fum  of  s  and  the  complementai  bafe,  mul- 
tiplied by  Q.,  will  give  the  convex  furface  of  the  re- 
maining part  of  the  cone. 

Thatis,i^iE^p^X  [fegment  FAE+i(D-iO 


\/d{D~d)2  =  the  fiirfjice  of  the  part  faecv. 

R  z  3.  The 
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3.  The  difference  between  the  circle  cc,  and  the 
fum  of  s  and  the  complemental  bafe,  multiplied  by 
Q^y  will  give  the  furface  of  the  complemental  hoof.     - 

That  is,  ^^^'^-^y^'  X  [fegmentFAE  + *(d-.^ 

\/d  {t>  -^  d)  ^ndd^  =  the  convex  furface  of  the 
complemental  hoof  faecg. 

EXAMPLE. 

Required  the  convex  furfaces  of  the  parabolic 
hoofs  of  the  fruftum  of  a  cone,  whofe  height  is  1 8, 
and  its  diameters  30  and  19-^  inches. 

Here  again  o^rr  3*4801021 7. 

s  =  |(d— i)v/^  (d  —d)  =  *Xio4.\/i9|x  104^ 
=  103-68. 

The  feg.  fbe  =:  30*  X  tab.  feg.  whofe verfed  fine  is 

^^orll  or -36  =  900  X  .25455055  =  229-095495. 

The  feg.  fae  =  30*  X  tab.  feg.  whofe  height  is 

^or-j^or-64  =  9oo^>53o8476i  =  47776^49- 
And  ndd^  as  before,  =  289*529179. — ^Whence 

!•  <LX  (fbe  —  s)  =  3-48010217  X  125-415495=: 
436*458737  zz  the  convex  furface  of  the  hoof  febc. 

2.  <^X  (pae  +  s)=:3«48oio2I7  x 581-442849=: 
2023*480521  =  that  of  the  part  faecv. 

3-  Q^x(fae  +  s— »^//)=:3-48oio2i7X29i*9i367 
=  1015-889396  =  that  of  the  complemental  hoof 

liAECG. 


?RO- 
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PROBLEM     XXXII. 

To  find  the  Curve  Surfaces  of  the  Hyperbolic  Hoofs  of 

the  Frujlum  of  n  Cone,  made  by  a  Plane  cutting 

it .  Perpendicular  to  the  BafCn 

1.  Multiply  the  quantity  q^  found  as  in  the  pre- 
ceding problems,  by  the  bafe  of  the  hoof;  and  the 
product  will  be  its.furface. 

That  is,  —  X  feg.  fbe  =  ^^  ^^^'^  ^    x  feg;,  of 

'    OB  °  T>  -^d  ° 

the  circle  ab  whofe  height  is     ""     ir  the  cuiye  {ur- 

face  of  the  perpendicular  hoof  febc,:-  [See  the  fig.- 
at  page  243.] 

2.  Multiply  Q^by  the  complemental  bafe,  and  the^ 
produft  will  be  the  furface  of  the  complemental  part 
of  the  whole  cone. 

That  is,  —  X  feg.  fae  =:  — — \^p  '    x  f^g.  of 

r»  JLm  A.        ' 

the  circle  ab  whofe  height  is  — ^^  or  ad  or  a i   =: 
the  curve  furface  of  the  part  faecv. 

3.  Multiply  Q^by  the  difference  between  the  com- 
plemental fegment  and  the  circle  go,  and  the  pro- 
du6t  will  be  the  furface  of  the  complemental  hoof. 

That  is> —  X  (feg.  fae— cir.cc)  =:  ^      ■  _j — i- 

X    (-^ndd  +  feg.  of  the  circle  ab  whofe  height  is 

^' )  =  the  curve  furface  of  the  complemental  hoof 

faecg.     Ufing  ftill  the  fame  letters  as  in  the  former 
problems. 

Note.  The  two  firfl  articles  are  the  fame  rule,  and 
ferve  for  the  whole  cone  as  well  as  for  any  perpen- 
dicular paij. 

^3  EX- 
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EXAMPLE. 


Required  the  curve  fiirfaccs  of  the  perpendicular 
hoofs  of  a  cone,  whofc  bafe  diameter  is  30  inches  ; 
the  height  of  the  feftion  being  18,  and  the  diameter 
of  the  coneat  ;he  top  of  the  fedion,  19-J.  inches. 


Here  again/   5-.  z3*/°'°=''7. 
^      \naa  =  289*529179. 


The  legEDsnt  fbe  =:  30  X  tab.  leg.  whole  height  is 
22^^^i2Jor*i8  =  900  X  •09613453  =  86'52io77. 

The  fegment  f ae  =  30*  X  tab.  feg.  whofe  height  is 
30  ^  <9y  ^^  .g^  -.  ^QQ  X  -68926363  =  620-337267. 

■ 

And  FAB  —  ndd  =  33o-8o8o88. 

Whence,  multiplying  thefe  three  each  by  q^  or 
3*48010217,  we  have 

!•  Q^x  fee  =    30i'i02i8S  the  furf.  of  febc. 

2.  Q^x  FAE  =  2i58'837o68  the  furf.  of  feacv. 

3.  Q^x  (fae  — »^</)  =  ii5i*245945  the  furf.  of   , 

FEACG. 


SECT^ 
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SECTION    11. 


OF     THE     REGULAR      BODIES. 


DEFINI  TIONS. 

I.     /V     Regular  folid  or  body,  is  a  folid  contained 
XjL  under  fome  number  of  like,  equal,  and  re- 
gular plane  figures. 

2.  The  plane  figures,  under  which  the  folid  is  con- 
tained, are  the  faces  of  the  folid.  And  the  fides 
of  the  plane  figures,  are  the  edges  or  linear  fides  ot 
the  folid. 

3.  There  are  only  five  forts  of  regular  folids,  viz. 
The  tetraedron,  or  regular  triangular  pyramid,  hav- 
ing four  triangular  faces ; 

The  hexaedron,  or  cube,  having  fix  fquare  faces ; 
The  o6taedron,  having  eight  triangular  faces  ; 
The  dodecaedron,  having  twelve  pentagonal  faces  ; 
And  the  icofaedron,  having  twenty  triangular  faces. 


PROBLEM     I. 

To  ConftruSl  or  Form  the  Regular  Solids. 

r 

Having  defcribed  figures,  as  below,  on  pafte- 
board,  or  fome  other  pliable  matter,  cut  them  out 
by  the  extreme  fides ;  and  cut  the  othei;;  lines  half 
through  i  then  fold  them  at  thefe  fines,  fo  cwt,  till  ^ 
the  fides  meet ;  which  being  feftened  together  with 
glue,  or  otherwife,  you  will  have  the  form  of  the 
bodies.  Namely,  figure  i  will  form  the  tetraedron ; 
figure  2,  the  hexaedron;  figure  3,  the  oftaedron; 
figure  4,  the  dodecaedron;  and  figure  5,  the 
icofaedron. 

R  4  PRO- 
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[Part  3, 


^0  find  the  Surface  of  a  T^etraedron. 

Multiply  the  fquare  of  the  linear  edge  by  the 
root  of  3 ,  and  the  produft  will  be  the^ whole  fiirface, 
or  the  fum  of  the  four  faces. 

That  is,  A*v^3  is  the  whole  furface;  a  being  the 
linear  edge,  or  a  fide  of  one  of  the  faces.* 

EX- 


*    DEMONSTRATION. 

For,  by  rule  2  prob.  4  fed.  i  part  2,  one  of  the  faces  will  be 
?=  -  \^3  >*  A* ;  which  being  mulnplied  by  4,  gives  a*  v^3  fop 
^U  the  four  faces,     J§^  jE.  2), 


ScduiJ]  TET'RAEDRON.  a4p 


EXAMPLE* 


If  each  fide  of  one  face  of  a  tetraedron  be  i ,  re- 
quired the  whole  furface. 

Here  a  zz  i ;    and  therefore   a*\/3  =  \/3  z= 

I '73 20508  =  the  furface  required. 

PROBLEM    III. 

To  f  fid  the  Solidity  of  a  Tetraedron. 

Multiply  ^  of  the  cube  of  the  linear  fide  by  the 
root  of  jiy  and  the  produd  will  be  the  folidity  of 
the  tetraedron. 


That  is,  tV  a'\/2  is  the  folidity.* 


E  X- 


*    DEMONSTRATION. 


From  one  angle  c  of  the  tetraedrpn 
let  fall  a  perpendicular  c£  upon  the 
oppofite  fide  adb,  and  draw  ea. 

Then  AC*  =  AE*  +  EC*  ;  but, 
from  the  tables  in  page  81  and  84,  it 
appears  that  {  ac*  =:  |  ab*  is  =  ae^  ; 
therefore,  by  ^  fubtrading  this  equa- 
tion from  the  former,  \  ac*  will  be 
=  CE*,    ^nd  hence    cE  =  ac^v/I* 

But  ABDIS  ZZ^AB*  iv/'3  =  ^AC*i/3. 

Then  ^CE  X  ABD  =  ^kcji/\  x  ^ac'^ t/^  =  TfAcSy/a  is  the 
folidity.     ^  E.  D. 

CoroL  I.  A  cube  is  to  a  tetraedron  of  the  fame  linear  fide,  as 
1  is  to  ^'^j  i/2y  or  as  12  is  to  .^/i. 

CoroL  2.  Put  r  for  the  radius  ef  of  the  infcribed  fphere,  a 
for  the  linear  fide  ac,  b  for  the  whole  furface,  and  c  for  the 
folidity ;  ^nd  we  fhall  have 

CoroL  3.  Hence  alfo  r  or  pe  is  =  :^  EC ;  for,  by  the  demon- 
flration,  cE.is  =  a^\, 

CoroL  4«  And  hence  the  radius  of  the  circumfcribed  fphere,  is 
equal  to  3  times  that  of  the  infcribed ;    that  is,  r   1=   fc  = 

jCE  —  EF  =  4FE  —  EF  =  3FE  =  3r  =  ^Ki/6, 

8  C  H  0. 


a^o 


H^'XAEDRON. 


[Parts, 


EXAMPLE. 


If  the  linear  fide  of  a  tctracdron  be  i  ;  required 

the  folidity. 

Here  a  =:  i,  and^^^-A^a  zz -j^y^z  =  '117851 13 
the  folidity  required. 


PROBLEM    IV. 

^0  find  the  Surf  ace  or  Solidity  of  a  Hexaedron  or  Cube. 

It  is  evident  that  6  times  the  fquare  of  the  linear 
fide,  will  be  equal  to  the  whole  furface;  and  the 
cube  of  the  linear  fide,  equal  to  the  folidity  of  the 
hexaedron,  or  cube.** 

PRO- 


fCHOLIUM. 

From  this  problem  and  its  corollaries,   together    with   the 
former  problem,  arc  deduced  thefe  equations. 

1.  A=  a/jc^3  =      ytcs^z     =  JR^6      =   2r^(}. 

2.  B=     aV3    =    6VcV3      =tRV3    =24rV3- 


•     3.  c  =  ^^a}^2  =  ^Vbv^2bv'3  =  TVaV3  =  8r5v^3. 
4.  R=   iAV'6   =  i\/2BA/3     -i^i^V3=:y. 

*    SCHOLIUM. 

Since,  as  is  evident,  the  diameter  of  the 
infcribed  fphere  is  equal  to  the  linear  fide 
erf  the  hexaedron,  ana  the  diameter  of  the 
circumfcribcd  fphere  is  the  diagonal  An  = 
V^AC*  -f  CD*  =  v'ab*  +  BC*  +  c"d*  = 
4/3  AB*  ==  AB^3  ;  if  A,  B,  and  c  be  put  to 
denote  the  linear  fide,  the  furface,  and  the 
folidity  of  a  hexaedron,  and  r,  r  for  the  ra- 
dius of  the  infcribed  and  circumfcribed 
fphere ;  then  in  the  hexaedron,  or  cubey  we 
fliall  have  thcfe  equations. 


I*  A 
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PROBLEM     V. 

?V  find  the  Surface  of  an  Ollaedron* 

Multiply  the  fquare  of  the  linear  fide  by  the  roo^ 
of  3  9  and  double  the  product  will  be  the  furface. 
That  is,  2A*y/3  is  the  furfacc.* 


EXAMPLE. 


The  linear  fide  of  an  oftaedron  being  i,  it  is 
required  to  find  the  fuperficies. 

Here  a  rr  i,  and  2A*\/3  zr  2^/3  =  3*4641016 
the  furface  required. 


PROBLEM    VI. 

To  find  the  Solidity  of  an  OQaedron. 

Multiply  the  cube  of  the  linear  fide  by  the  root 
of  2,  and  4-  of  the  produd  will  be  the  content  of 
the  odaedron» 

That 


i,B=:  6a*  =  6Vc*  =  8jt*  =  a4r*. 
3.  c=  a5  =}bv^^b=:  i»V3  =  ^'•^• 
4-  »  =  4a^3  =  i^jB  =  iv'S  X  Vc  =  ^\/3- 
5.  r=     4a     =4v'^^b=      4Vc       =t»\/3- 

*    DBMON8TKATIOK* 

By  rule  2  prob.  4  fed.  i  part  a,  one  fitcc  is  =s  4  A*  >y/3 ;  con- 
iibquently  8  faces,  or  the  whole  fui&cey  will  be  =  ^K^^/l^ 


tsz 


OCTA£D&X)If». 


That  is,  ^a'v/2  is  the  folidity.* 


(Part  3;  ^ 


EX- 


-  « 


*   DEMONSTRATION. 

Let  E  be  the  middle  of  the  dia- 
gonal AC  of  the  foFid,  or  the  center 
of  the  folid ;  and  draw  de,  which 
will  be  equal  to  ae. 

Then,  fince  the  folid  is  cvi- 
dent«y  coinpofed  of  two  equal 
fqiiarc  pyramids,  each  bafe  of 
which,  ABCF,  is  equal  to  the  fquarc 
of  the  linear  £de  of  the  iblid,  and 
the  altitude  of  each  equal  to  de  or 
ae,  half  the  diagonal  01  that  fquare; 
welhall  have  arckxJae  =  ab* 

X    |AC   =  iAB^^AB*     +     EC*     = 

iAB*i/2AB-  =  \\^3j^2  for  the  folidity.     ^  E.  D. 

Corol.  I.  The  radius  ae  of  the  circumfcrlbedfphere  is  =  Jac 

Carol.  2.  The  rarUus  of  the  infcribed  fphcre,  is  equal  to  the 
quotient  arifing  from  the  drviiion  of  3  times  the  folidity  by  the 
whole  furface,  equal  (tiom  this  problem  and  tne  laft)  ab^  y^a  -r* 

2AB*V^3  =   lA^  V's   =  tfAB>v/6  =:  AB^^^. 

8  C  H  O,  L  I   U  M. 

/_ 

From  the  two  laft  problems,  and  the  corollaries,  arc  deduced 
the  following  equations ;  in  which  a  denotes  the  linear  fide 
of  an  odaedfon,  b  the  whole  furface,  c  the  folidity,  r  the  ra- 
diot  of  the  infcribed  fphere,  and  k  the  radius  of  the  circum* 
fcribcd  fphcre. 


I.  A  =  y/ 


=  y= 


=     R  j/i     =  r  ^6. 


I.  B  =  2aV3  =  6yt^  =  4rV3   =  "rV3- 


.  c  =  ixW*  =   '^l^^     =     tii»      =    4'^V3. 


18 


4.  .=4a,/.  •=     v/"-^    =    y^c   =    rv'3. 
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EXAMPLE. 


If  the  linear  fide  of  an  odaedron  be  i,  what  is 

its  folidity  ? 

Here  a  =:  i,  and  therefore  \f}y/x  zz  \y/x  = 

'47140452079  is  the  content  required. 


PROBLEM    VII. 

TV  find  the  Surface  of  a  Dodecaedron. 

To  I  add  ^  or  T^  of  the  root  of  5  ;  multiply  the 
root  of  the  fum  by  15  times  the  fquare  of  the  linear 
fide;  and  the  produdl  will  be  the  furfacc  of  the 
dodecaedron. 


That  is,  i5A*\/i  -{^^^VS   ^^  ^^  furface.* 

EXAMPLE. 

If  the  linear  fide  be  i ,  required  the  furface. 


Here  a  rr  i,  and  therefore  ic^h^\/i  +  ^^^  = 
I5v/i  +  ^v^5  =  20*6457788075  is  the  furface 
required. 

F  RO- 


*PE1^0K8TRATION. 

By  rule  2  prob,  4  fed,  i  part  2,  the  area  of  .one  face  is 
•$A*i/i  +  |- y^5,  and  therefore  ii  faces  or  the  whole  furfacc 


*S4 


DOD£CA£DRON« 


[Part  3. 


PROBLEM    VIII. 


To  find  the  Solidity  of  a  Bodecaedron. 

^*  To  2 1  times  the  root  of  5  add  47,  and  divide 
the  fum  by  40 ;  multiply  the  root  of  the  quotient  by 

5  times 


*    DEMONSTRATION* 

Let  A  be  a  folid  angle  of 
the  dodecaedron ;  and  let  the 
extremities  of  the  fides  ab^ 
AC,  AD,  of  the  faces  which 
form  the  angle,  be  conneded 
by  the  right  lines  bc,  cd, 
DB,  forming  the  equilateral 
triangle  bcd  within  the  folid; 
upon  the  center  e  of  which 
tnangle  let  fall  the  perpen- 
dicular AE,  and  to  the  center 
F  of  one  of  the  faces  draw 
the  lines  af,  cf. 

The  angle  cad  contains 

108  degrees,  whofe  fine  is  Jv'io  +  2V^5,  to  the  radius    i; 
and    the  angle    adc   contains    36    degrees,     whofe    fine   is 

iV'io-iv^S;    therefore   as  v'lo  -  2/5  :  ^10  +  i^^.i 

^  10-2^5  ^  s-^/5  ^    25-5 

And  much  after  the  fame  man- 


CA:CD 

=  ' —^  AC  =  2L2  AC, 

ner,  we  find  cb  =  700^^3  =  cy>»/\  =  ■       ^^ 


AC. 


Hence  ea  =  //ac»  —  ce»  =  >/ kc*  —  ('    i  ^?>*ac*   =. 

AcV^i  -  "^-^^^  =  AC  v^3  -y^^     Then    becaufe    the 

o  6        .  •' 

chord  of  an  arc  is  a  mean  proportional  between  its  Terfed  fine 

and  the  diameter,  and  ae  is  the  verfed  fine  of  the  «rc  whofe 

chord  is  ac,  and  its  diameter  e^ual  to  that  of  the  circumfcribed 

fphere  ; 
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5  times  the  cube  of  the  lineax  fide ;   and  the  pro- 
duft  will  be  the  folidity. 

That  is,  5  A'  ^^1±J1^  is  the  folidity. 

EX- 


fphere;  we  fhall  have  ac*  -t-  ^ae  =  ac*  -r-  2AC\/5 — 7^^ 

6 

=  AC  X  '-i^^/3  =  l^l±-i^5^c  =  E  the  radius  of  the 
circumfcnbed  fphere^  # 

Afi^ain,  the  angle  afc  contains  72  degrees,  whofe  fine  is 
iv'io  +  2v^5;  and  the  angjc  acf  S4  degrees,  whofe  fine  it 

LL^  ;  therefore  as  ;y/io  +  24/ ^  :  i  +  VS  •=  ^c  :  af  = 

4 

^V-r  AC  =  Kcy r^  • 

yCio+iv's)  ,  ^^ 

But,  fince  the  radius  of  the  circumfcribed  fphere  is  the  hypo- 
tenufe  of  a  right-angled  triangle,  whofe  two  legs  are  af  and  the 
Vadius  of  the  infcribed  fphere,  we  fhali  have  v'r*  -  af*  = 

v/TZHZisI^M^Sr-  AC  v/ii+ivli.iivi 

^         4  '  10  16  10 

=  Aci/^V^  "v  S  _.  ^'  jjjg  radius  of  the  infcribed  fphere. 
40 

Then,  becaufe  the  folidity  of  any  regular  folid  is  equal  to  the 
furface  drawn  into  |  of  the  radius  of  the  infcribed  fphere,. and  the 

furface  b   equal  to    15  a  V—-^^/  *^^  ^^  problem,  we 
ihallhave  b  x  {r  =  igAV^  '    ^    7 a/  -"  '    " 

=:  r^i^^LlJlill  =  c  the  folidity.    ^E.D. 
^  40 

CoroUary* 
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EXAMPLE. 

If  the  linear  fide  be  i,  required  the  folidity  of 

the  dodecaedron. 

Here  a  =  i,  and  therefore  t^K^y/^ — i^  = 

40 

g v/lLdlfii^'  =  7-6631 189605  is  the  content. 

40  " 

P  R  O- 


Corollary.    From  the  demonftration  it  appears  that  the  radiua 

of  the  circumfcribed  fphere  r  15  =  ^-^ '^ — a,    and  that  of 

4 

.     ^     .,       1    /.  ,  ■  y2C  +    II  Jt 

the  Mifcnbcd  fphere  r  is   =  Ky-^ • 

.40 

SCHOLIUM. 

Putting,  as  before,  a,  b,  c  for  the  linear  fide,  furface,  and  fo- 
Bdity,  and  r,  r  for  the  radius  of  the  circumfcribed  and  infcribed 
fphere  refpedtively  j  we  ihall  have,  in  the  dodecaedron, 

i.  B  =  ijA'v/^-i-^^  =  3  yiocVi30-58-/S  = 


3.  c=5A'x^ ^^^^ --S/ g— 

3  30  _____ 

4-   *    -  7 *   -  ^^         I?—   ~ 


V  40 

.        _  Ai/2SO+  I10\/5    _    I        y3BV^6^0    +    aQOy^j    ^ 


20  20  3 


yc ^6^0  +  290^ 5  _  ^^5  +  2V^S 
V^  200  .        ^         xs 


Seft.  2.]  ICOSAEDRON.  257 

PROBLEM     IX. 

^0  find  the  Surface  of  an  tcofaedron. 

Multiply  5  times  the  fquare  of  the  linear  fide 
by  the  root  of  3,  and  the  produft  will  be  the  furface. 

That  is,  5  A*v^3  is  the  furface.* 

EXAMPLE. 

The  linear  fide  being  i ;  required  the  furface* 
Here  5AV3  =  5/3  =  8-66025403. 

PROBLEM     X.  " 

5rt?  find  the  Solidity  of  an  Icofaedrond 

To  7  add  3  times  the  root  of  5,  divide  the  fum 
by  2,  multiply  the  root  of  the  quotient  by  five-fixths 
of  the  cube  of  the  linear  fide,  and  the  product  will 
be  the  folidity  of  the  icofaedron. 

That  is,  ^A-v/Zjy^^  is  the  content.-}- 

S  EX* 


*    f)EMON8TRATION. 


For  one  

the  whole  furface. 


face  is  =  J  A*  ^3,  and  tl\prefore  twenty  faces,  or 
urface,  will  be  20  x  ^  a*  ^'^  =  5  A*  ,/3.     j^  £.  D* 


f    DEMONSTRATION* 

Let  A  be  a  foHd  angle,  of  the  ^ 

icofaedron,  formed  by  five  faces 
or  triangles  whofe  bafes  form 
the  pentagon  bcdef,  upon  whofe 
center  g  let  fall  the  perpendi- 
cular AG,  and  draw  bg. 

In  the  demonftration  of  pro* 
blem  8  it  was  found  that  bg  is  = 


ABi/^      ^  ,   and  that  the 

^       10 


ra- 


dius p  of  the  circle  circumfcr.  one  ^ 

face  ABC  is  =  ABy'}.    But  the  radius  of  the  circumfcr,  fphcrc 
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0 

EXAMPLE. 


The  linear  fide  of  an  icofaedron  being    i,   re- 
quired the  folidity. 

Here  a  n  i,  and  therefore   4a'\/^ — ^ — -    = 
^y/ZJli^5  zz  2-1816949905  is  the  content. 

PROBL  EM    XI. 

To  find  the  Superficies  or  Solidity  of  any  Regular  Body. 

RULES. 

I.  Multiply  the  proper  tabular  area  (taken  from 

the  following  table)  by  the  fquare  of  the  linear  edge 

of  the  folid,  for  the  fuperficies. 

2.  Multiply 


AB*  AB*  AB* 

IS     R     = 


AB  AB  ,       10 

=     iAB/. 


10  *° 


And  R  is  the  hypotenufe  of  a  right-angled  triangle,  of  which 
the  one  leg  is  the  radius  p  of  the  circle  circumfcribing  the 
face,    and    the   other  the   radius  r  of  the    infcribed   fpkere ; 

therefore  r  is  =   ^^^  -  f*  =  v^IJLi^ab*  -  jab*  = 

8x3  '        24 

Confequently  the  folidity  c  =:  Jr  b,  b  being  the  whole  furfece, 

will     be       'AB/^-i-^^'x  SABV3  =  iABV^-^'^^^    = 

2 

»CHO« 
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z.   Multiply  the  tabular  foliclity  by  the  cube  of 
the  linear  edge,  for  the  folid  content.* 

Surfaces  and  Solidities  of  Regular  Bodies. 


N°of 
Sides 


4 
6 

8 

12 
.20 


Name 


Tetraedron 

Hexaedron 

Odtaedron 

Dodecaedron 

Icofaedron 


Surface 


17320508 
6*0000000 
3-4641016 
20-6457788 
8-6602540 


Solidity 
0-1178513 

I'OOOOOOO 

0-4714045 

7*6631189 
1-1816959 


S  2 


S  JlC- 


SCHOLIUM. 

From  this  problem  and  the  laft  may  be  deduced  the  following 
equations  in  the  icofaedron,  the  letters  being  as  before. 

^5 *  s 

2.  B  =  5AV3  =  3  V70a/3-30V'iS  =2r'  X  (Sv/S-v'^S) 

=  3'-'  ^  (Ta/S-S'/'SJ- 

3.  c  =  l.AV^^t.^5  ^  1^7^:3  +  3^/l5. 


10 


=  5«^Vio  +  ^v'S  =  ^o^'  X  (7\/3  -  3\/^5)- 


10 


10 


^kV 


I's/l  +  3^/^5 /5+ V5 


30 


c  1=  Ry/- 


IS- 


*    DEMONSTRATION* 

The  numbers  in  the  above  table  denote  the  furface  and  fo- 
lidity  of  each  body,  when  its  edge  is  i ;  and  becaufe,  in  limilar 
bodies,  the  furfaces  are  as  the  fqnares  of  the  linear  edges,  and 
the  foliditics  as  the  cubes  of  the  fame  \  therefor©  the  truth  of 
the  rules  ds  manifefl* 
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SECTION     III. 


OF      SOLID       RINGS. 


DEFINITION. 


BY  a  ring,  in  general,  is  meant  a  folid  returning 
into  itfeJf ;  of  which  every  feftion  perpendicular 
to  the  axe,  or  line  pafling  through  the  middle  of 
the  folid,  is  every-where  the  fame  figure,  and  of  the 
fame  magnitude. 

PROBLEM       I. 

^0  find  the  Surface  of  a  Solid  Ring. 

Multiply  the  axe  by  the  perimeter  of  a  fedion 
perpendicular  to  it,  and  the  produ<5t  will  be  the 
fuiface* 

EXAMPLE. 

^  A  workmaiji  having  made  for  a  jeweller  a  circular 
ring,  or  a  ring  whofe  axe  forms  the  circumference 
of  a  circle ;  it  is  required  to  find  the  expence  of  the 
gilding  at  a  peifny  the  fquare  inch,  the  thicknefs  of 
the  ring,  or  the  diameter  of  a  fedion  of  it,  being 
2  inches,  and  the  inner  diameter,  acrofs  fi'om  fide  to 
fide,  1 8  inches. 

Here  1 8  +  2  =i  20  r:  the  diameter  of  the  circle 
formed  by  the  axe;  confequently  20  X  3*  141 59 
=  the  length  of  the  axe.  But  2  X  3*  141 59  = 
the  circumference   of  a  fedion  of  it.     Therefore 

20  X  3-14159  >^  ^  X  3-14159  =  40  X  3'Hi59*  = 
394785  {quare  inches,  nearly,  r:  394-785  pence  = 

^  I   12  10^  nearly,  the  expence  required. 

PRO- 
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I 

PROBLEM      II. 

ST  0  find  the  Solidity  of  a  Ring. 

Multiply  the  axe  by -a  feftioh  perpendicular  to 
t,  and  theprod  u6t  will  be .  the  folidity  • 

EXAMPLE. 

Required  the  price  of  a  ring  of  iron,  whofe  di- 
'  mentions  are  the  fame  with  that  in  the  example  to 
the  laft  problem,  at  4  pence  a  pound ;  a  cubic  inch 
of  iron  weighing  4*423  ounces  averdupois. 

Here  the  area  of  a  fedion  being  2*  X  '785398 
=  3-14159,  which  is  the  fame  number  as  that  ex- 
prefling  half  the  circumference,  and  the  axe  being 
the  fame  as  before,  it  is  evident  that  the  folidity  will 
be  exprefled  by  half  the  furface  in  the  laft  example, 
viz.  the  folidity  =:  I97"3'925  cubic  inches;  which 
multipUed  by 4*423' give  873*065  ounces  ir  54*56657 
pounds ;  which,  at  4  pence  each,  come  to  ^o  18  z|., 
the  price  required. 

SCHOLIUM. 

■ 

I  omit  any  more  examples,  as  the  manner  of  ope- 
ration is  the  fame  in  all  forms,  with  thofe  for  prifms, 
both  with  regard  to  the  furfaces  and  folidities ;  for, 
fince  it  is  evident  that  any  ring  is  equal  to  a  prifm 
%vhofe  altitude  and  end  are  refpedively  equal  to  the 
aice  and  feftion  of  the  ring,  both  in  furface  and 
folidity,  the  rules  for  them  both  muft  be  the  (ame ; 
and  for  this  reafon  alfo  any  demonftcation  of  the 
rules  for  rings  was  quite  unneceflary  in  this  place. 


*3  ^EC- 
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SECTION     IV. 


OF    CONIC    SECTIONS,    AND    OF  THE  FIGURES 
ARISING  FROM,  OR  DEPENDING  ON, THEM. 


DEFINITIONS, 


J .  ^^  O  N I C  Seftions  are  the  plane  figures  formed 

\^  by  cutting  a  cone. 

According  to  the  diflerent  pofitions  of  the  cutting 
plane  there  will  arife  five  different  figures  or  feftions. 


2.  If  the  cutting  plane  pafs 
through  the  vertex,  and  any  part 
of  the  bafe,  the  fcction  will  be  a 
friangle. 


3 .    If  the  cone  be  cut  parallel  to 
the  bafe,  thefedion  will  be  a  circle. 


4.  The  feftion  is  called  an 
elUplls,  when  the  cone  is  cut  ob- 
liquely through  both  fides. 


5.  The 
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5.  The  fetSion  is  a  parabola, 
when  the  cone  is  cue  parallel  to 
one  of  its  fides. 


6.  The  fetftion  is  an  hyperbola, 
when  the  cutting  plane  meets  the 
oppofite  cone  continued  above  the 
vertex,  where  it  will  make  another 
feiftion  or  hyperbola. 


7.  The  vertices  of  any  fefHon, 
are  the  points  where  the  cutting 
plane  meets  the  oppofite  Jides  of 
the  cone. 


8.  The  tranfverfe  axis  is  the  Hne  between  the  two 
vertices.  And  the  middle  point  of  the  tranfverfe,  is 
the  center  of  the  conic  feftion. 


9.  The  conjugate  axis,  is  a  line  drawn  through  the 
center,  and  perpendicular  to  the  tranfverfe. 


10.  A  diameter  is  any  right  line  drawn  through 

the  center,  and  terminated  on  each  fide  by  the  curve; 

the  interfe&ions  of  the  diameter  and  curve  being  the 

s  4  Venice 
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vertices  of  the  diameter • — Hence  every  diameter  of 
the  ellipfe  and  hyperbola  have  two  vertices ;  but  of 
the  parabola,  only  one ;  unlefs  we  confider  the  other 
as  infinitely  diftant.  And  hence,  alfo,  all  the  diame- 
ters of  a  parabola  are  parallel  to  each  other,  and 
infinite. 

11.  If  a  tangent  to  the  curve  be  drawn  through  the 
vertex  of  any  diameter,  and  another  diameter  be 
drawn  parallel  to  the  tangent,  thofe  diameters  are 
faid  to  be  conjugates  the  one  to  the  other. — The- 
axes,  or  principal  conjugate  diameters,  ale  perpen- 
dicular to  each  other. 

12.  An  abfcifs  is  any  part  of  a  diameter,  termi- 
nated at  the  vertex. 

13.  An  ordinate  to  any  diameter,  is  a  line  con- 
tained between  the  diameter  and  the  curve,  and  is 
parallel  to  the  conjugate  diameter,  or  to  the  tangent 
at  the  vertex. — The  ordinates  to  the  axe  are  per- 
pendicular to  it.  And  in  the  ellipfe  and  hyperbola, 
every  ordinate  hath  two  abfciffes,  in  the  parabola 
only  one. 

■ 

14.  The  parameter  of  any  diameter,  is  a  third 
proportional  to  that  diameter  and  its  conjugate. 

15.  The  focus  is  the  point  of  interfedtion  of  the 
axe  and  an  -ordinate,  to  it,  which  is  equal  to  half  the 
parameter  of  the  axe. — The  eUipfe  and  hyperbola 
have  each  two  foci,  the  parabola  only  one, 

16.  A  fpheroid,  or  ellipfoid,  is  a 
folid  generated  by  the  revolution 
of  an  ellipfe  about  one  of  its  axes. 
It  is  a  prolate  one,  when  the  revo- 
lution is* made  about  the  tranfverfe 
axis ;  and  oblate,  when  about  the 
i:onjugate. 

•  17.  A 
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17.  A  conoid  is  a  folid  formed 
by  the  revolution  of  a  parabola,  or 
hyperbola,  about  the  axis.  And 
is  accordingly  called  parabolic,  or 
hyperbolic. — The  parabolic  conoid 
is  alfo  called  a  paraboloid ; ,  and  the 
hyperbolic  cojioid,  an  hyperboloid. 

18.  A  fpindleis  formed  by 
any  of  the  three  feftions  re- 
volving about  a  double  ordi- 
nate, like  the  circular  fpindle. 


19.  A  fegment,  of  any  of 
thefe  figures,  is  a  part  cut  off 
at  the  top,  by  a  plane  parallel 
to  the  bafe. 


20.  And  a  fniftum  is  the 
part  left  next  the  bafe,  after 
the  fegment  is  cut  off. 


265 


PROPOSITION     I. 

If  any  folid,  formed  by  the  revolution  of  a  conic 
fedion  about  its  axe,  i.  e.  a  fpheroid,  paraboloid,  or 
hyperboloid,  be  cut  by  a  plane  in  any  pofition  ;  the 
feftion  will  be  fome  conic  fedlion,  and  all  the  paral- 
lel fedlions  will  be  like  and  fimilar  figures. 

DEMONSTRATION. 

Let  ABC  be  the,  generating  feftion,  or  a  fedlion  of 
the  given  foUd  through  its  axe  bd,  and  perpendi- 
cular to  the  propofed  fedtion  afc,  their  common 

'  interfedion 
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interfeftion  being  ac  ;  let  gh  be  any  other  line 
meeting  the  generating  feftion  in  g  and  h,  and 
aitting  AC  in  E  ;  and  erc(5t  ef  perpendicular  to  the 
plane  abc,  and  meeting   the  propoled  plane  in  f. 


Then,  if  ac  and  gh  be  conceived  to  be  moved 
continually  parallel  to  thenilelves,  will  the  reftangle 
ae  X  EC  be  10  the  redlangle  ge  x  eh,  always  in  a 
conftant  ratio;  but  if  gh  be  perpendicular  to  bd, 
the  points  g,  f,  h  will  be  in  the  circumference  of  a 
circle  whofe  diameter  is  gh,  fo  that  ge  X  eh  will 
be  =  EF* ;  therefore  ae  X  ec  will  be  to  ef',  always 
in  a  conftant  ratio;  confequently  afc  is  a  conic 
fedion,  and  every  fedion  parallel  to  afc  will  be  of 
the  fame  kind  with,  and  fimilar  to,  it.     ^.  £.  D. 

Carol.  I.  The  above  conftant  ratio,  in  which 
AE  X  EC  is  to  ef*,  is  that  of  ki*  to  in*,  the  fquares 
of  the  diameters  of  the  generating  fecllon  refpeftively 
parallel  to  ac,  gh  ;  that  is,  the  ratio  of  thefquare  of 
the  diameter  parallel  to  the  feclion,  to  the  fquare  of 
the  revolving  axe  of  the  generating  plane. 

This  will  appear  by  conceiving  ac  and  gh  to  be 
moved  into  the  pofitions  kl,  mn,  interfetfting  in  i, 
the  center  of  the  generating  feilion. 

CoroL 
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CoroL  2.  And  hence  it  appears  that  the  axes  ac 
and  2EF  of  thj  feftion,  fuppoling  e  now  to  be  the 
middle  of  ac,  will  be  to  each  other,  as  the  diame- 
ter KL  is  to  the  diameter  mn  of  the  generating 
fedliom 

Corol.  3.  If  the  feftion  of  the  folid  be  made  fo 
as  to  return  into  itfelf,  it  will  evidently  be  an  ellipfe. 
Wliich  always  happens  in  the  fphcroid,  except  when 
it  is  perpendicular  to  the  axe  ;  which  pofition  is  alfb 
to  be  excepted  in  the  other  folids,  the  feftion  being 
always  then  a  circle  :  in  the  paraboloid  the  feftion  is 
always  an"  ellipfe,  excepting  when  it  is  parallel  to  the 
axe  :  and  in  the  hyperboloid  the  feftion  is  always  an 
ellipfe,  when  its  axe  makes  with  the  axe  of  the  folid, 
an  angle  greater  than  that  made  by  the  faid  axe  of 
the  folid  and  the  afymptote  of  the  generating  hy- 
perbola ;  the  fcftion  being  an  hyperbola  in  all  other 
cafes,  but  when  thofe  angles  are  equal,  and  then  it 
is  a  parabola. 

CoroL  4.  But  if  the  fe6lion  be  parallel  to  the  fixed 
axe  BD,  it  will  be  of  the  fame  kind  with,  and  fimilar 
to,  the  generating  plane  abc  ;  that  is,  the  fedtion 
parallel  to  the  axe,  in  a  fpheroid,  is  an  ellipfe  fimilar 
to  the  generating  ellipfe  ;  in  the  paraboloid,  the 
feftion  is  a  parabola  fimilar  to  the  generating  para- 
bola ;  and  in  an  hyperboloid,  it  is  an  hyperbola 
fimilar  to  the  generating  hyperbola  of  the  folid. 

CoroL  5.  In  the  fpheroid,  the  feftion  through  the 
axe  is  the  greateft  of  the  parallel  feftions ;  but  in  the 
hyperboloid,  it  is  the  leaft;  and  in  the  paraboloid, 
all  the  feftions  parallel  to  the  axe,  are  equal  to  one 
another. 

For  the  axe  is  the  greateft  parallel  chord  line  in 
the  ellipfe,  but  the  leaft  in  the  oppofite  hyperbolas, 
and  all  the  diameters  are  equal, in  a  parabola. 

I  CoroL 
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Carol.  6.  If  the  extremities  of  the  diameters  kl, 
MN,  be  joined  by  the  line  kn,  and  ao  be  drawn 
par^lel  to  kn>  and  meeting  geh  in  o,  k  being  the 
middle  of  AC,  or  ae  the  femi-Jxe,  and  gh  parallel 
to  MN.  Then  eo  will  be  equal  to  ef,  the  other 
femi-axe  of  the  feiftion. 

For,  by  fimilar  triangles,  ki  :  in  ;:  ae  :  eo. 

Or  upon  GH  as  a  diameter  defcribe  a  circle  meet- 
ing EQ_,  perpendicular  to  gh,  in  oj  and  it  is  evident 
that  EQ^will  be  equal  to  the  femi-diameter  ef, 

Corel.  7.  Draw  ap  parallel  to  the  axe  bd  of  the 
folid,  and  meeting  the  perpendicular  gh  in  p.  And 
(t  will  be  evident  that,  in  the  fpheroid,  the  femi-axe 
EF  =  EO  will  be  greater  than  ef  ;  but  in  the  hyper- 
boloid,  the  femi-axe  ef  —  eo,  of  the  elliptic  feition, 
will  be  lefs  than  ep;  and  in  the  paraboloid,  EF  =: 
EO  is  always  equal  to  ep. 


SCHOLIUM. 


The  analogy  of  the  feftions  of  an  hyperboloid  to 
thofe  of  the  cone,  are  very  remarkable,  all  the  three 
conic  feftions  being  formed  by  cutting  an  hyperbo- 
loid in  the  fame  pofitions  as  the  cone  is  cut. 

Thus, 
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Thus,  let  an  hyperbola  and  its  afymptote  be  re- 
volved together  about  the  tranfverfe  axe,  the  former 
defcribing  an  hyperboloid,  and  the  latter  a  cone  cir- 
cumfcribing  it ;  then  let  them  '  be  fuppofed  to  be 
both  cut  by  a  plane  in  any  pofition,  and  the  two 
feftions  will  be  like,  fimilar,  and  concentric  figures  : 
that  is,  if  the  plane  cut  both  the  fides  of  each,  the 
fedlions  will  be  concentric,  fimilar  ellipfcs ;  if  the 
cutting  plane  be  parallel  to  the  afymptote,  or  to  the 
fide  of  the  cDne,  the  feftions  will  be  parabolas ;  and 
in  all  other  pofitions,  the'feftions  will^  be  fimilar 
and  concentric  hyperbolas. 

That  the  fedlions  are  like  figures,  appears  from 
the  foregoing  corollaries.  That  they  are  concentric, 
will  be  evident  when  we  confider  that  cr  is  zz  a/7, 
producing  ac  both  ways  to  meet  the  afymptotes  in 
a  and  f .  And  that  they  are  fimilar,  or  have  their 
tranfverfe  and  conjugate  axes  proportional  to  each 
other,  will  appear  thus :  Produce  gh  both  ways  to 
meet  the  afymptotes  in  g  and  b ;  and  on  the  diame- 
ters GH,  gb^  defcribe  the  femi-circles  gqji,  g^b^ 
meeting  eqji,  drawn  perpendicular  to  gh,  in  <^and 
R  ;  E  Q^  and  e  r  being  then  evidently  the  femi- 
conjugate  axes,  and  ec,  e^,  the  femi-tranfverfe  axes 
of  the  fedlions.  Now  if  gh  and  ac  be  conceived  to 
be  moved  pa!rallel  to  themfelves,  ae  x  ec  or  ce* 
will  be  to  GE  X  EH  or  EQ^,  in  a  conftant  ratio,  or 
c^  to  EQ^will  be  a  conftant  ratio;  and  fince  fE  is  as 
Y.gj  and  tfE  as  e/^,  a^  X  Er  or  fE*  will  Jbe  to^E  X  zb 
or  ER*,  in  a  conftant  ratio,  or  ^e  to  er  will  be  a 
conftant  ratio ;  but  at  an  infinite  diftance  from  the  ver- 
tex, c  and  c  coincide,  or  ec  zr.  i,c^  as  alfo  eg  —  e^, 
confequently  eclzi  er,  and  then  ce  to  ECLwill  be 
~  cz  to  ER  ;  but  asthefe  ratios  are  conftant,  if  they 
be  equal  to  each  other  in  one  place,  they  muft  be 
always  fo;  and  confequently  ce  :  Er  ::  qj:  :  er. 

And 
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.  And  this  analogy  of  the  feftions  will  not  feem 
ftrange,  when  we  confider  that  a  cone  is  a  fpecies  of 
the  hyperboloid ;  or  a  triangle  a  fpecies  of  the  hy- 
perbola, whofe  axes  are  infinitely  little. 

PROPOSITION       II. 

If  SI  be  the  femi-diameter  belonging  to  the  double 
ordinate  aec  of  the  generating  plane,  aec  being 
the  diameter  of  the  feftion  afc,  conceived  to  be 
moved  continually  parallel  to  itfelf ;  and  if  x  denote 
any  part  of  the  diameter  si,  intercepted  by  e  the 
middle  of  ac,  and  any  given  fixed  point  taken 
in  SI ;  then  will  the  fedion  afc  be  always  as  a  -+• 
bx  +  cxx;  a^  b^  c,  being  conftant  quantities;  b  in 
fome  cafes  affirmative,  and  in  others  negative;  c 
being  affirmative  in  the  hyperbola,  negative  in  the 
ellipfe,  and  nothing  in  the ,  parabola ;  and  a  may 
always  be  fuppofed  to  denote  the  diftance  of  the 
given  fixed  point  from  the  vertex  s. 

DEMONSTRATION. 

In  any  conic  feftion,  ac*  is  as  j  +  ^;^  +  cxx ;  but 
all  the  parallel  feftions  are  like  and  fimilar  figures, 
and  fimilar  plane  figures  are  as  the  fquares  of  their 
like  dimenfions;  therefore  the  fection  afc  is  as 
AC%  that  is,  2LS  a  +  bx  +  cxx.     ^  £.  D 

% 

Corollary^,  If  the  given  fixed  i^oint^  wlicre  x  be- 
gins, coincide  with  the  vertex  s,  then  will  a  be  equal 
to  nothing,  and  thefedlion  will  be  as  ^.v  ±  cxXy  or 
as  X  =fc,  iixXy  in  the  hyperbola  and  ellipf^',  and  as 
bxy  o^  as  Xy  in  the  parabola. 
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SECTION     V. 


OF      THE      ELLIPSE,    AND     THE     FIGURES 
GENERATED    FROM    IT, 


PROBLEM    X. 

To  Defcribe  an  EllipfeJ^ 
T/-  C 


DRAW  the  tranfverfe  tr,  and  its    conjugate 
CO,  bifecling  each  other    perpendicularly  in 
the  center  c. 

With  the  radius  tc  and  center  c,  defcribe  an  arc 
cutting  TR  in  the  points  f,/;  which  will  be  the 
two  foci  of  the  ellipfe. 

Take  any  point  p-  in  the  tranfverfe  ;  then  with  the 
radii  tp,  pr,  an^  centers  f,  /,  defcribe  two  arcs 
interfering  in  i ;  fo  will  the  point  i  be  in  the  curve 
or  circumference  of  the  ellipfe. 

And  thus,  by  affuming  feveral  points  p  in  the 
tranfverfe,   there  will  be  found   as  many  points  in 

the 


♦  The  truth  of  this  conftru6lion  will  appear,  by  obfcrving  that 
the  tranfverfe  axe  is  equal  to  the  fum  of  two  hacs  drawn  from 
the  foci  to  meet  in  any  point  in  the  curre. 
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the  curve  as  we  pleafe.      Through    all   which   let 
the  curve  line  be  drawn. 

Otberwife. 

Having  found  the  foci  f,  /,  take  a  thread  of  the 
length  of  the,  tranfverfe,  and  faften  its  ends  with 
pins  in  the  foci ;  then .  ftretch  the  thread  f  if  and 
it  will  reach  to  i  in  the  curve  :  and  by  moving  a 
pencil  round  within  the  thread,  keeping  it  always 
ftretched,  it  will  trace  out  the  curve.  - 


PROBLEM     II. 

In  an  Ellipfey  to  find  any  two  Conjugate  Diameters y  an 

Ordinate  to  one  of  tbem,  and  its   Abjcifs^    one 

from  another  \  viz.  having   any  Tbref  of 

them  given,  to  find  the  Fourth. 

CASE       I. 

*  "l^ofind  the  Ordinate. 

As  any  diameter. 

Is  to  its  conjugate ; 

So  is  the  mean  proportional  between  the  abfcifles. 

To  the  ordinate. 


That  is,  di  c'\i\/x{d -^  x)  :  '^\/x(d'-x)z=.yi 

putting  d  for  the  diameter,  c  its  conjugate,  and  x  an 
abfcifs  to  the  ordinate  jr. 


E  X- 


*  The  values  of  the  fcveral  quantities  in  the  four  cafes  of 
this  problem,  arc  found  from  the  general  equation  expreffing 
the  property  of  the  curve,  viz.  dd  \  cc  : ;  x^d-^x)  i  yy. 
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£  X  A  M  P  L  £< 


If  the  tranfveife  be  3^,  the  conjugate  25,  and  the 
abfcifs  7  ;  what  is  the  ordinate. 

Here  J^/;?  x  (^-^)  =l^v^7  X28=iv/7^in^. 

— :; =  I  o  the  ordinate. 

7 

CASE       II. 

To  find  the  Ahjciffes. 

As  the.  conjugate. 

Is  to  the  diameter ; 

So  is  the  fquare  root  ojf  the  difference  of  the 

fquares  or  the  ordinate  and  femi-conjugate, 
To  the  diftance  between  the  ordinate  and  center. 

Then  that  diftance  being  added  to,  and  fubtrafted 
from,  the  fcmi-diameter,  will  give  the  two  abfcifles. 


That  is,  ^  =  ^  ±  -y/lpcc  —  yy* 

EXAMPLE. 

What  are  the  two  abfcifles  of  the  ordinate  10, 
the  diameters  being  35  and  25  ? 

r  =fc  J>/5'  -  4»  =  ^^-^  =  28  and  7,  the  two 
abfcifles. 

CASE       III. 

To  find  the  Conjugate. 

As  the  mean  proportional  between  the  abfcifles. 
Is  to  the  ordinate ; 
So  is  the  diameter. 
To  its  conjugate. 

T  That 
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-    '  ^y 


That  is,  as  s/x{d  —  x)  :  y  ::  diczz  -^, 


EXAMPLE. 

What  is  the  conjugate  to  the  diameter  35  j  the 
abfcifs  to  an  ordinate  of  i  o  being  7  ? 

Here  — — ^  =  -^1^^  =  ^  =  25  the  con- 
jugate. 

CASE      IV. 

To  find  the  Diameter. 

To  <5r  from  the  femi-conjugate,  according  as  the 
lefs  or  greater  abfcifs  is  ufed,  add  or  fubtraft  the 
root  of  the  difference  of  the  fquares  of  the  ordinate 
and  femi-conjugate  :  Then,  as  the  fquare  of  the  or- 
dinate, is  to  the  produft  of  the  conjugate  and  abfcifs; 
fo  is  the  fum  or  difference  above  found,  to  the  dia- 
meter. 


•    That  is,  ^  z=  If  X  {Lc  ^s/\cc  -yy). 


EXAMPLE. 

If  an  ordinate  and  its  lefs  abfcifs*  be  10  and  7  ; 
what  is  the  diameter,  fuppofing  the  conjugate  to  be 

(15  ^y/C-lr-  10-)  =  ^  X  ^  =  7  X  5  =  35 
the  tranfverfe. 

P  R  0-» 
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PRO,BLEM     III. 


To  find  the  Circumference  of  an  Ellipfe. 


RULE       I, 


^  Multiply  the  circumference  of  the  circumfcribing 
circle  by  the  fum  of  the  feries 


3^d 


3-3-5^ 


3.3.5.5.7^* 


2.2         2.2,^,/^        2.2.4.4.6.6         2.2.4.4,6.6.8.8  ' 

and  the  produft  will  be  the  periphery  of  the  ellipfe 
fought ;  where  d  is  the  difference  between  an  \inic 
andthe  fquare  of  the  quotient  of  the  lefs  axe  divided 
by  the  greater. 


T  2 


E  X- 


DEMONSTRATION. 


3Let  a  be  the  femi-tranfverfe  axe  rr, 
c  the  femi-conjugate  c  c, 
y  the  ordinate  ab, 
^its  diilance  ta  from  the  center, 
25  the  arc  bc. 


Then,  fince  by  the  nature  of  the  curve,  jf     'p     j^ 


i«  =  -s/M'-xx^y.  will  be  =  — _£^f-.;  andconfequently 


atjaa  —  xx 


7i  =y;»+y  =  ^ 


Ar\/tfa- 


a^  —  t* 


aa 


y.x^ 


Xtjaa  —  dxx 


tjaa  —  XX 


ijaa  —  XX 


,  by 


<— 


dxx 
aa 


axs/i 

writing  a  for or  i  —  — ,  zr  ■  — =  ■ 

^^  ^^  i/aa  —  XX         i^aa-^xx 

dx^        d^x*  2^x^ 

^  ^'  "  I?  -  i:??  ""  1:7:6^  ^^>  ^y  throwing  the  nu. 


merator  into  a  ferlcs. 


But 
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EXAMPLE* 


Required  the  periphery  of  an  elKpfe  whofe  axes 
are  24  and  18. 

Here  i  -  (4»)'  =  i-(^y=z^=  -4375  =  d. 

Then 


0 

ax 


But  the  fluent  of  ;  is  :r  the  corrcfponding  circu- 

lar  arc  Fo  defcribcd  with  the  center  c  and  radius  ct,  which  call 
A :  then  by  page  66  Cotejii  Harmonia  Menfurarum^  the  fluent 

comes  out   a  —  — -b  —  c  —  — =—7 — d    &c  for    the 


^     ,                            ,                        aaK  —  xJaa  —  xx 
length    of    the    arc    bc  ;    where    b    = » 

2 


'xaa^  —  x^tjaa  —  xx               taac  —  x^ »Jaa  —  xx    ^ 
c   =  ^2 1 ^   D  =  2 -il ,  &c. 

"       4  ♦  o 

But  when  a  arrives  at  r,  jr  is  =  tf,  and  ,^aa  —  xx  =  o; 
hence  the  values  of  the  quantities  B,  c,  d,  &c,  become  barely 

aa  ^aa  %a^  caa  ^.^* 

B    =    A,    C  =   ^ B    =    '^— A,    D    =  -^-r—  C  = *-tA,  &C. 

2  4  2.4  ^6  2.4.6 

And  confcquently  the  feries  above  becomes 

AX    (.  -  -1 2^ lllsjf-- Sec)  hT  i  Of  the 

2.2  2.2.4.4  2. 2.4. 4. 0.6 

elliptic  periphery;  where  a  is  ^  of  the  periphery  of  the  circle, 
or  ^=  the  whole  circumference  of  the  ellipfe  when  a  is  that  of 
the  circle.     ^E.  I).  / 

Corel,  I.  Hence  the  peripherics  of  fimilar  ellipies  arc  to  each 
other  as  thofe  of  their  circumfcribed  circles^  or  as  any  two  fimi- 
lar diameters  of  thofe  cUipfes. 

CorcL  2.    If  tf  be   the  leCs  femi-axe,  and  c  the  greater,  the 

fluxion  of  the  arc  will  be  z  n  *  \/ ;   and  if  a  =  i, 

aa  —  XX 

and  c  =  t/if  the  fame  fluxion  z  will  be 


=;v 


I  4-  XX  I    +  XX     '  X  x^x 


X  =: 


•4^ 


I-AA-  v^I-A*  i/l—  **  ts/^-^ 


•  f  I   -f-  V 

And  if  wc  write  v  for  xx^  we  fhall  have  z  =:  — r- 1/ » 

as  Mr.  Lan^en  found  in  pa^e  142  of  his  Math^  Lucui. 

3  Or, 
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Then  the  2d  term  a  zz     -  zi  -loo  ;3 

the  ?d           B  zz    —  A  =r  '00807 

•5                        4.4  ^J 

the  4th          c  zz   —■  B  z:  -00164 

the  5th          D  =   ^  c  =  •00039 

the  6th          E  zz  ^^  d  z:  -oooii 

10.10 

the  7th          F  z:  ^^  E  zi  *ooooq 

the  8th         G  z:  "''-^  f  zi  -ooooi 

14.14 


their  fum  is     '12053, 
which  taken  from  the  firft  term  i-ooooo, 

leaves     '87947 
for  the  value  of  the  fcries ;  and  being  drawn  into 
3-1416  X  24,  the    periphery  of  the   circumfcribing 
circle^  gives  66*31056  for  the  curve  of  the  ellipfe 
required*  ' 

i 

*    R    U    L    E       II. 

Multiply  the  fum  of  the  two  axes  by  1-5706,  or 
the  half  of  3-1416,  and  xht  produft  will  be  the  cir- 
cumference nearly. 

T  y  That 


Or,    by    writing    w*    for  x^    wc    (hall    have    univerfally 

«  =  nw^^iv^/  .    Which  theorems  are  of  ufc  in  deter« 

^  I  —  w»« 

mining  ibme  fluents. 

*    DEMONSTRATION. 

It  will  be  evident  that  this  rule  is  very  near  the  truth,  if  it 
h^  .conlidered  that  this  arithmetical  mean  between  the  axes^ 

exceeds 


I 

J 
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That  is,  (/  +  c)  X  \p  zz  the  circumference  nearly; 
putting  /  for  the  tranfvcrfe,  c  for  its  conjugate,  and^ 


lor  3* 


1416- 


EXAMPLE. 


Let  there  be  here  tak^n  the  fame  example  as  be- 
fore, in  which  the  axes  arc  2/\.  and  18. 

Then   (24  4-  18)  X  1*5706  rr  ^2  x   i'57o6  zz 
65-9736  is  the  circumference  nearly. 

RULE 


exceeds  their  geometrical  mean  ;  and  that  the  geometrical  mean 
(as  will  be  proved  hereafter)  is  tiic  diameter  of  a  circle  equal 
in  area  to  the  cllipfc,  which  circle  is  of  a  lefs  ambit  than  the 
cllipfe,  or  any  other  figure,  of  the  fame  area. 

Let  the  dotted  curve  line  repre- 
fent  the  elliptic  curve  whofe 
lent^th  is  required.  And  let  curve 
lines  be  defcribed  at  fmall  -and 
equal  dii^anccs,  within  it,  and 
without  it,  as  in  the  annexed 
ficrure.  Then  thefe  two  curves 
will  be  very,  nearly  ellipfes  alfo; 
and  the  dificrencc  of  their  areas, 
computed  as  ellipfes,  will  be 
nearly  the  area  of  the  elliptic 
ring,  or  fpacc  contained  between 

them,  through  the  middle  of  which  runs  the  ellipfe  whofe 
length  is  fought;  which  area  being  alfo  equal  to  the  faid 
length  of  the  ellipfe  drawn  into  the  breadth  of  the  fpace,  or  dif- 
tancc  between  the  other  two  curves,  it  follows  that  the  length 
of  the  elliptic  curve  will  be  nearly  equal  to  the  faid  difference 
of  areas  divided  by  the  faid  breadth  or  diftancc.  Therefore 
let  /  =:  the  tranfverfe  of  the  ellipfe, 

r  zz  its  conjugate, 

tf  zr  3*  1416,  and  J  the  fmall  femi-diftance  Aa  or  b^. 
Then  (/  +  2d)  x  (f  4-  2d)  x  ia  =z  area  of  the  greateft  curve# 
And     (/  —  2d)  X  {c^  2d)  X  ia  =z  area  of  the  Tcaftt 
The  dif.  (/  4  f )  X  ad  =:  the  annular  fpace. 
Thercf.  (/  4  i)  X  4^  =  the  length,  nearly. 


Sed:;  5J  e  1;  i,  i  p  s  e,    *  ^79 


RULE       III. 


Multiply  the  fquare  root  of  4-  the  fum  of  thefquares 
of  the  two  axes  by  3-1416,  and  the  produdl  will  be 
the  circumference  nearly. 

That  is,  f^/' ^  z;:  the  circumference  nearly* 

EXAMPLE. 

Taking  again  the  fame  example. 

We  have v/^^^ ^  X  3'i4i6  z=  i5v^2  X  3*i4i6 

=  2i»2i32  X  3*1416  z;:  66*6433  -^  ^^  circum^ 
'  ferpnce  nearly. 

T  4  R  U  LJS 


/"  ■    ' 


*   DEMONSTRATION. 

« 

Call  the  infinite  ieries  in  rule  i,  8 ; 

yxii   S   £S    I    —  — T  -r       ■  '^    I    ."   —  &C« 

2.2  2.2.4.4 

Then  finoe  a/i  —  W  is  =  i —  -—-  —  -r^ — .   &c. 

^  2.2       2'.4        2^.4.6 

^  a^3 

wefhaUhave3«-A/i  —  V=:  —     -_  —     £__      &c. 

.64  256 

Therefore,  rejed^ing  this  laft  remaining  ieries,  on  account  of 
its  fmallnefs,  we  have  s  =  ^/i  —  i<^  nearly;  and  coniequently 
the  circumference  of  the  ellipfe  c  zc  f  ^/\  —  J</  ne^ly,  c  being 
the  circumference  of  the  circumfcribed  circle. 


cc  ^.   .    cc 


Or  c  =/Vj -y= p*y/}  -4  +  77^ -/'•'i  +  j7^ 

>//  "^  CC 

P^ ^  which  is  the  3d  rule,/  being  =  3*  141 59  &c- 
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*    R    U    L    E       XV. 

Find  the  fqtiare  root  of  ^  the  fum  of  the  fquares  of 
the  axes  as  in  the  laft  rule,  and  call  it  a. 

To  3  times  the  greater  axe  add  its  parameter,  di- 
vide the  fum  by  4,  and  call  the  quotient  b. 

Theh  multiply  the  difference  between  b  and  3 
times  A,  by  1*5708,  and  the  produft  will  be  the 
periphery  nearer  than  by  the  3d  rule. 

That  is,  ^p  X  (3/-ii^'  -  2l±i)  =  the  peri. 

^  4 

phery,  p  being  the  parameter. 

EXAMPLE. 

Taking  the  fame  example  as  in  the  former  rules. 
We  have  a  ziy'fi-i-i-.  zz  15^/2  =:  2i'2i32.  ' 

As  24  :  18  ::  18  :  13^  =  the  parameter,  by  the 

definition. 

And 


Again,  8     -     x  +  4^=-.^-ig&c; 


Ji 


theref.  is  ^  3^/1  —  iJ  +  i  —  4^  =  —  t-  &c. 

04 

hence  s  =  ^^ = ■ nearly,  * 

2 

and  fo  c  =   ift  X   (3^1  — i^/  —  -^ — ^)  = 
nearly,  where  /  ]&  the  parameter  pf  the  axe,    And  this  U  the  4tl| 


1 
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And  ^2 zJ—21  zz  214.  =:  21-375  =1  b. 

Then  (3 a  —  b)  X  1*5708  1=  42-2646.  X  1-5703 
zz  66*3892  the  circumference  nearly. 

R    U    L'E       V.* 

Find  A  and  b  |s  in  the  laft  rule. 

Divide  the  difference  of  the  fquares  of  the  axes  by 
the  fquare  of  the  greater  axe,  multiply  die  fqnare  of 
the  quotient  by  -^  of  the  greater  axe,  and  call  the 
refult  c. 

Then  from  5  times  a  take  3  times  b,  to  the  re-* 
mainderadd  c,  muldply  the  fum  by  1-5708,  and 
the  produft  will  give  die  circumference  of  the  ellipfe 
ftill  nearer. 

Or, 

From  5  times  a,  fubtraft  ^  of  the  fum  of  35  times 
the  greater  axe  and  1 4  times  its  parameter,  to  the 
remainder  add  VW  of  the  produft  arifing  from  the 
multiplicarion  of  the  faid  parameter,  by  the  quotient 
of  the  fquare. of  the  lefs  axe  divided  by  that  of  the 
grejiter,.  and  multiply  the  fum  by  i'57o8. 

That 

.  '    ■  I ' ■ 

*   Farther,,    s  —  i   +  -   +  4—  =   —  ^  &c, 

4         64  ^S^ 

or  ±8-5:  +  -.   +1-^=    -_., 
5  5        5         80  64 

which  taken  from  the  lafl  approximation,  and  reduced,  gives 

, ;  A.-^  d        dd 

»  =    i  X   Sv^i  -  4^  -  3  X  2_  +   — ; 

,         -  ±  -^  d       dd 

and  confequently  a=  i//  x  (Jv'i  —  i^  —  3  X +  — ) 

4  10 

=  i/  X  (sv/-^  -  3  X  2_i-  +  (_^).  X  ^ 

=  J^  X  (Jv/i^^ti5  _  lii+Iir  +  ^).   Which u'the' 

5th  rule. 

And  thus  we  mav   proceed  to    any  degree  of  accuracy . 

ijfhateTer^ 
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That  is, . />  X  [5  v/^'-  3  X  '-^+(!^y  X  f,], 

^if  X  [5/^  -  "  ,6    +  ferJ  =  ^^^  p«- 

riphery  very  nearly. 

EXAMPLE. 

Taking  again  the  fame  example  as  before,  we  have 
A  ='  21-2132, 

B  =  2i-375>   , 
c  =       •2871. 

Then  ('5A— 3B+c)Xi-57o8  =  42-a28j  X  1*5708 

zi  66*3319  :=:  the  circumference  very  near. 

Or,  to  ufe  the  latter  part  of  the  xule, 

^-^  16  ^    16  X  24*^  ^' 

42*2381  ><  i'57o8  =  66-3319,  the  fame  as  before* 

RULE      V!. 

Take  i.  the  fum  of  the  quantities  in  the  fecond 
and  third  rules,  and  it  will  be  the  circumference  very 
nearly.* 

2 


That  is,  \f  X  (i±f +  v/ii-tl^)  =  the  periphery. 


EXAMPLE. 

Taking,  fliil,  the  fame  example. 

The  number  found  by  the  2d  rule  is  65-9736, 

And  by  the  3d  lule  is  66-6433, 

their  fum  is  132-6169, 
the  half  of  which  is     66-3084, 
for  the  circumference,  and  is  nearer  to  the  true  num- 
ber found  by  rule  i  than  any  of  the  other  approxi- 
mations. 

PRO- 

**  For  the  one  being  nearly  as  much  too  great  as  the  other  is 
too  Uttle,  \  their  fum  muil  be  near  the  truth* 
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PROBLEM     IV/ 


T.0  find  the  Length  of  any  Arc  zc  of  an  Ellipfe. 


^ 


RULE       I. 


If  a  denote  the  femi-tranfverfe  t  r, 
c  the  femi-conjugate  f  c, 
and  X  the  diftance  ^a  of  the  ordinate  ab  from  the 

center, 
then  will   the  arc   cb  be   =   j^  X 

And  the  feries  will  be  the  fame  if  x  be  confidered 
as  an  ordinate  to  either  axe  zcy  the  other  axe  being 
2/j,  the  arc  beginning  at  the  vertex  of  the  axe  2r, 
and  terminated  by  the  ordinate  x. 

EX' 


*    DEMONSTRATION* 

By  proceeding  as  in  the  invelHgation  of  problem  39  we  have 


the  flusion  of  the  curve  %z=.x  \/ 


aa  —  dxx 


=  ijr  X 


aa  —  XX 


^^ -i— ;r'    &€), 


r 

refioring  c  and  exterminating  </ ;  and  the  fluent  is 
•*        6tf^  40«"  jiza^* 
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EXAMPLE. 

If  the  two  axes  be  24  and   18,  and  the  diflancc 
CK  3  ;' required  the  length  of  the  arc  bc. 

Here  a  zz  12,  ^  ~  9,  and  at  zr  3^. 

Then  tlie  ift  term   z±       —        —         i  •00000 

2d  term  a  =  r^x^  zz       —        —         0*00586 

3d  term  b  —  3  X  ^ — —XjPl  =  0*00019 

4th term  c  =  — ^  X 7-- — r-^^  b  zz  o*ooooi 

the  fum  I  '00606 
mult,  by  3 


gives  the  arc  bc  3*01818 


*    R    y    L    E       II. 


Find  the  length  of  the  circular  arc  fe  intercepted 
by  fc,  CBy  and  whofe  radius  is  half  the  fum  of  the 

Knes 


CoroL  !•  When  x'ls  ^  a^  the  rule  becomes 
^  X  (^  +  A-I  +  ^- 2 —   +  ^ — -^—  &c) 

Otf*  40tf*  II2tf* 

for  one  fourth  of  the  periphery  of  the  ellipfe.     ^  E*  D, 

Cin-oL  2.  By  fuppoiine  a  =  r,  the  ellipfe  will  become  a  circle, 
and  the  general  feries  for  the  elliptic  arc  will  become  for  the 
circular  arc 

X  X   {i  +    T-r     +      -^—7     +     --^—r       &c),  = 

the  fsime  as  was  determined  at  page  88. 

*  For  the  circular  arc  fe  is  equal  to  the  arithmetical  mean 
between  the  circular  arcs  BCy  cd»  dcfcribed  with  the  radii  tb, 

CCS 
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lines  ^c,  cb;  and  it  will  be  equal  to  the  elliptic  arc 
Bc  nearly. 

EXAMPLE. 

Taking  here  the  fame  example. 
We  have  ar  =:  9,  and  at  rz  15. 

TT  «       fc          v>  a     9*x9Xic     9x9x15 

Hence  t^* : cc* ::  t a X ar  : ab  =  - — 3 —  =      \    % 

12  X  12  lb      ' 


and  CB  ziv/fA*  +  ab*  =:\/9  +  iii2iiiizr  ^^151 

n  9'2i6i6. 

Then  4.^0  +  ^rB  zz  9^  10808  =  the  radius  of 
the  circular  arc  ef. 

But  HE  -=-  re  =  3  -^  9*2i6i6  =:  '325515  is  the 
fine  of  the  angle  c^b  or  arc  fe  to  the  radius  i,  an- 
fwering  to  1 8-9968  degrees. 

Therefore,  by  rule  i  prob.  6  fedt.  i  part  2, 

•01745  X  18*9968  X  9'io8o8  =  3*0192  is  the 
circular  arc  ef,  or  elliptic  arc  bc,  nearly. 


* 


RULE       III, 


Divide  the  difference  of  the  fquares  of  the  femi- 
axes,  by  the  fquare  of  the  greater,  and  call  the  quo- 
tient q. 

Then 


re ;  to  which  it  is  evident  the  elliptic  arc  m\i&  be  nearly  equal ; 
and  fo  much  the  nearer,  the  lefs  the  arc  itfelf  is. 

This  rule  will  alfo  be  the  more  exad,  the  nearer  the  axes 
of  the  ellipfe  approach  towards  an  equality. 

Rule  2  of  the  laft  problem  is  a  particular  cafe  of  this  general 
rule* 

*    DEMONSTRATION. 

By  the  Urik  rule  the  arc  a  is  equal  to 

*  X  (i  +  r-i^*  +  2— —5 — ;r*  +  — r.^L.^6  &c). 

But 
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Then  divide  the  difference  between  the  fquare  of 
the  greater  femi-axe,  and  the  produft  of  4  of  thefquare 
of  the  diftance  ca.  of  the  ordinate  from  the  center 
myltiplied  by  y,  by  the  difference  between  the  fqiiare 
of  the  faid  greater  femi-axe  and  ^  of  the  fquare  of 
the  faid  diftance ;  and  the  root  of  the  quotient  mul- 
tiplied by  the  faid  diftance,  will  be  the  arc  nearly,     , 

That  is,  ;cv/^^-~^^  =  the  arc; 

aa  —  \xx 

where  a  zn  tc  the  greater  femi-axe, 


aa  —  cc  cc 


X  n  TA,  and  a  zz iz  i  —  ^, 

^  aa  aa: 

c  being  the  lefs  femi-axe  fc. 

EXAMPLE. 

Taking  again  the  fame  example, 
Wehavei-|i=i-(Ar=i^a)*=i-,V  = 


aa 


And^v/ r — zisv' — r    i       f  =:  3*01 7898 

-iz,  the  arc  required  nearly. 

RULE 


But  in  the  invefligation  of  that  rule  it  appears  that 
^  aa—xx  2a^  8a*  i6a** 

.  ,  .       .  ...  ,  jtia  —  -vaXX    . 

&c;    hence   it  w  evident  that  *v H is   =   ;p   X. 


(I  +  —x^  +  3^ 5 Ar4  + rl- ;r«  &c). 

And  confequently   a  =  *v^ ^ nearly.     9.  E»  2>. 

*         '  aa—  Ixx 

Corollary,   When  the  two  axes  are  equal  to  each  other,  the 
ellipfe  will  become  a  circle,  J  will  be  =  o,  and  the  rule  will 

become  x^ r"—  for  the  circular  arc, 

^   aa  '^  ^xx 
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*    R    U    L   B      IV. 

Call  the  quantity  found  by  tMe  laft  rule  B. 

Multiply  the  diftance  ^a  by  the  lefs  fcml-axe, 
divide  the  produft  by  the  fquare  of  the  greater,  to 
4  of  the  fquare  of  the  quotient  add  i,  multiply  the 
fum  by  the  diftance  ^a,  and  call  the  produft  c. 

.  Then  from  9  times  b  take  4  times  c,  and  ^  of  the 
remainder  will  be  the  arc  very  near. 

That  is, 

£  X.A  M  P  L  £• 

Taking  ftill  the  fame  example. 
The  Quantity  found  by  the  laft  rule  is  3*017898 
=:  B* 

And 


*    DEMONSTRATION* 

Forfince  A=;r  x  ( i  +  r--;ir*  +  i- — ^x^  +  -, ,a        ^^^)y 

Otf*  40tf'  112^'* 

and  B  =:;r  X  (I  +.— Ar*+^- j— *^+ ,x         ■»  ^)> 

WehavcA-B  =  ;rx  (^- 5—*'*+^^ ZTT—^^^^^)* 

But 


Z«.2 


f*;ir 


,8tf*f*-4a*r*+c* 


Thercf.A-B-f[B-(i+-2-r)*]  =  '*x  ( .^       ^^&c). 

And  A  =  |[9B  -  (1  +  ^)  X  4*]  = 

i*  X  [9^'"' "  ^f"*  -  (I  +  ^)]  newly-    ^^'  •». 

Corollary.  When  a  z=:  c^  the  rule  becomes 

.     ,       aa  6aa  +  ;r;r, 

for  the  circular  arc. 


/ 
\ 
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Artd^x(i+'^*)  =  3  x(i  +  ^^}  = 

3  ^  (^  +-rr^)  =  3-017578  =  c. 

rp,      9B  —  4c  27*161082  —  12*070211  X  5*09077  ^^ 

en      —  _  ^  —       ^       «- 

3'o  1 8 1 54  =r  the  arc  very  nearly, 

R   u   L   E      V. 

As  the  fum  of  15  times  the  parameter  of  the  axe, 
at  whofe  vertex  the  arc  begins,  and  a  third  propor- 
tional to  the  faid  axe,  the  abfcifs,  and  the  difference 
between  9  times  the  faid  axe  and  2 1  times  its  para- 
meter ;  is  to  the  fum  of  1 5  times  the  parameter,  and 
a  third  proportional  to  the  axe,  the  abfcifs,  and  the 
difference  between  1 9  times  the  axe  and  2 1  times  its 
parameter ;  fo  is  the  ordinate,  to  the  length  of  the 
arc,  very  nearly.* 

That 


*    DEMONSTRATION* 


Since  y  IS  =  c  —  Jl =  — r  +  oTI  ^^  "  **  ^^** 

dent  that  a  fra6tion  of  this  form  x  X  ■. ^,    when   cx- 

panded  in  a  feries,  will  produce  a  feries  of  the  fame  form  witk 
that  exjjreffing  the  length  of  the  arc  in  the  (irft  rule,  and  which 
being  put  equal  to  it,  will  afford  equations  for  determining  the 
values  of  A  and  b. 

Thu8;rx  — ^-^ ^i8=:*x ^T^TJi 


A  +   BX    (—  +—   &C) 


A  +  B  V  .  ,CX^    .    CX^ 

=:   ^  X   (I  +  -^,  +  ^^'*    &0»    ^vhich    put 


2Atf*     *  8A»tf* 


Them 
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I 


igc  —  2ip'^ 


c 


i5i>+^^^^x^ 


X  Af  rr  the  arc  cb. 


where  c  rz  the  whole  axe  co  where  the  arc  beghxs, 
p  zz  its  parameter  =  tr*  -=-  co, 
y  z:  the  abfcifs  ch, 
X  z:  the  ordinate  hb* 

EXAMPLE. 

Taking,  ftill,  the  fame  example. 

In  which  c  =  g,  a  =  12,  c  =  18,  p  =  12  X  24 
^    -f-  9  =  32,  and ;?  =z  3, 

U  Hence 


Then,  by  equating  the  correfponding  terms,  we  obtain 


2Aa 


and 


.  Of*    —  2I/I* 

hence    b    =    -^ ~* 


9^  - 


Ar  —  2  Br 
2iaa 


9  c  —  21  p 


lOCC 


IOC 


IOC 


putting  c  =  2r,  and  p  =  its  parameter 


2tf^l 


Confequently 

* 

A+(B+i)y. 


igc  — 21^ 

^^  IOC       ^ 

qc —  2ip 

*^        10c 


gc  —  2jp 


^  E.  B. 

CoroL  I.  Hence  in  the  ellipfe 
AB,  whofe  vertex  is  a,  either 
axe  AK,  and  latus  redtum  ap  ; 
if  there  be  drawn  the  ordinate 
BD,  and  6P  be  taken  ^ 

,      igAK  —  21AP  '  r-       1      I     T 

j^^^  +  xoAk ""^^^     G      P   KP 

and  there  be  drawn  the  right  line  gbe  meeting  the  tangent 
AE  in  E ;  then  will  ae  be  =  the  arc  ab,  very  nearly. 

For, 


D  A 
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H<^nce  y   =:  ^  —  -^^ =  9  —  ^^^^^^ =^ 

-  9-^^  =  -2857874715. 
Then 

i5i>  +  -^-4  15x32+  ^'    •  0 — ^-y 

^^    ,   9c-^2i/        -^  ^^  ,   9X18-^21x32 

15^  +  --^-?'         15x32  +  2 j^-^^y 

=  3  X  1*006056  =  3*oi8i68  =  the  length  of  the 
arc  very  neiirly. 

PRO- 


For,  by  fimilar  triangles,  gd:db::ga:ae  =  - 


DG 
AD 


.    IQAIC-2IAP 
AP  +  PG  ,,       ,  ^     *  lOAK 

X  DE  =  (bytheconft.)  X  db; 


AP  +  PG  — AD  '  ,  .    QAK-2IAP 

iAP  + X  AD 

lOAK 

which  is  the  arc,  nearly,  by  the  above  demonftration. , 

And  this  proves  the  truth  of  the  conllruc^ion  given  by  Sir  /. 
Ne^ivtoriy  in  his  letter  of  June  13,  1676,  to  Mr,  Oldenburg^  But 
Mr.  Joncsj  in  publifliing  this  letter,  has  printed  ap  inilead 
of  ad- 

Or  the  fame  rule  may  be  otherwife  exprelTed,  like  rule  3  for 
the  hyperbolic  arc. 

Coroh  2.   When  the  ellipfe  becomes  a  circle,  then  ak  =  ap, 

I  C  AP  -~  2  AD 

and  the  above  rule  will  become  — X    db  for  the 

15  AP  —  I2AD 

■  length  of  the  circular  arc,  whofe  diameter  is  ap,  verfed  fine  ad,  and 
right  fine  db.    And  this  is  nearer  the  truth  than  any  of  the  other 

;  approximations,  before  given  for  the  circular  arc,  except  that 
in  rule  6  for  that  purpofe;  for  the  example  in  that  rule,  calcu- 
lated by  this  approximation,  gives  6»i  170598  for  the  lenetK  of 
the  arc.  And  thus,  by  making  ap  =  AK,  all  the  rules  ror  the 
ellipfe  will  be  adapted  to  the  circle. 

CoroL  3.  The  fame  rules  for  the  ellipfe  may  alfo  be  eafily 
adapted  to  the  other  two  conic  feclions,  the  hyperbola  and  para- 
bola;  namely,  by  only  changing^  the  fign  of  the  axe  c  or  ak 
for  the  hyperbola,  and  by  making  that  axe  infinite  for  the 
parabola. 
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PROBLEM     V. 

1^0  find  the  Area  of  an  Ellipfe.* 

RULE       I, 

Multiply  continually  together  the  two  axes  and 
the  number  7854,  for  the  area  of  the  ellipfe. 

That  is^ntc  =  the  area;  putting  /  =  the  tranf- 
verfe,  c  z:  the  conjugate,  and  n  =  7854.  By 
corollary  4.      .  ** 

u  2  EX- 


*    GENERAL     INVESTIGATION. 

Let  AB,  DE,  be  any  two  conjugate 
diamet'crs  of  the  ellipfe  ad  be  a,  gh 
a  double  ordinate  to  the  diameter  ab, 
AKBL  a  circle  whofe  diameter  is  ab, 
KL  a  double  ordinate  of  the  circle  to 
the  diameter  ab,  and  ai  perpendicu- 
lar to  CH. 

Now  whilft  KL,  by  flowin;^^  gene- 
rates the  circular  fegmcnt  kal,  gh 
will  defcribe  the  elliptic  ferment 
GAH;'but  the  velocity  of  kl  is  to 
that  of  CH,  as  AF  to  ai  ;  and  by  the 

property  of  all  conjugate  diameters,  ac  :  cd  ::  (-v/af  x  fi:  =, 
by  the  nature  of  the  circle,)  kf  :  fg  ;  therefore  as  the  circular 
fegmcnt  kal  is  to  the  elliptic  fegment  gah,  fo  is  ac  X  af  to 
ci>  X  A  I,  and  fo  is  ac  X  radius  to  en  X  line  Z.AFI,  and  fo  ia 
AC  to  CD  X  fine  /.c  ;  putting  i  for  the  radius. 

Cor, I.  I.  The  whole  ellipfe  and  circle,  defcribcd  upon  any 
diameter  of  it,  are  to  each  other  as  the  correfponding  fegmenta 
cut  oft*  them  by  their  particular  double  ordinates  gh,  kl, 
paiUng  through  the  fame  point  of  that  diameter. 

Corol,  2.  As  radius  is  to  the  fine  of  the  angle  made  by  any 
two  conjugate  diameters,  fo  is  a  mean  proportional  between  the 
two  circles  defcribed  upon  thofe  diameters,  to  the.  ellipfe, 

X    ^;.   X   .::  0^:0   1    by  cor.  i. 

Hence  r*  cd  :  s"^  cd  w  r^ :  s^  ; :   Qd  X    Qc  :  0*> 

And-r  :  s  ::   ^/Qd  x  Qc  :    Q- 

Where  d  and  c  are  the  diameters,  s  the  fine  of  the  angle  made 
by  them  to  the  radius  r,  O  denotes  a  circle,  and  Q  an  ellipfe. 

Coroh 


For 


{: 
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EXAMPLE. 

If  the  axes  of  an  ellipfe  be  35  and  25,  what  is 

the  area  ? 

7854  X  35  X  25  =  687*225  zi  the  area  required. 

RULE       11. 

Multiply  continually  together  any'  two  conjugate 
diameters,  the  natural  fine  of  their  included  angle, 
and  the  number  -7854. 

That  is,  dens  zz  the  area; 
putting  d  and  c   =  any  two  conjugate   diameters, 
s  r=  fine  of  their  included  angle,  and  n  zz  '7854. 

E  X- 


C0r0L  3.  If  the  conjugate  diameters  be  equal  to  each  other, 
it  will  follow  that,  As  radius  is  to  the  fine  of  the  angle  made  by 
the  equal  conjugate  diameters;  fo  is  the  circle  deicribed  on  one 
of  thofe  diameters,  to  the  ellipfe, 

CfiroL  4.  The  ellipfe  is  a  mean  proportional  between  the  two 
circles  defcribed  on  the  two  axes. — For  they  make  with  each 
other  a  right  angle,  whofe  fine  is  =  to  the  radius, 

Carol.  5.  As  radius  is  to  the  fine  of  the  angle  made  by  any 
two  conjugate  diameters ;  fo  is  the  circle  whofe  diameter  is  a 
mean  proportional  between  the  conjugate  diameters,  to  the 
ellipfe. — This  follows  from  corollary  2. 

Carol,  6.  The  ellipfe  is  equal  to  a  circle  whofe  diameter  is  a 
mean  proportional  between  the  two  axes. From  corollary  4. 

Cara'L  7.  As  an  ellipfe  :  is  to  the  reflangle  of  its  two  axes, 
or  to  the  reftangle  of  any  two  conjugate  diameters  drawn  into 
the  fine  of  their  included  angle,  the  radius  being  i  : :  fo  is  any 

circle  :  to  tht  fquare  of  its  diameter. Any  two  like   feg- 

ments  or  zones  of  the  ellipfe  and  circle  arc  alfo  in  the  'fame  pro- 
portion. 

Coral.  8.  Ellipfes,  and  their  like  fegments,  are  to  one  another 
as  the  re^langles  of  their  axes,  or  as  the  rectangles  of  any  con- 
jugate diameters  forming  the  fame  angle  in  each. 

CoroL  ^.  Similar  ellipfes  are  to  one  another  as  the  fquares 
of  their  like  diameters* 

Carol, 
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EXAMPLE. 

If  two  conjugate  diameters  of  an  ellipfe  be  28  and 
32,  and  their  included  angle  77^  34^' ;  required  its 
area. 

The  fine  of  77**  34^'  is  -9765625 ;  therefore 
•9765625  X  32  X  28  X  7854  =  687-225  =:  the  area. 


PROBLEM     VI. 


To  find  the  Jrea  of  the  Segment  of  an  Ellipfe  cut  (j 
by  a  Double  Ordinate  to  either  Jxe^  that  is,  by  a 
'     Line  Perpendicular  to  that  Axe. 


RULE       I. 


"^  Find  the  corref ponding  fegment  of  the  circle  de- 
fcribed  upon  the  fame  axe  to  which  the  cutting  line, 
or  bafe  of  the  fegment,  is  perpendicular. 


u  3 


Then 


CoroL  10.    From  corollary  7  comes  alfo  the  following  con- 
ftru(5Hon. 

Let  ADE  be  an  oblique  fegment 
of  the  ellipfe  afbga,  cut  off  by  a 
double  ordmate  to  the  diameter  ab, 
FG  being  the  conjugate.  Through 
the  center  c  draw  « p  perpendicular 
to  FG  and  meeting  Ka  and  b^,  in 
a  and  p,  both  parallel  to  fg  ;  then 
about  the  axes  ap,  fg,  defcribe  the 
ellipfe  arvGa^  meeting  the  ordinate 
produced  in  e  and  //.  Then  will 
the  right  elliptic  fegment  Jae  be 
equd  to  the  oblique  fegment  pAE, 
as  well  as  the  whole  ellipfe  ^ffg^ 

equal  to  the  ellipfe  afbga;  moreover  their  correfponding  ordi- 
nates  Je^  de,  parallel  to  the  common  diameter  fc,  are  every 
where  equal,  as  are  the  like  parts  or  zones  contained  between 
any  two  of  fuch  ordinates.  And  the  fame  may  be  faid  of  all 
clHpfes  contained  between  the  parallels  ao^  bp,  infinitely  pro- 
duced :  in  which  property  they  refemble  parallelograms  of  the 
fame^bafe  and  between  the  f^me  parallelst 
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Then  as  this  axe  :  is  to  the  other  axe  : :  fo  is  the 
circular  fegment  :  to  the  elliptic  fegment. 

This  follows  from  corollary  7  to  the  laft  problem. 

RULE       II. 

Find  the  tabular  circular  feo;mcnt  whofe  verfed  fine 
or  height  is  equal  to  the  quotient  of  the  height  of  the 
elliptic  fegment  divided  by  its  axe.  Then  multiply 
continually  together  this  fegment  and  the  two  axes 
of  the  ellipfe,  for  the  area  of  the  fegment  required. 

This  rule  follows  from  the  former. 

EXAMPLE. 

What  is  the  area  of  an  elliptic  fegment  cut  off  by 
a  line  parallel  to,  and  at  the  diftance  of,  ^4:  fr^^^  ^he 
lefs  axe,  the  axes  being  35  and  25  ? 

Here  1 74-  —  7  Jr  =  10  z=  the  height  of  the  fegment. 

And  10  -f-  35  zi  2  -T-  7  zi  '2857^  zz  the  tabular 
verfed  fine  ;  whofe  fegment  is  •185 1669. 

Then  -1851669  x  35  x  25  iz  i62'02io375  iz  the 
area  of  the  lefs  fegment. 

If  the  greater  legmcnt  had  been  required, 

Then  '78539816  —  '1851669  zz  '60023126. 

And  '60023126  X  25  X  35  z:  525*2023525  zr 
the  area  of  the  greater  fegment. 

EXAMPLE      II. 

What  is  the  area  of  the  elliptic  fegment  cut  off 
by  a  double  ordinate  perpendicular  to  the  conjugate 
axe  at  the  diftance  of  7^  from  the  center,  the  axes 
being  35  and  25  ? 

Here  ii-l.—  jl  zi  5  z:  the  altitude  of  the  fegment. 

And  5  -f-  25  zz  I  r^  5  zz  '2  z:  the  tabular  verfed 
fme  ;  whole  correfponding  fegment  is  '1118238. 

Hence  '1118238  X  25  x  35  zi  9^845825  iz  the 
area  of  the  lefs  fegment. 

Again, 
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Again,  •78539816  —  -1118238  =  'Sy^SJ^S^' 
And      -67357436  X  25  X  35  =   5^'3)75^5 
=  the  greater  fegment. 

PROBLEM     VII. 

I 

To  find  the  Area  of  an  Elliptic  Segment  cut  off  by  a 

Double  Ordinate  to  any  'Diameter ;  that  isy  by  a 

Line  Oblique  to  the  Axes. 

Divide  the  abfcifs  af  (fig.  to  prob.  5)  of  the 
double  ordinate,  by  its  diameter  ab,*  and  find  the 
tabular  circular  fegment  whofe  verfed  fine  is  the  quo- 
tient.— Then  multiply  continually  together  the  tabu- 
lar area,  and  the  two  axes.  '  Or  the  tabular  area,  the 
diameter  ab  to  which  the  bafe  of  the  fegment  is  a 
double  ordinate,  its  conjugate  diameter  gh,  and  the 
fine  of  their  included  angle,  for  the  area  of  the 
elliptic  fegment  required.* 

« 

EXAMPLE. 

The  axes  of  an  ellipfe  being  35  and  25,  it  is  re- 
quired to  find  the  area  of  a  fegment  whofe  bafe  is 
a  double  ordinate. to  a  diameter  whofe  length  is  33, 
it  being  divided  by  the  double  ordinate  into  the 
two  abfciffes  7  and  26. 

Here  fa  -^  ab  =  7  -r-  33  =  •2121^^  =  ^^e 
tabular  verfed  fine ;  to  which  correfponds  the  area 
•12162869. 

u  4  Hcncc- 


*    DEMONSTRATION. 

For,  by  cor.  7  prob.  5,  as  ab*  :  to  circular  fegment  lak  : : 
fo  is  AB  X  DE  X  s.  Z.C  =:  rcdlanglc  of  the  tivo  axes  :  to 
elliptic  fegment  gah  ;  but  circular  fegment  lak^=  ab*  x  ta- 
bular circular  iegment  s  whofe  verfed  fine  is  t"A  -=- ab;  there- 
fore ab*:ab^  X  s  ;:  i  ;  s  ;;  rectangle  of  the  axes  to  cllipti^c 
fegment.     ^EmD» 
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Hence  •12162869  ^^5^35^  io6'425io4  = 
the  fegment  gah. 

Moreover,  •78539816  — •12162869  =  •66376947. 
And  -66376947  X  25  X  35  =  580-79828625  =;;:  the 
greater  fegment  gbh, 

PROBLEM     VIII. 

To  find  the  Trilineal  Area  a  b  o^,  included  by  either 
Axey  a  Lint  drawn  from  any  Point  in  it,  and 

their  Intercepted  Arc^ 

Draw  the  ordinate  db  meeting  the  circle  defcribed 
upon  the  faid  axe  in  c,  and  draw  ac,  oc* 

Then 


*    DEMONSTRATION. 

For,  by  the  invefligation  and  corollaries  to  prob.  5, 

As  the  axe   a  :  to  the  axe  a  : :  dc  :  db 
::  circular  fegment  dcq^:  elliptic  fegment  dbq^ 
8:  (becaufe  of  the  common  bafe  ad)  triangle  acd  :  triangle  abd 
;:  (by  compofition)  the  trilineai  acq^  :  trilineal  abq^    i^.  £.  Z>. 

CoroU  I.    Since,  by  rule  2  prob.  6  fe»5t,  i  part  2,  putting 
o<i^=  r,  and  dc  =j', 

the  circ,  arc  qc  is  =  y   X  (1+-=^!--+ -^"^    A — ^^-^-^  &c), 

•^        ^        3.2r*     5.2.4^     7.2.4.6r* 

wehavethe  fea.ocQ:=  \ry  X  (x  +^,  +_|!L +_i^&c); 

which   being  increafed  or  diminiflied  by  j^oA  x  dc  =  the  tri- 
angle Aco,  we  fhall  have 

iy  X  (AQ^-h-^  +7^+  ^'^^!;&c), 

^        ^  3.2r      5.2.4r3     7.2.4,6r* 

for  the  general  value  of  the  trilineal  acqj  and  confequently 

OLx(Aa.+-=^+-^+-^^&c) 

2r  2,2r     5.2.4r*     7.2.4.6r* 

for  the  elliptic  trilineal  AB(ij  r  being  the  radius  of  the  circle,  or 
fcmi-axe  oQ^o^  the  ellipfc,  and  c  the  other  femi-axe. 

And  fincc  r  ;  c  ::y  :  bd  =  z,  we  fliall  have  v  =  — ,  and  con- 

"^        c 

fcquently  the  value  of  the  elliptic  trilineal  AB^i^,  cxpreffed  in 

^erms  of  its  ow^n  ordinate  z  or  bd,  and  fcmi-axes  r,  r,  will  be 

i«   X    (AQ^+  r    +     — T    +    —      '  .  .  &c). 

Corph 
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Then,  As  the  faid  ax^  : 

Is  to  the  other  axe  : : 

So  the  circ,  trilineal  acq^: 

To  the  elliptic  trilin.  a  b  o^.  

Note.    It  is  evident  that  the  triangle  aco  added 
to,  or  fubtrafted  from,  the  circular  fedtor  ocq^,  will 
give  the  circular  trilineal  accl>  according  as    aq^ 
is  greater  or  lefs  than  half  the  axe. 

Or  the  femi-fegment  cDQ^increafed  or  diminifhed 
by  the  triangle  acd,  will  give  the  fame. 

EX- 


Corol,  2.   If  A  coincide  with  o,  the  triangle  aob  will  vaniihy 
and  the  trilineal  become  barely  a  fedor  obQo  whofe  value  will  be 

4r«    X    (I  +  •    -        ^  -^        ^  ^ 


^.zc 


5.2.4^  7-2.4.6c<^ 


&c). 


CoroL  3^  When  «  =  f ,  then  the  quadrant  o/Q^will  be 

\rc    X    (I  +  -rrr-   +     ^  J  .      +     ^  f  ?  A    &c)- 


3-* 


5.2.4 


7.2.4.6 


CoroL  4.   If  A  coincide  with  p,  then  aq^=:  qp  =  2r\  and  the 
trilmcalBPa.willbe  =  i«x  (,+^,+^+^ij^&c). 

And  when  b  coincides  with  /,  then  will  the 

trilineal    p>(^  be   =  ^rr  X  (2  +  —  +  — ^  +  — ll2_&c), 

3.2       5*^*4      7'^'4'" 

CoroL  J.    If  from  the  double  of  the  quadrant  in  corollary  3, 
be  taken  the  trilineal  in  corol.  4,  there  will  remain  the  feg.  p^b  = 

f  —  Z         2C-^  —  2j3  2^5  —  zS        '  2CT  -^  %^       ^     . 

Corol.  6.    If  from  the  value  of  the  fe^flor  obq^iii  corollary  2, 
be  taken  that  of  the  triangle  <obq^=:  ^rz,  there  will  remain  the 


fegment   bq^=  \,rz  x    ( 


^*      .       3«^^      !_      Sv3g 


3.ac*       5.2.4c*     7,2.4.6£-'^ 


&c). 


Ci?^7^ 
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EXAMPLE. 

Given  the  axes  35  and  25  of  an  ellipfe,  and  an 
ordinate  to  the  tranfverfe  10  ;  reauired  the  area  in- 
cluded by  the  tranfverfe  and  a  line  drawn  from  the 
top  of  the  ordinate  to  cut  the  tranfveife  in  an  angle 
of  40  degrees. 

Here,  as  ^op  zz  25  :  pq^zt 
35  ::  DB  :=  10  :  DC  ^:  14. 

As  rad.  :  tang.  Z.B  (50°)  :  : 
PB  :  DA  zi  i,i*9i7536. 

Hence    ad    X   ^dc    =: 
83*422752  zz  the  Aadc. 


-A.OA    JD   a 


As 


C0roL  7.   When  b  coincides  with  /,  the  feries  in  each  of  the 
two  kit  corollanes  becomes,  for  the  value  of  each  of  f  he  fegmcnts 

3*^  S-^-4  7.2.4.6      ^ 

Cin-oL  8.   If  A  be  the  focus  of  the  ellipfe,  then 

AQ^  =  r  ±  ^rr  —  cr,   and  the  trilineal 


l*2c^      i-2.4^      7.2.4.6^'^ 


=  insx  (iifcV   I 1 + 


3z4 


3-S«^ 


rr      2.3c*      2.4.5^*      2.4.6.7^-^ 


&c). 


C^roL  g.    Putting  t  =  abqj=  irzx{a  +  -^ f- 


3z4 


2.31:' 


tfbcing=i±/i  —  ,and^  =  — =ax(tf-)- 4- 


2.4«5c^ 
32* 


&c) 


wc  (hall  have,  by  revcrfion. 


= X(l 


I 


izoC^a' 


s  .^ 


ta 

2T 


10  —  Q/J    , 


2.3c*  '2.4.5^* 

280  —  504  tf  +  22 a  a 

5040^^^'° 
280—-  504^  +  225^' 


&c) 


20<2' 


5040  tf' 


/  &c) 


where  ^  r=  — ;  which  feries  generally  converges  very  fail,  and 

affords  a  good  dircd  folution  of  Kepler* s  problem. 

Suppofe,   for    example,    it  were   required  to  find    the  true 
anomaly  of  the  earth,  and  its  diftance  from  the  fun,  anfwcring  to 

tho 
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As  25  :  35  ::v/i2'5*  —  10*  :  10*5  =  oi>; 

And  hence  oq^—  od  iz  7  rz  dq^.     Then,  by  the 
table  of  circular  fegments,  the  femi-fegment   cdq^ 
will  come  out  68 '49  207  7 5. 


The  triangle  ADC  +fegment  cdqjz:  ^5^'9^43395 
—  the  trilineal  acc^. 

Theref.  as  35  :  25  : :  I5i;9i43395  :  108-5102425 
=  the  area  of  the  elliptic  trilineal  abq^  required. 

P  RO- 


the  meatv  anomaly  of  i  fign  or  30  degrees,  the  excentricity  be» 
ing  *oi68i  to  the  mean  diftance  i. 


Here  po  =  r=:  i,  ao  =  *oi68i,  o/=r  ci!=y/i  — '01681*  =: 
•9998587,  the  area  of  a  quadrant  of  the  ellipfe  =  -785398  &c 
Xrc:zz  •7852872;  then,  as 3  figns  :  i  fign:;  -7852872  :  -2617624 

2T  2T  2T  2 

==  t:   hence—    =  2T  =  -52^5248,  and—    =  — =  -     X 
•78539  &c  =  •5235988=/: 

Alfo  A  =  I -0168 1,  and —J  =  2589869. 

Then,  ift  term  a  =  —  =  .     —        —      —       +'98346790 


3d     —     B  =    l-AX^   =  —         —         04245088 

3d  —  c  =illl2?B  x^^  =        —     +-00046655 


20  «3 


280  —  tola  4-22  <tf  *        p 
4th  —    D  = 5-r-Z i-  c  X-i-j=:   -'00000044 


42 


'  the  fum  =       -94148313 

2T 

which  drawn  into  —  =  2T  =  '5235248,  givca  -49288971  = 

PB  =  J5f 

But 


3oa 
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PROBLEM    IX. 

To  fnd-tbe  Surface  of  a  Spheroid. 

*    R    u    L    E      I. 

For  Both  Spheroids. 

Let  /  denote  the  fixed  axe,  or  the  axe  about 
which  the  ellipfc  is  conceived  to  revolve, 

r  the  revolving  axe,  p  =  3*14159,  and  q  zz^^^^^i 

Then 


But  OD  =  -  j^cc  —  z«  —  '87005233 ;  hence  ad  =  ao  -f-  od 
c 

"Trz  *88686233,    and'  as    ad   :   db  ::  rad.  :  tang,    ^dab    3= 

29*063904°  =  29®  3'  50"  3'"  the  true  anomaly. 

Alio,  as  rad*  :  fee.  ilDAB  :;  ad  :  ab=  1*0146255,  the  ^i^ 
taoce  of  the  earth  from  the  fun,  to  the  mean  difiance  i. 


*   X>£MON8T&ATIOK« 


Put  the  fixed  femi-axe  Tf  =  tr  1=  «,  cf  =  ro  •  ^  h^cK  =  x^ 
AB  =jF,  arc  CB  =  a,  and  3*  141 59  =  /. 

Then,   a  uh  ::  ^^aa  —  xx  :  - ,Jaa  —  xx  =^y;  hence^  = 


>xx 


dtjaa  —  XX 


=:,  and   z   =^i*  +^»  =  v  ;r*  + 


=  -  V  i L  .  and  confecjuently  the  fluxion  of 


tftf—  XX 


iphx 


the  furfacc  J  s=    ^py'%  =s  '^^"^y  Ja^ «- x^iaa  —  ^^) 
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Then  will  the  furface  s  of  the  fpheroid  be  ex- 
preffed  by  cither  of  the  following  feries ;  ufing  the 
•   upper  or  under  figns,  according  as  it  is  an  oblong  or 
oblate  fpheroid ;  viz, 

^ -^      ^        2.y      ^•4-5i    ^2.4.6.7^       2.4.6.8.9^         ^' 


or 


r..  /         A  3B  3.5c  5.70      ^  ^v 

Where  a,  b,  c,  &c,  are  the  feveral  preceding  terms. 


=  -^-—  v^^J-*  —  c*;r*  (putting  cc^  aa^  hh)  =  -^- — V ;ir* 

tftf  tfil  cc 

=  -^^ —  X  ( -7 r  .-^  ^^)*  And  the  fluent  is 


2.3^'^      2.4.5a*      2.4.6.7a**      2.4.6.8.9a' 


ff 


And  if  for  —  be  written  Jdy  the  feries  will  become 


aa 


5  =  2/^;t;X(i 1 2 ^ ? ^-7-3 s   ^^)* 

^  2:;^a^      2.^.^a*      2,\,t.']a'^      2.4.6.8.9a' 

and  when  ;t:  =  a,  it  is 

=  2/a3  X  (i ■ ^-T f.  Q       &0 

"^  2.3  2.4.5      2.4.6.7      2, 4.6. 8.9 

=  2pah  X  (1  -  —d^  -—d-  -  ^^    -  ^d^  Sec). 

2.3  4.5  6.7  8.9 

where,  when  c c  or  aa  —  33  is  affirmative,  viz.  in  the  cafe  of  an 
oblong  fpheroid,  all  the  figns  after  the  firft  will  be  negative ;' 
but  for  an  oblate  fpheroid,  cc  being  negative,  the  figns  after  the 
£rft  will  become  alternately  plus  and  minus.     ^  E.  D. 

CoroL  i.«  The  feries  above  mil  not  always  converge  for  an 
oblate  fpheroid ;  viz.  when  d  is  greater  than  i,  or  when  —  is 
greater  than  2,  the  feries  will  not  converget 

CoroL  2.  Hence  the  furfaces  of  fimilar  fpheroids,  and  alfo  of 
their  like  parts,  are  to  each  other  as  the  re&angles  of  their  axes, 
or  as  the  fquares  of  their  like  dimenfions. 
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EXAMPLE. 


-     If  the  axes  be.  50  and  40,  required  the  furface  of 

each  fpheroid. 

I.  For  the  Oblong  Spheroid, 

Here/i=  50,  r  =  40,  and^^^^  IT  5^  ==  ^^  zr 
Hence  iftterm  a  =     —      —       i- 

2d  term  b  zr  —  q      =    — o'o6 

3d  term  c  =1  -^^j       =    — 0*00324 

4th  term  D  •zz  ^-^J     =    — 0*00041 66— 

5th  term  e  =  ^^^i    =    — 0*000072900 

6th  term  f  =:  -'^    q   zz    —0*0000150+ 

10. ii-'  ^ 

7th  term  g  =:  ^ —  q   =    —0*0000035— 
8th  term  p  =  "''^  q  zz    —0*0000009— 

the  fum  of  the  negative  terms  31  — .0*0637489, 
which  taken  from  the  ift  term  i,  leaves  *93625ii 
for  the  fum  of  the  feries;    and  this   being  drawn 
intoprf  =  3*14159263  X  50  X  40  :=  6283*18531, 
will  produce  5882-6385  for  the  furface  required. 

a*    For  the  Oblate  Spheroid. 

Here/zz  40,  r  =  5o,and  :L^=^^-^  =  q. 

Then  by  increafing  the  values  of  the  terms,  found 
above  for  the  oblong  fpheroid,  in  proportion  to  fuch 
power  of  the  ratio  of  the  value  of  q  in  this  cafe,  to 
its  value  in  the  former,  whole  exponent  is  refpeftively 
1  i  lefs 
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I  lefs  than  the  number  of  each  term ;  vfz*  in  the 
proportion  of  the  o,  i,  2,  3,  &c  power  of  ^H,.  to -,2g., 
or  of  16  to  25,  or  of  64  to  100  ;  we  (hall  have  the 


100* 


ift  term  =   i  X -tt-t  =1X1=:   +1 

64° 


2d  term  n  '06 


X 


100 

100* 


=       +0-09375 


3d  term  z:  '00324       X  -r-r  ^   — 0*00791 


4th  term  —  '0004166  X 
5th  term  n  •0000729  X 
6th  term  =  '0000 150  X 


64^ 

100' 

6^    =   +0-00159 

100* 


64'* 
100' 

w 

100'' 


n   —  o'ooo44 


zz  .+o'oooi4 


1  X\J\J 

7th  term  =:  •0000035  X  -r-j-  =  —  0*00005 

04 


8th  term  zz  •0000009   X 


100 


:=  +  0*00002 


»«■ 


fum  of  the  affirmative  terms  +^'09550 
fum  of  the  negative   terms  —0*00840 


•  the  difference     i*o87i; 

then  6283- 1853 1   ^   I '087 1  z:  6830-4507  i^  the 
furfa9e  of  the  oblate  fpheroid  required. 


RULE       II* 

For  Both  Spheroids. 

Divide  the  revolving  axe  by  the  fixed  axe,  and 
call  the  quotient  q.  Find  the  difference  between  i 
and  the  fquare  of  q,  and  call  the  fquare  root  of  diat 
difference  s. 

For  an  oblong  fpheroid,  multiply  •01745329  by 
the  degrees  in  the  arc  whofe  fine  is  s,  and  call  the 
produdt  p. 

For 
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For  an  oblate  fpheroid,  multiply  2'302585  by 
the  logarithm  of  the.  fum  of  s  and  j,  and.  call  the 
prodiid:  p,  alfo. 

Multiply  p  by  the  fixed  axe,  and  divide  the  pro* 
dudt  by  X ;  to  the  quotient  add  the  revolving  axe ; 
then  the  fum  multipUed  by  4-  the  circumference  of 
the  greateft , circle,  viz.  by  3-14159  and  by  4- the  re- 
volving axe,  will  give  the  furface  required. 

That  is, 
putting  /  zr  the  fixed  axe, 

r  IT  the  revolving  axe, 
q  -  r  ^f, 

'  P  =  3*^159  &c,  • 
p  =  -01745329  X  degrees  to  the  fine  s,  in 

the  oblong  fpheroid, 
.  and  p   =  2*302585  X  log.of  J  +  q  in  the  oblate 

fpheroid ; 

Then  (-^  +r)X  ipr  =  the  furf.  of  the  fpheroid.* 

EXAMPLE. 

The  axes  of  a  fpheroid  being  50  and  30,  required 

the  furface. 

I.   For  the  Oblong  Spheroid. 

Here/  =  50,  r  =  30,  y  =  4^  =  -6,  j  =\/i— ?? 
zz\/i  —  -36  i=v^'64  =  -8,  which  is  the  fine   of 

53-130105  degrees. 

Then 


♦    DEMONSTRATION. 

For  the  fluent  of  iLl  J^F^Z'TTP ^  the  fluxion  of  the  fur- 

aa 

£ace  in  the  demonftration  of  the  firft  rule,  when  *  =  tf ,  ia 


aa 


/*  X  (*  +  — P), 

where 
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Then  53-130105  X  -01745329  =  -92729513  = 
P,    and    (5221:^9511  +  ^^^  ^  l^ifX'lll?  - 

4144*8263  iz  the  furface  of  the  oblong  fpheroid. 

2.  For  the  Oblate  Spheroid. 
Here/=.3o,  r  =:  50,  J  =  1°  iz|,and  J  z=  v^T^JTy' 


■5-    —  T* 


Hencej+yzi|+*=^=:3,whofelog.is-477i2i3. 
And   p  =:  •4771213  X  2-302585  rr  1-0986124. 
Then  -  (30  X  '•0986.U  ^   ^^j  j^  so  X  .ri4.59    ^ 

5868-39918  =  the  furface  of 'the  oblate  fpheroid. 

RULE       III. 

For  the  Oblong  Spheroid. 

Find  q  and  J  as  in  the  laft  rule. 

Find  alfo  the  area  of  the  circular  middle  zone 
whofc  radius  is  half  the  quotient  of  the  fixed  axe 
divided  by  J,  and  the  diftance  *  of  each  end  from 
the  center  is  half  the  fixed  axe ;  and  call  this  zone  z. 

Then  multiply  continually  together  z,  q^  Sy  and 
3*4159  &c,  for  the  furface  of  the  oblong  fpheroid. 

That  \Sy  pqsz  z:  the  furface  of  the  oblong  fphe- 
roid ABDP ;  where  z  is  equal  to  the  middle  zone 

EFGH  of  the  circle  whofe  radius  is  "5:.* 

i 

X  £  Z« 


where  f  =  *oi  7453  x  deg.  in  arc  to  fine  -,  when  a  is  gi*eater  than^; 

b  -{•  c 

or  p=s  2-3025  &c  X  log.  of  ,  wHen  a  is  left  than  ki 

u 

c  being   =  ^/aa^nhL     j^  J5.  D* 

^DEMONSTRATION. 

For  fince  the  fluxion  of  the  furface  bkmp  is  ^^  ^"^v  — —  xXf 

aa  cc 

«nd 


3o6 


SPHEROID. 


[Part  3 


EXAMPLE. 

Taking  again  the  fkme  example, 

*  /*  2  C 

'     We  have—  zz.  -^zz  ^i^z^  :z:  tht  radius,  or  62*5 

=.  the  diameter  of  the  circle. 

Hence    co  —  cd  =  31*25  —  25  iz  6*25  zz  do# 

And  DO  -T-  2CO  =:  6*25-t-62"5  n  •!'  z:  the  tabu- 
lar verfed  line,  to  which  belongs  the 
area    •04087528  ;  and  this  taken 
from  '39269908,  the  tabular  femi-circle, 
leaves  •3518238  tor  half  the  tabular  zone.  , 

Whence 


and  that  of  the  circular  area  NLic  =  ;rV xx^  and  being  to 

'  cc 

•  2  iihc 

the  former  in  the  conftant  ratio  of  i  to  -J- — ,  their  fluents  muft 

aa 

be  continually  in  the  fame  ratio ;  and  confequently  the  furfacc 

2pbc                                                                                      BC 
BKMP  ZZ^^ X    CNLI   =  pas  X  2CNH  =^  X  X   iCNLI. 

aa  t  J.  ^       cN 

And  the  whole  furfacc  abdpa  =  f^s  X  efgh.     ^  E.  D. 
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Whence*35i8238x2x62'5x62'5=:2748*6i34375 
n  the  middle  zone  efgh  n:  z. 

Then pqsz  zz  3'i4i59  X -6  X -8  X  2748-6234^75 
=:  4144*8265  the  furface,  nearly  the  fame  as  before, 

R    u    L   E      IV. 

For  the  Gblong  Spheroid. 

Between  the  femi-conjugate  bc  and  the  fum  of 
the  conjugate  BP  and  circular  arc  ef,  find  a  mean 
proponional,  and  it  will  be  the  radius  of  a  circle 
equal  to  the  furface  of  the  fphcroid ;  the  circle  being 
defcribed  as  in  the  laft  rule, 

* 

That  is,  multiply  continually  together  bc, 
BP  +  EF,  and  3*  141 59,  for  the  furface.* 

XZ  EX- 


0f 


^DEMONSTRATION. 

Apply  BQ^:s:  ac,  and*  draw  ar  parallel  to  bo.. 
Then  is  ar  =  the  radius  cn  ;  for,  by  the  coh{lru£HoiT| 

""  ^aa  -  lif  ""   >/qb*  —  BC*  ""    .c(^^  ""        <ic        "* 
AR  by  fimilar  triangles.     Draw  ch,  and  as  perpendicular  to  lU 


tc 
Then,  by  the  laft  rule,  the  furface  bap  is  =^  x  —  X  2CN£A 


«C 
CN 

2  fcftorcxH  + iAhac  ,  . 

•r2CXHA=:^X  BOX =/XBCX(NE  +  A8). 

^  CH 

•««  1         i*      •  t  '1  %    HC    «     AC    •  •    AH  '  •     AS, 

But,  by  fimilar  triangles,  |  ^j,  .  ^b  ;:  cr  :  cb. 

And  fince  hc  =  ar,  and  ac  =  qb,  by  the  conftrutflion;  as 
alfo  AH  =  CR,  by  reafon  of  the  equal  hypotenufes  hc,  ar,  and  . 
common  bafe  AC ;  the  fourth  terms  as,  cb,  muft  alfo  be  equal 
to  each  other.  And  confequently  the  furface  bap  =z  fi  x  bc  x 
(en  +  bc)  =  /  X  bc  X  (at  +  bc)';  and  that  of  the  whole 
fpherokl  ir:/  x'Bc  X  (atd  +  Bp)  =  ^  X  bc  X  (enf  +  bp), 

the 
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EXAMPLE. 

Taking  ftilt  the  fame  example. 

We  have  the  radius  cn  =  —  zz  ;g^  :=  31^. 

Then  as  314^  :  25  =  ac  the  fine  of  the  arc  en  :: 

I  :  ^  n  '8  iz  the  fine  of  the  fimilar  arc  to  the  ra- 

*  dius 


the  arc  atd  being  defcribed  with  the  center  h  and  radius  ra; 
viz.  equal  to  a  circle  whofe  radius  is  a  mean  proportional  be- 
tween Bc  and  ATD  +  Bp.     ^  E*D, 

SCHOLIUM. 

This  conftruAion,  for  finding  i  circle  equal  to  the  furface  of 
an  oblong  fpheroid,  was  firll  giv^  n  by  Mr,  Huygens  in  his  Hero" 
loglum  OfciUitortum^  prop.  9,  but  without  demonilration.—- The 
conllru(^Hon  is  here  rendered  general  for  any  part  or  zone  bkmp 
of  the  fpheroid,  viz.  that  its  curve  furface  is  equal  to  a  circle 
whofc  radius  is  a  mean  proportional  between  bc  and  nl  +  iv 
or  Tw  +  IV,  IV  being  perpendicular  to  ct.  For  in  the  fan^c 
manner  as/  x  bc  x  (en  4- as)  was  found  for  the  furface  bap, 
may  the  furface  of  any  zone  bkmp  bc  found  to  be  /  x  bc  x 
(nl  4-  iv). 

In  imitation  of  the  two  rules  above  for  expreffing  the  furface 
of  the  oblong  fphcroid,  by  means  of  a  circular  arc  and  a  circular 
or  elliptic  area,  I  (liall  here  flicw  the  inveftigation  of  others  for 
that  ot  the  oblate  (pheroidy  by  means  of  the  parabolic  arc,  or 
hyperbolic  area. 

Thus  if  X  be  the  abfcifs,  and  y  the  ordinate,  of  a  parabola 

whofe  parameter  is  n ;  fince  x  =  •=^,  and  x  =  -=^,   the  fiuxioa 

n  n 

of  the  arc  will  be 

V  ^-'  +;'* •=%/  -tt-  +^'=  r  \/«^  ^^y^t  '^''"^  +^^'» 


nn         '^  «   '  ^'         «r 


putting  m  zz  .'n  'j^  J  the  parameter;   which  being  to  that  of 
the  oblate  furface,  viz. 

•  •  ■■■■  *  • 

-^ —  s/^^  +  c  x^  =  — V h  ;r*  =  -i- —  Jmm  +  xx^ 

aa  aa  cc  m 

m 

(putting  m  =:  — ,aDd  fuppofing  «r  =  j)^  b  the  conilaiit  ratio 

c 

of 
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dius  I ;  to  which  belong  53*  130 105  degrees;  hence 
53-130105  X  -01745329  X  31^=  28-977972  z:  die 

sue  EN. 

Then  bp  X  (bc  +  en)  X  3-14159  zz  4144-8262 
=:  the  furface  as  before,  nearly. 


/ 


X3 


RULE 


««Wi 


of  I  to  2  3^,  their  fluents  muft  bc  in  the  fame  rajtio ;  and  confe- 
quently  it  p  be  put  to  denpte  the  parabolic  arc,  then  will  ipi?  ex- 
4)rers  the  value  of  the  oblate  furface,  which  therefore  is  equal  to  a 
circle  wKofe  radius  is  a  mean  proportional  between  ^  and  2P,  or  be- 
tween 2^  and  p. — ^And  hence  this  conftrudtion.— Let  de  be  thelcfa 
or  fixed  axe  of  the  ellipfe,ACthe  great- 
er axe,  and  f  the  focus  ;  join'  df,  and 
draw  DG  perpendicular  to  df;  bifei^ 
BG  in  H  ;  with  the  vertex  h  and  focus 
B,  defcribe  a  parabola  h  i  :  Then  draw 
any  ordinate  lk  to  the  axe  de,  meeting 
the  parabola  in  i ;  and  the  furface 
generated  by  the  arc  al  will  bc  equal 
to  a  circle  whofe  -radius  is  a  mean 
proportional  between  ac  and  the  para- 
bolic arc  H  I.  Or  the  furface  generated 
by  AL,  will  bc  equal  to  the  curve  fur- 
face of  a  cylinder  whofe  diameter  is 
AC  and  height  HI.  ^ 

Again,  fince  p  =s  *^^mm  -^yy  —  r,  a  being  the  area  of 

an  hyperbola  whoje  femi-axes  are  h  and  xv,  and  y  the  ordinate ; 
fee  cor.  7  rule  i  prob.  6  fc6l  j ;  the  furface  generated  by  al  will 

be  equal  ta 2/  x  (—^  i/mm -{- yy  —  a);    and^  hence  this  con* 

firu6tion  is  evident.  Let  lk,  produced,  meet,  in  n,  the  hyper- 
bola BN,  whofe  vertex  is  b,  center  a,  and  femi-conjugatc  axe  bg  ; 
idraw  GK,  ^nd  kp  perpendicular  to  it,  and  draw  the  ordinate  nqj 
Then  will  the  difference  between  the  rcdtangle  ac  x  kp  and 
the  hyperbolic  area  bqw,  be  to  the  furface  generated  by  al,  at 
|he  r4,(Uud  of  a  circle,  is  to  its  circumference* 


• 
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\  R    U    L    E       V. 

For    Both   Spheroids^ 

Find  q  as  in  the  firft  rule;  then  to  or  from  i, 
♦  add  or  fubtraft  ^  of  y,  according  as  it  is  the  oblate 
or  oblong  fpheroid ;  and  call  the  fquare  root  of  the 
fum  or  difference  A.    Or  a  =:  y  i  db4.y. 

Multiply  the  produdl  of  the  two  axes  by  3*  141 59, 
and  call  the  produft  p.       • 

Then  the  produft  of  a  and  P  will  be  the  furface 
nearly. 


Thatis,//rv^i=t|j.* 

^  X  A  M  P   L  E. 

Let  ncre  be  taken  here  the  fame  example  as  at 
jiile  J,  in  which  the  axes  are  50  and  40, 

I.  For  the  Oblong  Spheroid. 

Here ^ n  -2  and  \/ 1 ^  =: ' y^zzzn-g^SoSz: A, 

But  3-14159  X  50  X  40  =  6283*1853  ~  P. 
Then  AX  p  =  5893-6278  the  furface  nearly. 

2.  For 


*  For  fincc,  by  rule  i,  the  value  of  the  furface  is 

s  =  /^ahp  X  (i  ± ±L  -=2_- lo'  &c),  and 

^     ^      ^      *  2.^       2.4.5       ^•4*o-7      2»4.6,8.9 


'^^  J.    3^*^  3-5^ 


'^^        ^    .    1- i-    N      2^j    2.4.9    ^•4-o.27    2.4.6.8.Q1 

we  fliall  have^  by  taking  the  latter  of  thefc  quantities  from  the 
former,  _ 

s  -  ^ahpji  ±L  \d^  =  -  -^  ±  -^— ^  &c,  and 

^     ^^  ^  2.^.9        <}..7.27        2.8.81 

fonfcqucntly   8  =  l^ahpf^x  ^  \d^  nearly,  which  is  rule  5. 
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2.   For  the  Oblate  Spheroid. 


Here  q  =  1,  and  ^/i  +  ^  =  W^9  = 

1-089725  =   A. 

Then  axp  =  1*0897  x6283'i 853  =  6846-78^9 
the  furfoce  of  the  oblate  fpheroid  nearly. 

RULE       VI. 

For  Both    Spheroids. 

To  or  from  i ,  add  or  fubtraft,  according  as  it  is 
for  the  oblate  or  oblong  fpheroid,  ^  of  q,  and  call 
4  of  the  {um  or  difference  b  . 

Then  multiply  p  by  the  difference  between  a  and 
B,  and  ^  of  the  produd  will  be  the  furface  nearly. 

That  is,  . 

^PX  (A-B)=|.x;)/rX(i/izt^j-4-Xi±|?) 
zz  the  furface  nearly,* 


X  4 


E  X- 


*  Again,  by  tranfpofing  the  two  firil  terms  of  the  feijes  in  the 
value  of  s,  we  fhall  have  • 

which  taken  from 

'^     rw  T  2.5.9        4«7-27         2,».8i 

the  remainder  above  found,  it  leaves 

and  confcquently  s  =  f  x  ^^  X  [^i  dt  {Jd  -  -^  x  (i  ±:  ^dd] 

^fahp  X  [9v^i  St  \dd--  ^{i  ±iidd)']  more  nearly,  which 
is  rule  6« 
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EXAMPLE. 

Taking  the  fame  example,  we  ftiall  have 
I,     For  the  Oblong  Spheroid. 

B  =  ^  X  (i  ^  4?)  =  ^  X  (I  -  ^)  =:'i  X  ^^  =2 
9      ^         ^^^        9      ^        6x^5'^       9      S© 

•417777  &c. 

Then  a  —  b  =  •93808  —  '417777  r:  •5203. 

And  I  X  -5203  X  6283-1853  iz  5884*2029  =  the 
furface  of  the  oblong  fpheroid  very  nearly. 

2.    For  the  Oblate  Spheroid, 

B  =  i  X  (I  +  4y)  =  1 X  ( I  +  ^)  =  i  X  ^^  = 
9     ^     '   ^^^       9     ^    .'6x16''       9.    3* 

•4861 1   &c. 

Then   a  —  b  =   1*0897  —  •4861  =z  •6036* 

And  4-  X  -6036  X  6283-1853  =:  6826-6806  = 
the  furface  of  the  oblate  fpheroid  nearly. 

RULE      yii. 

For  Both  Spheroids. 

From  the  fum  or  difference  of  i  and  \  of  y,  ac- 
cording as  it,  is  for  the  oblate  or  oblong  fpheroid, 
take  ^V  of  the  fquare  of  y,  and  call  ^^  of  the  re- 
mainder c* 

Then 


*  Farther,  by  tranfpofing  the  firft  three  terms  of  the  original 
feiies,  and  reducing  the  refult,  to  make  the  firft  term  of  it  equal 
to  tha^  of  the  laft  remainder,  we  fliall  have 

which 
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V 

Then  from  a  fubtraft  the  fum  of  b  and  c,  mul- 
tiply the  remainder  by  p,  and  y  of  the  produ<5t 
>yill  be  the  furfacc  of  the  fpheroid,  ftill  nearer. 

Th^  is,  y  p  X  (a  —  B  —  c)  iz  the  furface  nearly; 

where  c  =  -V  ^  (i  ^4?-Vir??), 

and  the  value  <^i  the  other  letters  as  before. 

EXAMPLE. 

Taking  ftill  the  fame  example,  in  which  the  axes 

are  40  and  50 ; 

1 .  For  the  Oblong  Spheroid. 

Here  again  y  zr  ^^  =  *j6,  p  =  6283*1853,  a  = 
•93808,  B  = -417777  &c,andc^^Vx(i-.4y-^yy) 

=  -^77558- 
Then  y  p  x(a  — b  —  c)  =  6283-1853  X  -93628 

r=   5882-8206  the  furfacc  of  the  oblong  fpheroid 

very  near. 

2.  For  the  Oblate  Spheroid. 

Here  q  =  ^  —  ^5625,  p  =  6283-1853,  a  = 
1-0.89725,8  = -486111, andc=,yx(l+4j—^jj) 
=z  -32173. 

Then  y  X  (a— b—c)  X  p  =:  1-0872  X  6283-1853 
ri  6831-079  —  the  furface  of  the  oblate  fpheroid 
very  nearly. 

PRO- 


Vrhich  being  taken    from  the  laft  remsdnder,   ^s  —  ^aip  x"* 
l/T^JJJ-Ui  dziJd)}  =  ±— ^  &c,  leaves  ijt 

—  „  ^    „    itCf   and  confequently  »  =  V  x  J^abp  x 
pearer  flill ;  andthis  is  rule  7. 


3H 


SPHEROID, 


[Fart  3.^ 


PROBLEM      X, 


To  find  the  Curve  Surface  of  the  Fruftum  of  a  Spbe- 

void  J  contained  between  two  Planes  cutting  the 

Spheroid  Perpendicular  to  the  Fixed  Axe^  and 

one  of  them  faffing  through  the  Center. 


RULE      I. 

For    Both    Spheroids. 

Let/  denote  the  fixed,  and  r  the  revolving  axe; 
putjp  =  3'i4i59,  and  q  —''^  ^ y  as  in  the  laft 
problem ;  alfo  h  zz.  the  height  ck  of  the  fniftiim, 
and  2  n  ~:^ ;  then  will  the  value  of  the  furface 
be  expreffed  by 
prh  X  (I  =fc  -2 L-z^db  _3^2? 3^24g^c), 

'  ^        2.3         ^•4-S  2.4.6.7  a. 4.6.8.9  ^' 

or  /)rj&  X  (1=*=— A2 ^Bz=t|^cz  — l^'^DZ  &c). 

^  ^       3.3  4.5  6.7  8.9  ^ 

Where  a,  b,  c,  &c,  are  the  feveral  preceding  terms, 
and  the  upper  or  under  figns  to  be  ufed,  according 
as  it  is  the  oblate  or  oblong  fpheroid.* 

E  X- 


*  See  the  inveftigation  of  rule  i  of  the  laft  problem. 
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EXAMPLE!. 

What  is  the  furface  of  the  fniftum  of  a  fpheroid, 
whofe  height  is  15  ;  the  diameter  of  the  greater  end 
being  40,  and  that  of  the  lefs  32? 

Here  co  =r  40  =  the  revolving  axe,  2AB  i=  32, 
and  KB  =  CA  =  i^;  hence  ch  zi  cf  —  ab  =  4,  and 
HO  zi  cr  +  AB  zz  36 ;  and  confequ^ntly,  by  cafe  3 
prob.  2,  we  have  as 

\/cH  X  HO  ±:  12  ;  HB  n  15  ::  co  n  40  :  tr  iz  50 
the  fixed  axe  ;  which  fliews  that  the  fruftum  is  that 
of  an  oblong  fpheroid. 

Then,  as  in  the  example  to  rule  i  of  the  laft 
problem,/::^  5o>^  =  4o,  ?  =  7t^*36*  But^ir  15, 

and  z  zz  ^^f— -  =  - — ,    '  =  •1296. 

ff  25  X  so  X  50  ^ 

Hence  the  ift  term  a  =      —  +  i* 

2d     B   Z=  — AZ       1=   — 0'02l6 

2.3 
gd    —    c  zz  —  Bz     zz  —  o'ooo4i99-}- 

4th  —    D  zz^cz     =  — 0*0000195— 

^th    E  ZZ^DZ      ZZ:  —  0"00000I2  + 

6th    F  =  -^^EZ  =  —  O'OOOOOOI  — 


the  fum  of  the  negative  terms  is  —  0-0220407, 
'  which  taken  from  the  firft  term       i-ooooooo, 

leaves       0'9779593 
for  the  value  of  the  infinite  feries ;  which  being  drawn 
^nto^rifr  =  3'i4i59  X  40  X  15  --  1884-955592, 
produces  1 843-40985 1 2  for  the  furface  required. 


EX 


5i6 


SPHEROID. 


[Part  3. 


EXAMPLE      II. 

It  is  required  to  find  the  curve  furfaca  of  the 
fruftum  2<:abc  of  a  fpheroid,  whofe  height  is  16; 
the  diameter  of  the  greater  end  being  50,  and  that 
of  the  lefs  30. 

Here  the  revolving  axe  tr  zi  50,  fH  =:  ab  12  16, 
and  HB  zz  cA  zz  i^;  hence  ar  zz  ck  -^  ca  zz  10, 
and  TA  =  Tr  +  f A  =:  40 ;  then,  by  cafe  3  prob.  2, 
we  (hall  have  as 

\/ar  X  AT  :z:  20  :  AB  =1  16  ::  tr  ir  50  :  co  zi 
40  zz  the  fixed  axe;  which  indicates  the  fruftum  to 
be  that  of  an  oblate  fpheroid. 

Wherefore /z:  40,  r  —  50,  q  zr  ^?g-,  b  zz  16,  and 

iqb/j  4  X  0  X  16  X  16  36  ^         u-    U  U 

z  zz  ^J—-  zz  ^—TT -=.  —-zz  •36,  which  be- 

ff  16  X  40  X  40  100        -^  ' 

ing  the  fame  as  the  converging  quantity  q  in  the  ex- 
ample to  rule  I  of  the  laft  prob.  the  feveral  terms  of 
the  feries  muft  be  the  fame  as  there  found,  viz. 


the  1  ft  term 

L   A 

^2 

.    +^ 

2d     - 

B 

+  o'o6 

3d    - 

C 

— 

—  0*00324 

4th   — 

D 

ZZ 

+  o'ooo4i66— 

5th   - 

£ 

zz 

-.— 0*000072900 

6th   — 

F 

— 

4-o'ooooi5o+ 

7  th  — 

G 

— — 

—  0*0000035-^ 

8th  — 

H 

TT" 

+  0*0000009 — 

9th     

I 

— - 

—  0*0000002  + 

fum  of  the  afiir.  terms   =2    +  i  •0604325 
fum  of  the  neg.  torms  zz  —  0*0033 1 66 


their  difference  zz  1*057 11 59  the  value  of 
the  feries ;  which  being  drawn  into^r^fr  zzz  3*14159 
X  50  X  16  zi  2513*274x2287,  will  produ<;9 
2656-822036  for  the  lurface  of  the  oblate  fruftum 
required. 

gun 


> 


SeA.  5-]      '      .SPHEROID.  317 

R  U*L  E      ir. 

» 

For    Both    Spheroids. 

1 .  Multiply  the  fquare  root  of  the  difference  of 
the  fquares  of  the  axes,  by  the  height  of  the  fruftum ; 
divide  the  produdt  by  the  fquare  of  the  fixed  axe ; 
and  call  double  the  quotient  q* 

That  is,  q  =  i^i^,  b  being  the  height  of 
the  fruftum,  /  the  fixed,  and  r  the  revolving  axe^ 

2.  In  the  oblong  fpheroid,  call  the  fquare  root  of 
the  difference  between  i  and  the  fquare  of  q,  a. 
But  in  the  oblate  fpheroid,  let  a  be  the  root  of  the 
fiim  of  I  and  the  fquare  of  q. 

That  is    A  =   I  ^LES  !^  ^^^^  oblong, 
'  1  v/  i  +  ?  ?  in  the  oblate. 

3.  In  the  oblong  fpheroid,  let  the  produft  of 
•01 7453*29  and  the  degrees  whofe  fine  is  ^,  be  called 

.  B.  But  in  the  oblate  fpheroid,  let  b  be  the  pro- 
duct of  2*30258509  and  the  logarithm  of  the  fum 
of  q  and  the  root  of  the  fum  of  i  and  the  fquare 
of  q. 

That  is,  B  rz 

•0174&C  X  degrees  whofe  fine  is  q  in, the  oblong, 

2*302  &c  X  log.  ofq  +  \/i+qqin  thcobkte. 

4t  Divide  b  by  y,  to  the  quotient  add  a,  mul- 
tiply the  fum  by  the  continual  produft  of  the 
height,  revolving  axe,  and  the  number  3*14159, 
and  half  the  laft  produdl  will  be  the  furface  required. 


{ 


That  15,  -^prh  x  (a  +  -)  =  the  furface.* 

E  X- 


*  For  this  is  the  fluent  of  the  fluxion  of  the  furface  in  the 
lATeftigation  of  the  rules  in  the  lail  problem. 


3t8  sPH£ROi0rf  {Part  3, 


EXAMPLE      1/ 


Let  there  be  taken  here  the  firft  example  to  the 
laft  rule,  in  which /is  n  50,  r  zr  40,  arid  i&  =  15. 

Then  i*^  =  12;  =  a  = -36  =  ,. 

And  Ar:/i"^=:\/i-^  =  ^  =  -9329523- 

Alfo  the  fine  y  =  -36  anfwers  to  2i"iooi965  de-» 
grees,  which  being  drawn  into  '01745329,  will  pro- 
duce -3682678  ~  B. 


B 


Hence  (a  +  -)  X^^r^n -9779593  X  1884-955591 
^  1843-4098512  rr  thefurface,  the  fame  as  before. 


EXAMPLE     II. 

Let  thae  be  taken  the  oblate   frufhim,    in  the' 
fecond  example  to  the  preceding  rule,  in  which  die 
axes  are  50  and  40,  and  the  height  16. 

Here  then/rr  40,  r  zz  50,  and  i&  ::z  16. 

TT  ihjrr-^ff         32X30  3  r 

Hence  ■  ^  ^^   ^  •-  3: ^  =  ^  =:  •o  =  j. 

//  40x40       5 

And  v'l+jj-v/i +^^-1/34=5^-16619038 

=  A. 

Likewife  y  4- v/7+7?  =  1-76619038,-  whofc 
logarithm  is  -24703757,  which  being  drawn  mto 
•2-30258509  will  produce  -56882503  =  b. 

Then(A4.^)X^;>r^=  1-057x16x25x3-27412287 

=  2656-822287  =  the  furface,  nearly  the  fame  as 
beifore. 

2  RULE 
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RULE       III. 

For  the   Oblong  Spheroid. 

1.  Divide  the  fquare  of  the  fixed  axe,  by  the  root 
of  the  difference  of  the  fquares  of  the  axes;  and  call 
the  quotient  d.' 

That  is,  d  =   '=M=. 

2 .  Find  the  area  of  the  circular  zone  whofe  dia- 
meter is  dy  and  its  height  from  the  center  equal  to 
the  height  b  of  the  fruftum  of  the  fpheroid  ;  and  call 
the  area  of  that  zone  z^ 

3 .  Then  as  the  diameter  of  the  circle,  is  to  the 
circular  zone;  fo  is  the  j:ircumference  of  the  greateft 
circle  of  the  fpheroid,  to  the  furface  of  its  fruftum. 

That  \%y  d  \  %  \i  fr  \  ^^  =  the  furface  of  the 
firuftum,* 

EXAMPLE. 

It  is  required  to  find  the  furface  of  the  fruftum  of 
an  oblong  fpheroid  whofe  height  is  15,  the  axes 
being  50  and  40* 

Here       -^^       -  ^  -""-^^  834  =  idie  diam. 

of  the  circle. 

And,  by  the  table  of  circular  areas,  the  arte  of  the 

zone  will  be  found  to  be  •17603268  X  •—. 

Alfo^r  =  3-14159  X  40  =  the  greateft  circum- 
ference of  the  fpheroid. 

Then, 


*  This  is  the  fame  With  rule  3  to  the  laft  problem,  only  ex^ 
preifed  in  other  terms* 
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Then,  as  ^  :  -17603268  X  ^  ::  3-14159  x 

40  :  -1 760326a X  3-14159  X  40  X  ^=3  1843-4099 
the  furface,  nearly  the  fame  as  before* 


RULE       IV. 

For  the  Oblong  Spheroid. 


Let  BKMP  be  the  fruftum,  whofe  furface  is 
fought,  NLo  a  quadrant  of  the  circle  mentioned  in 
the  laft  problem;  draw  cl,  and  iv  perpendicular 
to  it. 

Then  the  furface  of  the  fruftum  will  be  equal  to 
the  circle  whofe  radius  is  a  mean  proportional  be- 
tween Bc  and  NL  +  ^v. 

Or  the  furface  will  be  equal  to  the  continual  pro- 
duft  of  NL  +  iVj  Bc,  and  3-I4159,* 


EXAMPLE, 

Let  there  be  taken  here  the  fame  example  as  be- 
fore, in  which  the  axes  arc  50  and  40,  and  the 
height  15. 

Then 

*  Thii  is  proved  at  rule  4  to  tho  laft  problem. 
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I 

Then  fince,   by  the    example  to  the  laft  rule, 

CL  =  CN  =  — ,    we    Ihall  have   as    cl  =  ^  : 

3  .  3     / 

YL  =  15   : :    I  =  radius  :  ^  =  ^^  =  the  fine  of 

21 '100 1965  degrees,  which  are  thofe  contained  in 

the  arc  nl  ;  and  therefore  •01745329  X  2i"iooi965 

1 2  c 

X — '  zz  i5'3444958  zz  nl*     And,  by  fimilar  tri- 


angles, fince  iL  =z  v/cL* -i.^1*  =:\/^^i — ^5* — 

— ^^-^zr38*873oi26,  ascL  iz  — -  :  li  ::  ci  zz  i^  : 
IV  =  13-9942845. 

And  hence  (nl  +  iv)  X  3T4159  X  bc  = 
29-3387803  X  3-14159  X  20  =  1843-409933  = 
the  furface,  nearly  the  fame  as  before. 

RULE      v.   - 

For  Both  Spheroids. 

The  5th  rule_  to  the  laft  problem  will  ferve,  if 
inftead  of  q  we  ufe  Zj  as  found  in  rule  i  of  this 
problem,  and  b  the  height  inftead  of/  the  fixed 
axe.  . 

That  is,  prb\/i  it  4-z  =:  the  furface  nearly. 

EXAMPLE     I. 

Taking  the  fame  example  as  in  the  laft  rule; 
we  have  r  z:  40,  b  zz  i^,  and  z,  found  in  the  firft 
example  to  rule  i,  zz  -1296. 

Confeqilently  prb\/i  —  -^z  =  1884-955592  •  X 
•97816  =  1843-7879  =  the  furface  nearly, 

EXAMPLE     II. 

If  we  take  the  oblate  fruftum,  whofe  height  is  16, 
and  the  axes  40  and  50;'  we  fhall  have  r  =  50, 

Y  bzz 
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b  rz  16,  and  z^  found  in  the  ^  fecond  example  to 
rule  I,  =  ^36. 


TYi€nprl\\/i  +4.2  =  z^iyzj^iaiSj  X  i*o583 
iz  2659*797  =  the  furface  nearly. 

RULE      VI. 

For  Both  Spheroids. 

This  rule  will  be  the  fame  as  the  6th  rule  to 
the  laft  problem,  ufing  z  inftead  of  y,  and  b  for/, 
as  in  the  lad  rule.     That  is, 

^p  X(A^B)  =?:  ^prbx[v'T±Jz^^(i^iz)2 
=  the  furface  nearly. 

EXAMPLE    I. 

Taking  the  ift  example  to  the  laft  rule ;  we  have 

V  =   1884-955592,   A    =  V^I  —^2:  =  -97816157, 

and  B  =  ^  X  (i  —  42)  =  -43484444. 

Then  ^p  X  (a-  b)  =  1884-955592  X  -97797 
r:  1843-4298  =  the  furface  nearly. 

EXAMPLE     II. 

Taking   here  the  2d  example  to  the   lafl:  rule ; 

we  have  p  zzprh  =  2513-27412287,  a  =  y/i  +yZ 
=  1-0583005,  and  B  =  ♦  X  (i  +  ^z)  =  •472.. 

Then  4-pX(a— -b)  ==  2513-27412287  X  1-0569409 
r:  2656-3821  =  the  furface  nearly. 

RULE 
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I 

RULE      VII. 

For  Both  Spheroids. 

This  rule  alfo  will  be  the  fame  with  the  7th 
to  the  laft  problem^  uiing  z  and  h  inilead  of  q 
and/. 

That  is,  V  p  X  (a  —  B  —  c)  =  tP^^  X 
=  the  furface  very  nearly. 

EXAMPLE     I. 

Taking,  ftill,  the  fame   example  of  the  oblong 
fpheroid;  we  (hall  have,  as  before,  p  =  1884*955592, 
A  =  •97816157,    and  B  zr  '43484444;    aflb 
c  =  ./^  X  (i  —  iz  —  i^-^zz)  =  -28977188. 

Then  y  p  X  (a— b— c)  —  1884-955592  X -97796 
=  1843*411  =:  the  furface  very  nearly. 

EXAMPLE     II. 

Let  there  be  taken,  again,  the  oblate  fruftum, 
in  whidh,   as  before,   p  =  25i3'274i2287,    a  =r 
1-0583005,    andB  =  '474;    alfo 
c  =  -iV  X  (I  +  T^  —  ^22)  =  -31311407. 

Then  ypX(A—B-.c)  =  25i3-274i2287X  1*05714 
=  2656'8825  =  the  furface  very  nearly. 


S    C'H    O    L    I    U    M. 


« 


It  is  evident  that  the  double  of  the  fruftum  will 
give  the  middle  zone ;  and  that  the  fruftum  being 
added  to,  or  taken  from,  half  the  fpheroid,  will  give 
the  greater  or  lefs  fegment. 

^  T  2  .  ,    JRO; 
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PROBLEM     XI. 

To  find  the  Solidity  of  a  Spheroid. 

R    u    L    E      I. 

Multiply  continually  together  xh6  fixed  axe,  the 
fquare  of  the  revolving  axe,  and  the  number 
•52359877  or  4  of  3'i4i59,  and  the  laft  produd: 
will  be  the  folidity.* 

That 


*AN 


*    DEMOJNSTRATION, 

Put/=  Bi  the  fixed  fcmi- 
axc,  r  =  IM  the  revolving 
femi-axe  of  the  fphcroio, 
«  =  SI  any  fcmi-diameter 
of  the  fe6tion  nbm,  ^  =  ik 
its  fe mi-conjugate,  y  :=.  ae  B 
an  ordinate  to  the  diameter 
SI,  or  a  femi-axe  of  the 
elliptic  fedlion  afc  parallel 
to  KL,  and  z  =  ef  its  other 
femi-axe,  alfo  >r  =  ei,  j  = 
the  fine  of  the  angle  aes,  or  of  the  angle  kis,  to  the  radius  i, 
and^  =  3*14159. 

Then,  by  the  property  of  the  ellipfe  ksl,  aaihh  i\  aa  —  xx  : 
^h  X  =^j' ;  and»  by  prop,  i  fed.  2,^:r::y:^4=  ^J. 


But  the  fluxion  of  the  foliJ  kacl  is/j:^z;^  =  tH^Zl  by  writin 


tors  Its  value  -,,  z=z  pbsrx  X 

0 


ca 


by  fubftituting  for  yy 


US  value  hh   X  -^ ,  ^pfrrx  x  -- 


aa 


aaa 


by  putting  for 


aa  —  XxSe 


nhs  its  value  rf;  and  hence  the  ^wcntpfrrx  X  ^^ or 

aaa 

\pfrr  X  ^ will  be  the  value  of  the  fruffum  kacl  ; 

aaa  ' 

.H'hich,  when  ei  or  x  becomes  si  or  a,  gives  \ffrr  'for  the  valuo 

"     '   *  of 


Seft.  5.]  spheroid;  325 

That  is,  ^fttc  ==  the  oblate,  and  \picc  r=  the 
oblong  fpheroid,  where  ^  =  yi^i^^j  t  =  the 
tranfverfe,  and  c  =  the  conjugate  axe  of  the  gene* 
rating  ellipfe. 

y  3  RULE 


of  the  femi-fpheroid  ksl  ;    or  tKe  whole  fpheroid  =  ^^frr, 
putting  F  and  R  for  rhe  whole  fixed  and  revolving  axes,     j^  E.  2). 

CoroL  I.   From  the  foregoing  demonftration  it  appears  that 
the    value  of   the    general    fruftum  kaecl    is    expreffed  by 

Ipfrrx    X   ^ . 

^^-^  aaa 

And  if  for/r  be  fubftituted  its  value  ahs^  the  fame  fruftum 


will  alfo  be  expreffed  by  ^phrsx  X 


'^aa  —  XX 


aa 


a  h  X  X 

Alfo,  if  for  aa  ht  put  its  value  r-t ,  the  laft ezpreffion 

will  become   \prsx  x   r — =^  or  \psx  X    {,ihr  +  •^); 

which,   by  writing  %  inftead  of  its  value  -j,  gives  \psx   x 

^2  3r  4-  y%)  for  the  value  of  the  fruftum,  viz.  The  fum  of  the 
area  of  the  lefs  end  and  twice  that  of  the  'greater,  drawn  into 
bne-third  of  the  altitude  or  diftancc  of  the  ends. 

And  out  of  this  laft  expreffion  may  be  expunged  any  one  of 
,  the  four  quantities    ^,    r,  y^  «,   by   means   of  the  proportion 
h  :  r  \\ y  :  z. 

When  the  ends  of  the  fruftum  are  perpendicular  to  the  fixed 

axe;  then  ^  is  =^  and  the  value  of  the  fruftum  becomes 

%  ff  —  iV  if 
jprrx  X  ^^-77 for  the  value  of  the  fruftum  whofe  ends 

.  ""-^  -  '  .         . 

are  perpendicular  to  the -fixed  axe,  its  altitude  being  x^ 

And  when  the  ends  of  the  fruftum  are  parallel  to  the  fixed 
axe,  tf  is  =  r,  and  the  expreilion  for  fuch  a  fruftum  becomes 
itrr  —  XX 

if  A  X  - — ; • 

CoroL  2.  If  to  or  from  \pfrr^  the  value  of  the  femi-fpheroid, 

2  aa  —  XX 

be  added  or  fubtrafted  \pfrrx  X  ^ •  the  value  of  thc^ 

^^-^  aaa 

»  general 
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RULE       II. 


Multiply  the  area  of  the  generating  cUipfe,  by  ^ 
of  the  revolving  axe,  and  the  produdt  will  be  the 
content  of  the  fpheroid- 

That  is,  4-^  A  =  the  oblate,  and  |.r  a  =  the  oblong 
fpheroid ;  where  a  is  the  area  of  the  ellipfe. 

And  thi^  rule  is  evidently  taken  from  the  former. 

E  X- 


general  fruftum  kacl,  there  will  refult  \pfrrhh  x  ^ ibr 

the  value  of  a  general  fegment,  either  greater  or  lefs  than  the 
femi-fpheroid,  whofe  height,  taken  upon  the  diameter  pailing 
through  its  veuex  and  center  of  its  bafe,  is  ^  =:  «  =i=  a-. 

When   a   coincides  with  f^   the  above    expreffion  becomes 

\prrhh  X  for  the  value  of  a  fegment  whofe  bafe  is 

perpendicular  to  the  fixed  axe— And  here  if  we  put  r  for  the 
radius  of  the  fegmcnt's  bafe,  and  for  rr  its  value 

■  ^,  "  ,  . »  the  fwd  fegment  will  become  I  *rrA  x  -  T'  ,* 
%fh  -^  hh  °  ^^  2^—  h 

And  when  a  coincides  with  r,  the  general  exprelHon  will  be- 

come  \pfhh  x  ^ for  the  value  of  the  fegment  whofe  bafe 

is  parallel  to  the  fixed  axe. — And  if  we  put  f,  r,  for  the  two 
femi-axes,  of  the  elliptic  bafe  of  this  fegment,  refpcdively  corrc- 
fponding  or  parallel  to  /;  r,  the  femi-axes  of  the  generating 
ellipfe,  when  parallel  to  the  bafe  of  the  fegment, 

and  for  -^  and  r  fubfhtutc  their  values  ^  and  i-L-t ■ 

r  •  R  2h 

the  faid  fruftum  will  be  exprefled  by   \pfh   x    ^^^    - — 

in  which  the  dimenfions  of  itfelf  only  are  concerned. 

'I 

CoroL  3.  A  feroi-fpheroid  is  equal  to  |  of  a  cylinder,  or  to 
double  a  cone,  of  the  fame  bafe  and  height;  or  they  are  in  pro- 
portion as  the  numbers  3,  2,  i.  For  the  cylinder  is  =  4«/rr 
=  y  »fr  r,  the  femi-fpheroid  =  |  nfrr^  and  the  cone  =  |  nfrr. 

Coroh  4.  When/=z  r,  the  fpheroid  becomes  a  fpherc,  and  the 

cxprellion  jfnrr  for  the  femi-fpheroid  becomes  J»H  for  the 

*  fcrai- 
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B  X  A  M  P  L  E. 

Required  the  content  of  an  oblate,  and  of  an 
oblong,  fpheroid;  the  axes  being  50  and  30. 

Firft,  50X30  X  78539816  =  1 1 78*09724  =:  the 
area  of  the  ellipfe. 

Then  11 78:09724  Xt  ^  3^  =  513561*9448  =thc 
oblong  fpheroid. 

And  1178*09724  X  ^  X  50  =  39269*908  =:  the 
oblate  one, 

Y  4  PRO- 


femi-fphere,''as  in  prob.  34  feft*  i.-^And  in  like  manner  /'and  t 
being  fuppofed  equal  to  each  other  in  the  values  of  the  fruftums 
and  (egments  of  a  fpheroid,  in  the  preceding  corollaries,  will 
give  the  values  of  the  like  parts  of  a  fphere. 

CoroL  5*  All  fpheres  and  fpheroids  are  to  each  other  as  tho 
fixed  axes  drawn  into  the  f<]^uares  of  the  revolving  axes. 

CoroU  6,  Any  fpheroids,  and  fpheres,  of  the  fame  revolving 
axe,  as  alfo  their  like  or  correfponding  parts  cut  off  by  planes 
perpendicular  to  the  faid  common  axe,  are  to  one  another  as 
their  other  or  fixed  axes.  This  follows  from  the  foregoing 
corollaries. 

CoroU  7.  But  if  their  fixed  axes  be  equal,  and  their  revolving 
axes  unequal,  the  fpheroids  and  ipheres,  with  their  like  parts 
terminated  by  planes  perpendicular  to  the  common  fixed  axe, 
will  be  to  each  other  as  the  fquares  of  their  revolving  axes. 

s 

CoroL  8.  An  oblate  fpheroid  is  to  an  oblong  fpheroid,  genera- 
ted from  the  fame  ellipfe,  as  the  longer  axe  of  the  ellipfe  is  to  the 
Ihortcr.  For,  if  t  be  the  tranfverfe  axe,  and  c  the  conjugate ; 
the  oblate  fpheroid  will  be  =  |«t*  c,  and  the  oblong  ^  |  nd"i ; 
and  thefe  quantities  are  in  the  ratio  of  t  to  c. 

CoroU  9.  And  if  about  the  two  axes  of  an  ellipfe,  be  generated 
two  fpheres  and  two  fpheroids,  the  four  folids  will  be  continual 
proportionals,  and  the  common  ratio  will  be  that  of  the  two  axes 
of  the  ellipfe ;  that  is,  as  the  greater  fphere,  or  the  fphere  upon 
the  greater  axe,  is  to  the  oblate  fpheroid,  fo  is  the  oblate  fphe- 
roid to  the  oblong  fpheroid,  fo  is  the  oblong  fpheroid  to  the  lefs 
fphere, '  and  fb  is  the  tranfverfe  axe  to  the  conjugate.  For  thefie 
four  bodies  will  be  as  t^,  t*c,  tc%  c^,  where  each  term  is  to 
the  confequcnt  onei  as  t  to  c* 


3^8  SPHEROID.  [Part  3; 


PROBLEM    XII. 

Tofnd  the  Content  of  the  Frufium  of  a  Spheroid  \  its 

Ends   being   Perpendicular  to  one  of  the   ylxes, 

and  one  of  them  pajjing  through  the  Center. 

RULE       I* 

To  the  area  of  the  lefs  end,  add  twice  that  of 
the  greater ;  multiply  the  fum  by  the  altitude  of  the 
fruftum,  and  \  of  the  produft  will  be  the  content. — 
By  corollary  i  to  the  laft  problem. 

That  is,  (2D*  +  ^')  X  \.an  zz  the  fruftum  whofe 
ends  are  perpendicular  to  the  fixed  axe.  Wh£re  d 
is  the  diameter  of  the  greater  end,  d  that  of  the  lefs, 
a  the  altitude,  and  n  z:z  '785398. ' 

AAd  (2TC  +tc)  X  ^an  zz  the  fruftum  whofe  ends 
are  parallel  to  the  fixed  axe.  Where  t  and  c  are 
the  tranfverfe  and  conjugate  axes  of  the  greater  end, 
and  /  and  c  thofe  of  the  lefs  end. 

Note.  It  is  evident  that  the  double  of  the  fnlftum 
will  give  the  content  of  the  zone,  or  fpheroidal  calk, 

EXAMPLE    I. 

There  is  a  caik  in  the  form  of  the  middle  fruf- 
tum, or  zone,  of  an  oblong  fphercid  ;  the  bung  dia- 
meter is  30,  the  head  diameter  18,  and  the  length 
of  the  cafk  40  inches  j  what  is  the  content  m  ale'and 
wine  gallons  ? 

Here  d  =  30,  ^  =:  18,  and  a  zz  40. 

•  Therefore  (2d"  +  d^)  x  ^an  =r  (2  x  30*+  18*)  X 
:26i8  X  40  n  2124  X  io'472  zz  22242'528  zz  the 
content  in  inches. 

Then,  fmce  the  gallon  ale  meafure  contains  282 
cubic  inches,  and  the  wine  gallon  231,  we  have 
12242'528  -f-  282  zz   78-874  the  ale  gallons. 

And  22242*528  -r  231  IT  96*288  the  wine  gallons, 

EX- 
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EXAMPLE     II.  / 

If  a  veffel,  in  the  form  of  the  middle  fruftum  of 
an  oblate  fpheroid^  have  the  diameter  of  each  end 
40,  in  the  middle  50,  and  its  length  18  inches; 
what  is  its  content  in  ale  and  wine  gallons  ? 

Here(2D*  +  ^)X4.^»  =  (2  X  50* +  40?)  X -26 18 
X  18  =:  118800  X  •2618  =:  3 iioi'84 cubic  inches. 

Then  3iior84  -i-  282  rr  110*29  ale  gallons. 
And  3  no  I  '84  -i-  231  =  i34'64  wine  gallons. 

EXAMP  L£    III. 

r 

In  the  fruftum  of  an  oblong  fpheroid,  the  greater 
end  is  the  generating  ellipfe,  whofe  axes  are  50  and 
30,  the  axes  of  its  lefs  end  40  and  24,  and  its 
height  9  inches ;  required  the  cohtent  in  Winchefter 
bufliels. 

Here(2TC  +  /f)  X  J  <«»  =  (2  X  50  X  30  +  40  X  24) 
X  •2618  X  9  =:  9330*552  cubic  inches. 

But  268*8  inches  1=  a  gal.  or  2150*4  a  corn  bulhel. 

And  therefore  933o*5524-2i5o'4  =  4*3'39  bufliels. 

EXAMPLE     IV. 

In  the  fruftum  of  an  oblate  fpheroid,  the  greater 
end  is  the  generating  ellipfe,  whofe  axes  are  50  and 
30,  and  the  height  is  20  inches ;  required  the  fo- 
lidity. 

Here,  by  the  nature  of  the  ellipfe,  as  50  :  30  : : 

^ ^ 

Yi^S  +  20)-^  (^5  —  20)  =  v/45x"5  =  15  :  9 
=:  the  femi-conjugate  axe  of  the  lefs  end. 

And, 
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And,  by  prop,  i  (cA.  2,  as  30  :  50  : :  9  :  15 
zz  the  fcmi-tranfverfe  axe  of  the  lefs  end. 

Then (2TC +/0X4»^=:  (2  X  50X30 +  3o'x  18) 
X  -2618  X  20  =  118  X  30''  X  20  X  -2618  = 
70800  X  •2618  =  1 8535*44  cubic  inches. 

RULE       II. 

From  3  times  the  fquare  of  the  femi-axe  perpen- 
dicular to  the  ertds  of  the  fruftum,  fubtraft  the 
fquare  of  the  height  of  the  fruftum  ;  then  multiply 
tjie  difference  by  ^  of  the  height,  and  the  produ<5t, 
by   3'i4i59    &c;  and   call  the  laft  product   v. 

Then     . 

1 .  If  the  ends  he  parallel  to  the  fixed  axe. 

As  the  revolving  axe  is  to  the  fixed  axe,  fo  will 
T  be  to  the  content  of  the  fruftum. 

2.  fFben  the  ends  are  perpendicular  to  the  fixed  axe. 
As  the  fquare  of  the  fixed  axe  is  to  the  fquare  erf* 

the  revolving  axe,  fo  is  f    to  the  content  of  the 
fruftum. 

,  That  is,  ^  "        X  pbrr  will  be   the-  fruftum 

3// 
whofe  ends    are    perpendicular  to    the  fixed  axe. 

And  ^ X  phf  the  fi-uftum  whofe  ends  are 

parallel  to  the  fixed  axe  :  /  being  the  fixed,  and  r 
the  revolving    femi-axe,  b  the  height,   and  p    = 

S-I4159- 

EXAMPLE     I. 

If  the  axes  of  an  oblong  fpheroid  be  50  and  ^o^ 
required  the  content  of  a  fruftum  whofe  ends  are 
perpendicular  to  the  fixed  axe,  and  one  of  them 
paffmg  through  the  center,  the  height  of  the  faiftum 
being  20  inches.  , 

Here 
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Here  ^-^  ^^      X  thrr  —  ^ ^ — -_  x  3'i4i59 

X  20x15*  =  1475x3-14159  XV*  =  III2I-23799 
=  the  content  required. 

EXAMPLE     II. 

If  from  the  fame  fpheroid  be  cut  a  fruftum  whofe 
height  is  9,  the  ends  being  parallel  to  the  fixed 
axe,  and  one  of  them  paffing  through  the  cei^ter, 
what  will  be  its  content  ? 

=  594  X  5  X  3-14159  =  9330*53018  =  the  con- 
tent  required. 

EXAMPLE     III. 

If  from  an  oblate  fpheroid,  whofe  axes  are  50 
and  30,  a  fruftum,  whofe  height  is' 9,  and  its  ends 
perpendicular  to  the  fixed  axe,  be  cut ;  what  will  be 
its  folidity  ? 

Here  ^^Cz^xphrr  =  liLi^x  9  X  25*  x 

3ff  3  X  15* 

3-14159  =  594  X  V  X  3-14159  =  15550-88363 
the  content  required. 

EXAMPLE     IV. 

In  the  fame  fpheroid,  it  is  required  to  find  the 
content  of  a  fruftum  whofe  height  is  20,  the  ends 
being  parallel  to  the  fixed  axe. 

Here '^^^^l^* X  fb/=  3>^'i'-'^^ x  20  X  15  X 

3-14159  =  1475  X  4  X  3'»4i59  =  I8535-39665 
the  content  required. 

PRO- 
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PROBLEM     XIII. 

To  find  the  Content  of  a  Spheroidal  Cajk^  not  full j  ft  and- 
ing  upon  its  End^,  the  Axe  being  Perpendicular  to 
the  Horizon.     That  is^of  the  Fruftiim  of  an 
,    Oblong  Spheroid^  the  Ends  being  Per-- 
pendicular  to  the  Axe^  but  neither 
of  them  pajjing  through  the 
Center. 

Multiply  the  difference  of  the  fquares  of  the  dia- 
meters of  the  ends,  by  4  times  the  fquare  of  the 
difference  between  the  height  of  the  liquor  and 
half  the  length  of  the  cafk,  and  divide  the  produd: 
by  the*  fquare  of  the  length  of  the  cafk ;  lubtrad: 
the  quotient  from  3  times  the  fquare  of  the  bung 
diameter,  and  multiply  the  remainder  by  the  afore- 
faid  difference  between  the  height  of  the  liquor  and 
4  the  length  of  the  cafk;  then  the  produft  multi- 
plied by  '261799  will  give  the  quantity  by  which 
the  calk  is  more  or  lefs  than  half  full ;  and  which, 
therefore,  being  added  to,  or  taken  from,  half  the 
content  of  the  cafk,  will  give  the  content  of  the  part^ 
filled. 

r:  the  content  of  the  part  frlled,  called  the  ullage; 
ufing  the  upper  or  under  figns,  according  as  the  cafk 
is  more  or  lefs  than  half  full ;  where  b  and  h  zi  the 
bung  and  head  diameters,  /.rr  the  length  of  the 
cafk,  n  =  '785398,  and  d  '=.  \.l  ^  w^iv  being  the 
wet  part  of  /,  or  the  height  of  the  liquor  in  the  cafk.* 

E  X- 


*    DEMONSTRATION. 

For,  if  D  be  the  diameter  at  the  furfacc  of  the  liquor,  by  the 
property  of  the  ellipfc  b^  —  h^  :  \V-  ::  ^*  —  D*  :  </*  ;  and  hence 

But,  by  the  lad  problem,  (2^*  +  ^*)  X   '  /«  ==  half  the  con- 
tent 
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EXAMPLE      I. 

If  a  fpheroidal  caflc,  whofe  head  and  bung  dia- 
meters are  18  and  30  inches,  and  length  40  inches, 
be  filled  to  the  height  of  30  inches ;  how  many  ale 
and  wine  gallons  are  in  it  ? 

Here  ^  =:  30,  i&  z:  18,  /  =  40^  w  =  30,  and 
d  zz  ^l  ^  w  —  30  —  20  iz:  10. 

Then  [3^^-*4^(^--i'»)]x^  =  (2700—^ 

X  48  X  12)  X  10  =  (2700  —  144)  Xio  =  25560. 

And  (li*  +  b*)  X  i./  =  (1800  +  18  X  18)  X  20 
=  42480. 

Confequently  (42480  +  25560)  X  ^n  zz  68040 
X  -2617993878  =  17812-8303458  is  the  content 
in  inches  ;  and  being  divided  by  282  and  231,  gives 
63-166065  ale,  and  77-111819  wine  galloris, 

EXAMPLE     II. 

If  the  height  of  the  Uquor  in  the  fame  cafk  be  only 
I  o  inches,  required  the  ullage. 

Hererfzz  U^  w  -=:  20—  ro  r:  10  the fameas  be- 
fore,  and  therefore  the  part  which  in  the  laft  exam- 
ple was  added,  muft  here  be  fubtrafted ;  fo  that 
(42480—25560)  X  \nz=:  16920  X  -2617993878  zz 
4429-6456415  is  the  content  in  inches  z:  1 5*707963 
ale,  and  I9'i75955  wine  gallons. 

PRO- 


unt  of  the  calk,  and  [3^*  -  ^(^*  —  ^*)]  X  \dn  =  thcfruf- 
tum  by  whicb  the  part  filled  is  more  or  lefs  than  half  the  caflc* 

Confequently   [{ih*  •{- b^)  \l ±.  (3**  —  ^  X  i}"-  -**)</)] 
X  |ft=z  the  part  filled. 
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PROBLEM     XIV. 

To  find  the  Solidity  of  the  Segment  of  a  Spheroid  wbofe 
Bafe  is  Perpendicular  to  one  of  the  Axes. 

RULE       I. 

From  3  times  the  femi-axe  perpendicular  to  the 
bafe  of  the  fegment^  take,  the  height  of  the  fegment, 
multiply  the  remainder  by  ^  of  the  fquare  of  the 
height;  then  multiply  the  produft  by  3*14159^  and 
call  the  laft  produd  q^ 

Divide  the  axe  which  is  parallel  to  the  bafe  by 
the  other  axe,  and  call  the  qpotient  q. 

Then  for  the  fegment  whofe  bafe  is  perpendicular 
to  the  fixed  axe,  multiply  <^  by  the  fquare  of  y  ; 
and  for  the  other  fegment,  multiply  o^hy  q. 

That  is,  <Ljy  =  /y"  ^  prrbb  =  the  fegment 
whole  bafe  is  perpendicular  to  the  fixed  axe. 

And  Q^q  —  2 x  pfbb  =  the  other  fegment, 

whofe  bafe  is  parallel  to  fthe  fixed  axe. 

Where  h  is  the  height  of  the  fegment,  and  the 
other  fymbols  as  in  the  1 2th  problem. 

EXAMPLE.    I. 

If  firom  an  oblong  fpheroid,  whofe  axes  are  ^o 
and  30,  be  cut  a  fegment  whofe  bafe  is  perpen- 
dicular to  the  fixed  axe,  its  height  being  5  5  re- 
quired the  content  of  it. 

Hcre^xi>rr^A=:'.i^5xi5'X5«X3.i4i59 

=  70  X  3  x  3-14159  =  65973445  =  the  content 
required. 


£X» 
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EXAMPLE     II. 

If  from  the  fame  fpheroid  be  cut  a  fegment  whofe 
height  is  6,  what  will  its  content  be,  fuppofing  its 
bafe  to  be  parallel  to  the  fixed  axe  ? 

=  39  X  ao  X  3'i4i59  =  245o»44226  =:  the  con* 
tent  required, 

EXAMPLE     III. 

Required  the  folidity  of  the  fegment  of  an  oblate 
fpheroid,  whofe  axes  are  50  and  30 ;  the  height  of 
the  fegment  being  6,  and  its  bafe  perpendicular  to 
the  fixed  axe. 

Here  ~^  X prrhb  zz  ^^'^"^     x  2 c  x  2 c  x  6  x 

3ff  3x15x15  '^•''^^ 

6  X  3*Mi59  =  i3po  X  3'i4i59  =  4084-07044 
=  the  content  required. 

EX  A  MP  L  E     IV. 

To  find  the  content  of  a  fegment  of  the  fame 
fpheroid,  its  bafe  being  parallel  to  the  fixed  ai^e, 
and  its  height  5. 

Herei^x;>/i'*==:?^^^*x  15  X  5x5x3-14^59 

=  70  X  5  X  3-14159  =   1099-55742  :?=  the  eon- 
tent  required, 

RULE       !!• 

For  the  Segment  whofe  Bafe  is  Parallel  to  the  Fixed 
Axe  j  having  given  its  Height  and  the  Diameters 

of  its  End. 

To  the  fquare  of  the  height  add  3  times  the 
fquare  of  the  lefs  or  greater  lemi-axe  of  the  bafe, 

according 
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according  as  it  is  the  fegment  of  an  oblong  or 
oblate  fpncroid;  divide  the  fum  by  the  fame  femi- 
axe,  and  multiply  the  quotient  by  the  other  ftmi- 
axe,  the  produft  by  the  height,  and  this  produft  by 
•52359,  will  give  the  content  of  the  fegment. 

That  is,  ^ xp^b  =  the  content  of  the  feg- 

ment. 

Where  b  is  its  height,  a  the  lefs  or  greater  femi- 
diameter  of  the  bafe,  according  as  the  fegment  is 
that  of  an  oblong  or  oblate  fpheroid ;  b  is  die  other 
femi-diameter,  and  f  =a  3"i4i59. 

EXAMPLE     I. 

It  is  required  to  find  the  content  of  the  fegment 
of  an  oblong  fpheroid,  whofe  bafe  is  parallel  to  the 
fixed  axe;  its  height  being  6,  and  the  axes  of  its 
elliptic  bafe  40  and  24. 

Herel^*x/>B*=34ii!±i\2ox6x3-i4i59 

6a  -^  6x12  :>     -r   jy 

zz  13  X  60  X  3'i4i59  =  2450*44226  the  content 
required. 

EXAMPLE      II. 

Required  the  content  of  the  fegment  of  an  ob- 
late fpheroid,  whofe  bafe  is  parallel  to  the  fixed  axe ; 
its  height  being  5,  and  the  diameters  of  its  bafe  18 
and  30. 

Here3-^^^B^  =  3Xi5!±i^  X  9x5x3-14159 

—  70  X  5  X  3*14159  =  1099*55742  the  content 
required. 

R  u  L  ft 


I    . 


» 
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RULE       lUi 

'For  a  Segment  wbofe  Bafe  is  Perpendicular  to  thi  Fhei 

Axe\  having  given  the  Height^  the  Diameter  of 

its  ^a/ey  and   a  Diameter  in  the  Middle 

between  its  Bafe  and  Vertex. 

To  the  fquare  of  the  diameter  of  the  bafe,  aid 
4  times  the  fquare  of  the  diameter  in  the  middle,  or 
the  fquare  of  twice  this  diameter;  multiply  the  fun 
by  the  height^  and  the  produA  again  by  '13089969 
for  the  content. 

That  is,  (d*  +  4^/*)  x  ^nh  :=:  the  content  of  the 

fegment ;  d  being  the  diameter  of  the  bafe,  d  the 

.  <iiameter   in  the   middle,    b  the   height,  and  n  =: 

•785398-* 


£x- 


OEMONSTRATIOK* 


By  rule  i  the  fegment  is  =  ^nrrhb  x         ■  >   But,  by  the  na-« 

ture  of  the  clhpfe,  d  is  =1  *^ ,  and  dzz.  —        - — 2 — - 

J  J 

heucc/=  A  X  ^z^.  and^=— ^ ;  which 

values  being  fubftituted  in  the  above  value  of  the  fegment,  gives 
Jff>^  X  (dd  +  Afdd)  for  the  value  of  the  fegment  in  terms  of  d^ 
^^  and  b. 

SCHOLIUM* 

This  theorem  I  have  inveftigated  in  order  to  exprefs  the 
^alue  of  this  fegment  independent  of  the  axes  of  the  fpheroid. 
For  this  purpofe  I  was  under  a  ncceffity  of  introducing  another 
dimenfion  of  the  fegment,  becaufe  it  is  not  determinable  from  its 
bafe  and  height  alone,  as  the  other  fegment  was* 
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« 

E  X  A  MP  L  E     I.^ 

What  is  the  content  of  the  fegment  of  an  oblong 
fpheroid,  whofe  bafe  is  perpendicular  to  the  fcxed 
axe;  its  height  being  5,  the  diameter  of  its  bafe  18, 
and  its  middle  diameter  sv^ip? 

Here(DDH-4^^)x4-»i  =  [i8'  +  (6t/i9)*JX4X 
•785398  =  (f  +  19)  X  30  X  785398  =  210  X 
,  3*'i4i59  —  659*73445  the  content  required. 

E  X  A  M  P  L  E     II. 

Required  the  content  of  the  fpheroidal  fegment 
whofe  height  is  6,  its  bafe  diameter  40,  and  diameter 
in  the  middle  30 ;  the  bafe  being  perpendicular  to 
^  tjie  fixed  axe  of  the  fpheroid. 

Here(DD+4//i)X4i^^  =  (4o*+6o*)x4.X-785398 

=  (2*  +  3*)  ^  20*  X  785398  =  1300  X  3-14159 
rr  4084*07044  the  content  required. 

PROBLEM    XV. 

To  find  the  Content  of  the  Second  Segment  of  a  Spheroid. 

As  a  fphere  is  to  the  fpheroid,  fo  is  any  part  of 
the  fphere  to  the  like  part  of  the  fpheroid.* 

PRO- 


*  DEMONSTRATION. 

For  the  like  parts  of  any  quantities  are  as  the  wholes.  And 
that  the  fecond  fegmcnts,  VG^^fghy  are  like  parts  of  the  fphere 
and  fpheroid,  is  evident  from  the  nature  of  the  iigures. 

Corol. 
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PROBLEM    XVI. 


To  find  the  Surface  of  an  Elliptic  Spindle  j  or  of  any 

Frufium>  or  Segment  of  it. 


GENERAL     RULE. 


From  thefpheroidal  fur- 
face,  generated  by  any  arc 
,B  K  of  the  ellipfc,  take  the 
produd  of  the  fame  arc 
B  K ,  and  the  circumference 
of  the  circle  whofe  diame- 
ter is  equal  to  twice  ch, 
the  diftance  of  the  centers 
of  the  fpheroid  and  fpindle; 
and  the  remainder  will  be 

z  z 


2L^li 


C^oL  I.  And  if  thefphere  akbi 
and  fpheroid  Kk^i  have  one  axe  ab 
common ;  then  the  whole  folids  an-d 
the  fecond  fegmcnts  fgh,  fgh^  will 
be  to  each  other,  a%  the  fquares  of 
the  other  akes  ici,  ki^  if  the  common 
axe  AB  be  the  iix%d  one.  Or  they 
will  be  to  each  other,  as  the  other 
axes  Ki,  ^/,  iimply,  if  the  common 
axe  be  the  revolving  one.  for,  if  a 
be  the  axe  of  the  fphere,  p  and  r 
the  fixed  and  revolving  axes  of  the 
fpheroid  ;  the  bodies  will  be  to  each 
other  as  a^  to  fr*  ;  hence  if  a  =  f, 
they  will  be  as  a*  to  r*;  but  if 
A  =  Rf  they  will  be  as  a  to  f. 

CoroL  1.  Hence  may  be  found  the  true  quantity  of  liquor  in  a 
ipheroidal  caflc,  not  full,  whofe  axe  is  parallel  to  the  horizon. 

For  if  from  the  fegment  tfyir/be  taken  the  double  of  the  fecond 
itgmtnt  fgh^  there  will  remain  the  part  hhgc;  which  taken 
from  the  whole  caik  bh'eti  will  leave  the  part  cdeg. 

And  after  the  fame  manner  may  be  wund  the  quantity  of 
liquor  in  a  fpheroidal  cafk  partly  £lled,  and  {landing  a-tilt,  with 
its  axe  inclined  to  the  horizon* 
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the  furface  of  the /part  of  the  fpindle  generated  by 
^the  arc  bk  about  tf//  parallel  to  ad  the  fixed  axe,of 
the  fpheroid** 

EXAMPLE      i# 

Given  the  axes  of  an  ellipfe  50  ancl  40,  to  find 
the  fiirtacc  of  the  fpindle  generated  from  an  arc  of 
that  ellipfc,  the  length  of  the  fpindle  being  30. 

Here  ad  zz  50,  bp  zz  40,  ad  iz  eh  zz  30,  Ae  zz 
AC  —  ^c  1:1  25  —  15  zz  10,  and  eD  zz  cd  +  ch  zzi 

25 


s 


*    DEMONSTRATION. 

For  the  fluxion  s  of  the  fpindular  furface  is  =  %  the  fluxion 
of  the  arc  bk  drawn  into  /k  x  if  =^  ipx  x  (iK  — i/);  and 
the  fluent  is  equal  to  the  fpheroidal  furf^e  bkmp  —  2  fa  X  li 
or  CH# 

CoroU  I.    The  fpindular  furface  generated  fey  Bk,  is  equal  t<J 

the  fpheroidal  furface  bkmp  —  the  furface  of  afphere  whofeaxe 

is  a  mean  proportional  between  bk  and  acH.     For  2p%  x  cri 

=  that  fpheric  furface. 

*  ■« 

Of  2/21  X  CH  =  a  circle  whofc  radius  is  iJizyl  X  bk. 

CoroL  2.  When  CH  is  eqwal  to  nothing,  the  fpindle  becomes 
barely  a  fphcroid :  And  when  h  falls  below  c,  the  furface  of  the 
fphcrc  muft  be  add^d. 

What  has  "been  hitherto  done,  anfwers  to  the  furface  gene- 
rated by  an  arc  about  a  line  parallel  to  either  axe  6f  the  ellipfe^ 

CoroL  3.  From  b  the  extremity  of  the  lefs  axe  of  the  ellipfe, 
apply  £f>^=r  AC  the  femi-tranfverle ;  and  parallel  thereto  dravT 
Ar  meeting  cb,  prodticed  in  r;  with  the  center  c  and  radius 
AR  dclcribc  the  arc  £f  meeting  the  parallels  ^7£,  cb,  ik,  ^</  in 
F,  N,  L|  F  :  Draw  cl  and  cf,  and  perpendicular  to  them  iv  and 
^s« 

Then  th^  cit-cle  whofe  radius  is  a  mean  proportional  between 
the  fum  and  difference  of  two  lines,  of  which  the  one  is  a  mean 

proportional 
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25  +  15  n  40.  Then  as  Aq  :  cb  : :  y/ xe  x  eo  :  ea 
zz  cH  =16,  the  diftance  of  the  centers  of  the 
cllipfe  and  fpindle. 

By  example  i  to  problem  i  o,  the  fpheroidal  fur- 
face  generated  by  the  arc  ad^  is  3686-8197024;  and 
by  problem  4,  the  length  of  the  elliptic  arc  ^^is 
30-852* 

Therefore  3686'8i97  — 30*852  X3'i4i6  X  32  z: 
3686'8i97  — 3ioi'5872  zz  585*2325  is  the  furface 
of  the  fpindle. 

Z  3  E  X- 


proportional  between  bc  ahd  iv  +  ln^  and  the  other  a  mean 
proportional  between  bk  and  2ch,  will  be  equal  to  the  fpindu- 
far  furface  generated  by  bk  about  a  J  parallel  to  the  tranfverre 
axe.  For  the  fpheroidal  furface  is  equal  to  a  circle  whofe  ra- 
dius is  a  mean  proportional  between  bc  and  iv  +  ln,  by  rule 
4  to  prob.  9;  and  i^  x  bk  X  ch  is  equal  to  a  circle  whofe 
radius  is  a  mean  proportional  between  qk  and  2ch;  but  the 
fpindular  furface  is  equal  to  the  difference  of  thofe  two  quant ir 
ties ;  and  the  difference  of  two  circles  is  equal  to  a  circle  whofe 
radius  is  a  mean  prop6rtional  between  the  fum  and  difference  of 
the  radii  of  the  two  circles  ;  therefore,  ^c. 

And,  in  the  fame  manner,  the  furfaCe  of  half  the  fpindle, 
generated  by  the  arc  b  ^,  is  equal  to  a  circle  whofe  radius  is  a 
mean  proportional  between  the  fum  and  difference  of  two  lines, 
the  one  of  which  is  a  mean  proportional  between  bc  and  ^s  + 
ifF,  and  the  other  a  mean  pioportional  between' b^  and  2c h« 

Corol,  4*  In  like  manner,  for  the  fur* 
face  of  the  fpindle  whofe  axe  is  parallel 
to  the  lefs  axe  of  th«  ellipfe :  having 
conftruded  the  annexed  figure,  as  in 
page  309,  the  fpindular  furface  gene- 
rated by  the  arc  cm,  about  nq^,  will 
be  equal  to  a  circle  whofe  radius  is  a 
mean  proportional  between  the  fum 
and  difference  of  two  lines,  of  which 
the  one  is  ajnean  proportional  between 
AC  and  HI,  and  the  other  a  mean  pro- 
portionaLbetween  cm  and  2Bq^ 

This,  like  the  laft  corollary,  will  be 
evident  by  comparing  what  is  done 
^bovcy  with  what  is  done  in  page  309. 
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EXAMPLE     II. 

Required  the  furface  of  the  fruftum,  of  a  fpindle 
generated  from  an  arc  of  the  fame  ellipfe  as  in  the 
laft  example;  the  height  of  the  fruftum  being  15, 
and  the  central  diftance  lo. 

Here  the  arc  generating  the  fruftum,  is  equal  to 
half  the  arc  in  the  laft ;  and  confequently  that  arc 
is  =  15*426^  and  the  fpheroidal  fruftum  = 
1843-40985. 

Then  1843*4098  —  i5'4^6  ^  3*^4^6  X  20  zi 
1843*4098  —  969*246  zz  874-163  the  furface  of  die 
fruftum  required. 


PROBLEM     XVII. 

To  fnd  the  Solidity  of  an  Elliptic  Spindle. 

R  u  L  E     i» 

!•  Divide  the  fquare  of  the  perpendicular  a»e 
PE  by  3  times  the  fquare  of  the  parallel  axe  ab, 
and  multiply  the  quotient  by  the  cube  of  fg  the. 
axe  or  length  of  the  fpindle ;  and  call  the  produdt 
P. 

2.  Find  the  area  of  the  elliptic  fegment  fdg 
from  which  the  fpindle  is  generated;  multiply  this 
area  by  4  times  ch  the  central  diftance,  and  call  the 
produdt  Qj 

3.  Multiply  1*57079  by  the  difference  between 
p  and  Q^,  and  the  product  will  be  the  content  of 
the  fpindle  fdgn. 

That 
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That  is,  in  X  C-jiJ^  ~  4^^)  ~  thcfpinclle  fdgn. 

Where  n  zr  -78539,  a  zr  de,  b  =.Aii,  /  rz  fg',  c  = 
CH,  and  s  zz  the  fegment  fdc?.* 

24  E  X- 


*    DEMONSTRATION. 


Let  FDGN  be  a  fpindle  gene- 
rated by  the  arc    fog    of  the 

ellipfe  ADBE.    Puttf=:FH=half 

the  axe  of  the  fpindle;  ^  =  cH 
=  LI  =  the  central  diftance,  or 
dlftance  of  the  centers  of  the 
ellipfe  and  fpindle ;  r  =  ac  = 
the  one  femi-axe  of  the  ellipfe, 
and  //  =  CD  =  the  other  femi- 
axe  ;    ;«-=Hi  =  CL;    and  jf   = 

IK  =  HM. 


O^ 


>^ 

> 1 

R 

M~^ 

(^ 

H 



§L^ 

V 

C 

y 

By  the  property  of  the  ellipfe,  cidii  tjcc — xx  :  —  ,Jcc^xx  — 
y,K,  hence  ik  =  kl  -  li  =  i^lllZH^  b  -y,  and  the  fluxion 


of  thp  folid  3  z::;pyyx:=ip;^x  (</i  — 


Jdxx      ihJi/cc—xx 


+  ^^) 


cc 


7=1  px  X  {dd 
aa  —  XX 


^bB-^—^^  —  zlfX-^ ih^)^pddx  X 

■     cc  c 

2phyxz  and  the  fluent  is  s=^^</^  X -  — 

2.1  p  y.  area  hikd  =  the  fruftum  dkon. 

When  ;r  is  =  tf,  the  above  theorem  will  become 

^^       X  tf5  —  iht  X  area  fdh  =  dfn  the  half  of  the  fpindle. 
2,cc  ^ 

*  And  if  from  the  femi-fplndle  be  taken  the  fruftum,  there  will 

remain  pddet  x  l^-Hi  ^  ilp  y.  area  fki  =  the  fegment  fko 

-^  arc        ' 

of  the  fpindle,  e  being  the  height  fi  of  the  fegment. 

Corol.  I.  If  //  be  fuppofcd  =  r,  the  ellipfe  will  become  a 
circle,  and  accordingly  the  theorems  above  given  will  become 
the  fame  with  thofe  before  found  for  the  circuUr  fpindle. 
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EXAMPLE. 


The  axes  of  an  cllipfe  being  50  and  30,  required 
the  fqlidity  of  a  fpindle  generated  from  an  arc  of  it, 

about 


Coroh  1,  If  H  coincide  with  c,  h  will  vanifli,  a  will  be  =  Cy 
and  the  theorems  will  become  the  feme  with  thofe  before  found 
for  the  fpheroid. 

Coroi.  3.  Putting  d  =  dn  the  greatcfl,  and  ^=  ko  the  leaft 
diameter  of  the  fruftum,  b  =.hi  its  height,  c  =:  ch  the  central 
diftance,  j  =  the  elliptic  femi-fegment  kdm^  and  »  =  •78539 &c. 
Then,  in  the  foregoing  theorems,  h  =z  x^h  z=z  c^  d  =  c  +  |d, 

.      r     ,7  J  C    +    iD 

area  hikd  =  j 4-  )^dh^  c  zz  /bx  •,    and 

^4:DD  +  DC  — ^'^</— </c 

a  =z  h\/ ^ —7-; — 7- :  which  values  bcins:  fubftituted  ia 

:{DD  +  DC  — 4//^— //c'  ^ 

2  S 

the  theorems  above,  give  \  nh  x  [2DD  +  dd'^2c{  —  d+^+^)j 
for  the  value  of  the  fruilum,  or  half  a  caflc  in  the  form  of  th^ 
middle  zone  of  an  elliptic  fpindle;  and  |«/x[2dd— 8c(  — d+^  )] 
for  half  the  fpindle  when  s  =:  the  area  dfh,  and  /  —  hf. 

CoroL  4,  But  in  real  practice,  fuch  as  cafk  gauging,  none  of 
♦hcfe  rules  can  he  ufed,  becaufe  we  have  not  given  either  the  axe» 
of  the  cllipfe  or  the  central  ditlance ;  and  to  accommodate  rules  to 
that  purpofe,  we  muft  introduce  another  dimenlion  of  a  fruftum, 
bcfides  its  length  and  greateft  and  leaft  diameters.  Thus,  put- 
ting m  =  PQ^the  diameter  through  r  the  middle  of  the  length 
Hf,  and  the  other  letters  as  before-     Then,  by  the  property  of 

theellipfe,  (c  + J:D)--(c+i^-- 4  :;  (c  +  iD)»- (c+i;w)»  :  r^ 

hence      4(c.  +    »*  -  3(0  +  -Jd)*    =    (c  +  4^/)%     and 

I  Q  D  *    ~f*   //*   "■"   4.  ZV  ^ 

c   =  -  X  ^ • — .     And  the  laft  two  theorems  be* 

4         -3U  — ./+4/« 

^  D*  "4"  d^  "~~  Aw*  'X  S 

come  In/j  X  [20*  +^-  —  2  x^^ ^r-^^— (— D  +  ^+4-)] 

,  forthefruft.  dkon,  andiff/x  [20" —  2  X^ "         (^d  +  ^  )] 

'  ••  —30  +  4^^  /    J 

l%x  the  fcmi-fpindlc  dfn« 
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abovit  its  chord  parallel  to,  and  at  the  diftance  of,  9 
from  the  tranfverfe  axe. 

Here  15  —  9  =1  6  zr  dh  the  height  of  the  gener 
rating  fegment ;  and,  by  the  property  of  the  ellipfe. 

DC  :  AC  ::  2\/dh  X  he  :  fg  h:  40,  the  bafe  of 
the  eHiptic  fegment,  or  length  of  the  fpindle ;  alfo, 
by  prob.  6,  the  area  of  the  fegment  is  1677345. 

Thenmii2x(^^^X4o'-4X9X  1677345) 

=  18  X  3- 14159  X  (2134-  1677345)  =  2578^55 
=  the  content  required. 

RULE       II. 

Divide  3  times  the  generating  fegment  by  tlie 
length  of  the  fpindle ;  from  the  quotient  fubtraft  the 
greateft  diameter  of  the  fpindle;  multiply  the  re- 
mainder by  4  times  the  central  diftance,  and  fub- 
tradt  the  produft  from  the  fquare  of  the  gr^teft  di- 
ameter; then  the  difference  multiplied  by  the  length 
of  the  fpindle,  and  the  produdt  by  '5236  will  give 
the  content  of  the  fpindle^ 

That  is,  -^»/  X  [d*— 4c(— D  +  ^)]  =  the  fpindle. 

Where  d  =  dn  the  greateft  diameter,  and  the  reft 
of  the  fymbols  as  in  the  laft  rule.— By  corollary  3 . 

EXAMPLE. 

Required  the  folidity  of  an  elliptic  fpindle,  whofc 
length  is  40,  greateft  diameter  1 2,  and  the  central 
diftance  9. 

Here  !L?  =  6  =  the  height  of  the  generating  feg- 
ment, which  is-  therefore  the  fame  as  before,  the  area 
jbeing  i67'7345» 

Then 
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Then 

—  3'i4i59  X  80  X  (12  —  174024)  =  2578-56  the 
content  required. 

RULE     iir. 

From  three  times  the  fquare  of  the  greateft  dia- 
meter, take  4  times'  the  fquare  of  the  diameter  in 
the  middle  between  the  greateft  diameter  and  the 
end ;  and  from  4  times  the  faid  middle  diameter^ 
take  3  times  the  laid  greateft  diameter' :  Divide  the 
former  difference  by  the  latter,  and  ^  of  die  quotient 
will  be  the  central  diflance. 

That  is,  —  X  3PP"-4^w  _  ^^^  central  diftance ;  i> 

4  4OT  — 3D 

being  the  greateft  diameter,  and  m  the  middle  dia- 
meter. 

Then  proceed  as  in  the  laft  rule. 

This  is  proved  in  coroUar)"  4. 

EXAMPLE. 

If,  as  in  the  example  to  the  laft  rule,  tlie  greateft 
diameter  be  12,  and  the  length  40,  required  the 
content,  fuppofing  the  diameter  at  ^  of  the  length  to 
be  6  X  (\/2i  —  3)  or  9-49546. 

Here  -  X  3^p-4«^  nix  3x^^*^4x6^(^/31-3)* 
4        4»»  — 3D  4         4x6(i/2i  — 3)— 3X 12 

rr  —  X  ^ — ; — -^ ^  =  3  X  -^ =  3x3  =  9 

4  2^/21  —  6—3  ^       2^21—9         ^       J       :7 

=  the  central  diftance,  the  fame  as  in  the  laft  ex- 
ample; and  therefore  the  content  will  be  2578*56, 

:;s  beford. 
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PItOBLEM    XVIII. 


To  find  the  Solidity   of  the  Fruftum   of  an  Elliptic 

SpindU,  or  the  Content  of  a  Cofi  in  form  of  the 

Middle  Zone  offucb  a  Spindle. 


RULE       !• 

1 .  Divide  the  fquare  of  the  lefs  axe  of  the  ellipfe 
by  the  fqvarc  of  the  greater  j  multiply  the  quotient 
by  the  length  of  the  fhiftum,  or  half  the  length  of 
the-cafk;  then  multiply  the  produft  by  the  dif- 
ference between  the  fquare  of  .the  faid  half  length  of 
the  cafk,  and  3  times  the  fquare  of  half  the  length  of 
the  whole  fpindle ;  and  call  4.  of  the  produft  ?. 

That  is,  ?=cclx  ^^  ""■ , 

/  being  the  tranfverfe  mn, 

and   c  the  conjugate  axe    j^j 

2BO  of  the  eUipfe,  /  =  gh 

half  the  length  of  the  cafk,  and  l  =  lh  half  the 

length  of  the  whole  fpindle. 

2.  Multiply  the  central  diftance  oh  by  the  gene- 
rating ai'ea  abhg  ;  and  call  double  tlie  produd  -q^ 

That  is,  CL  =  ^oh  x  abhg. 

3.  Then  the  difference  between  p  and  cl  multi- 
plied by  3*r4i59,  will  give  the  content  of  the  fruf- 
tum ABEF,  or  half  the  cafk  acdf. 

That  is,  (p_(x^)    X  p  zz  abef   zr  4 acdf. 
This  follows  from  the  demonibration  of  the  laft 
problem. 

Note.  It  is  evident  that  the  fum  or  difference  of 
two  frufhims,  will  give  the  ullage  of  a  c  ifk  Handing 
with  its  axe  perpendicular  to  the  horizon. 

E  X* 


t 
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EXAMPLE. 


The  axes  of  an  ellipfe  being  40  and  66| ;  it  is 
required  to  find,  the  content  of  the  friiftum  of  a 
fpindle  generated  by  an  arc  of  the  ellipfe ;  the  length 
of  the  fruftum  being  20,  and  the  central  diftance  4. 

Here,  as  40  :  66^::\/i6x24  :  i3yV^6  =  lit 
half  the  length  of  the  fpindle. 

And     ccl  X   ^ zz    40  X  40  X   20    X 

^— .Ai    Ia- zz  24  X  280  =1  6720  z:  p. 

But  the  elliptic  fegment  abk  is  =  54-5.,  to  which 
adding  the  reftangle  a  11  n  20  v  12  iz  240,  makes 
2944:  zz  the  generating  area  abhg  ;  which  being 
multiplied  by  2011  or  8,  produces  2356  2:>  q^ 

Then  (p  —  q^)  x  ^  zr  (6720  —  2356)  X  3'i4i59 
zz  i3709'9io33  the  cx)nrent  required. 

RULE       II. 

Divide  3  times  the  elliptic  fegment  whofe  chord 
is  the  length  of  the  cafk,  by  the  laid  length ;  to  the 
quoiient  add  the  Icaft  or  head  diameter ;  and  from 
liic  product  fubtradt  the  greateft  or  bung  diameter ; 
and  multiply  the  remainder  by  8  times  the  central 
diftance;  then  take  the  prodiidt  from  the  fum  of  the 
fquare.of  the  head  diameter,  and  double  the  fquarc 
of  the  bung,  diameter ;  multiply  the  difference  by 
the  length,  and  the  produft  again  by  •2618  for  the 
content  of  the  caflc. 

That  is,  [2DD  +  ^^/— 8^(-.b4-^  +  i?)]  X  |;;/ 

r=  the  content  of  the  ca/k ;  where  d  zi  be  the  bung 
diameicr,  ^  zz  af    the  head  diameter,  c  •=:  no  the 

central 
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central  diftance,  /  zr  gi  the  length,  s  zz  the  fegmeat 
ABC,  and  «  iz  •785398. 

This  is  proved  at  coroUary  3  to  the  laft  problem, 

EXAMPLE. 

t  . 

The  bung  and  head  diameters  of  a  cafk,  which  is 

the  middle  zone  of  an  elliptic  fpindle,  being  32  and 

.  24,  and  its  length  40  inches  ;  required  the  content 

in  ale  ai^d  wine  gallons,  fuppofing  the  diftance  of 

the  centers  of  the  ellipfe  and  fpindle  to  be  4  inches. 

Here  d  rz  32,  d  zz  24,  /  zz  40,  f  =  4,  and  the 
fegment  abc  =  j  =  109, 

Then  (zDD  +  ^i/— 8r  (— d  4-^/4- —)]  xj.^/ zi 

»  * 

(2624— 5'6)  X  40  X  -261799  --  2,7419-8219  cubic 
inches. 

Which  being  divided  by  282,  and  231,^  we  have 
97*2334  ale  gallons,  and  1 18*7005  wine  gallons, 
for  the  content  required. 


R    u'  L    E       III. 


From  the  fum  of  the  fquare  of  the  leaft  or  head 
diameter,  and  3  times  the  fquare  of  the  greateft  01* 
bung  dianieter,  take  4  times  the  fquare  of  the  dia- 
meter equidiftart  from  the  two  former;  and  from. 4 
times  the  faid  middle  diameter,  take  the  fum  of  the 
faid  leaft  and  3  times  the  greateft  diameter ;  then  di- 
vide the  former  difference  by  the  latter^  and  ^  of  the 
quotient  will  be  the  central  diftance;  with  which 
proceed  as  in  the  2d  rule. 

That  IS,  -  X  ^ r—^ —   is    the  central   dif- 

tance;  »i  being  the  middle  diameter,  and  d  and  d 
the  other  diarnerers,  as  before. 
By  corollary  4  to  the  Isft  problem. 

X  X- 
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EXAMPLE, 


If  the  bung  and  head  diameters  be  32  and  24^ 
and  the  length  40  inches,  as  in  the  laft  example ; 
required  the  content,  fuppofing  the  middle  diameter 
to  be  4\/9i  —  8. 

Here  3pp+^'^-4>"^ ^2  _.3  x  22^  +  24*^64(^91-2)^ 

—  3D— //+4;w       4         -3x32—24+16(^^91-2) 

X  -  :^  ""  ^   T     /^'  zr  4  zz  f  the  central  diftance, 

the  fame  as  in  the  laft  example ;  and  fince  the  other 
parts  are  all  the  fame,  die  content  muft  likewife  be 
the  fame. 

PROBLEM    XIX. 

To  find  the  Content  of  the  Segment  of  an  Elliptic 

Spindle. 

1.  Multiply  the  fquare  of  the  altitude  of  the  fcg-^ 
ment  by  the  fquare  of  the  lefs  axe  of  the  ellipft, 
and  divide  the  produft  by  the  fquare  of  the  greater 
axe  ;  multiply  the  quotient  by  the  difference  between 
\-  the  length  of  the  whole  fpindle,  and  4.  of  the  alti- 
tude of  the  fegment,  and  call  the  produft  p. 

-1/  ^-  *tf 
That  is,  p  zz  aacc  y.  ^ —  ;  where  c  is  the  con- 

jugate,  and  /  the  tranfverfe  axe  of  the  ellipfe,  a  the 
altitude  of  tlie  fegment,  and  /  the  length  of  the  whole 
fpindle, 

2.  Multiply  double  the  generating  area  by  the 
diftance  of  the  centers  of  the  ellipfe  and  fpindle,  and 
call  the  produft  c^ 

That  is,  (^zi  2CA,  where  c  =:  oh,  and  a  =  the 
area  lag. 

3.  Then 
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3 .  Then  the  difference  between  p  and  q^  drawn  . 
into  3' 141 59,  will  be  the  content  of  the  fegment 
LAF  of  the  fpindle. 

,  Tha,tiSy{?^ciJ)  X p  =:  (aacc  X"^' — 2Ac)Xp 

zz  the  content  of  the  fegment. 
By  the  demonftration  of  problem  17* 

example. 

The  axes  of  an  ellipfe  being  50  and  30,  required 
the  content  of  the  fegment  of  a  fpindle,  whofe  height 
is  io,  and  the  central  diftance  9. 

Here  /  z:  50,  c  zz  30,  a  zz  10,  amd  c  =:  9. 

Then,  by  the  nature  of  the  ellipfe,  as  30  :  50  : : 

\/(i5  +  9)  X  (15  —  9)  =:  v^24  X  6  =  12  :  20  z: 
4/  ±:  LH  half  the  length  of  the  fpindle. 


And,  by  the  fame,  as  50  :  30  : :  v/mp  X  pn  iz   ^ 

V'(25  +  10)  X  (25—10)  =  V/35X  15  =  5/21  : 
3\/2i   n   I3'7i495534  =  ap.     Hence   bo  —  ap 

ZZ,   1*285  =::   BK. 

But  —  = ^  —  •04.28'  and—  =  —  =  -  =  -2; 

2BO  30  »  ly  BO  30  5 

the  tabular  numbers  anfwering  to  which  two  quo- 
tients, in  the  table  of  circular  fegments,  are 
•01166678  and  •1118238  ;  hence  50  x  30  x 
(•1118238  — -01166678)  =  1500  X '10015702  r: 
150*23553  m  the  area  lbqj  from  the  half  of 
which  taking  the  reftangl^  ah  h:  agxgh  zz 
4*714955  X  10^  zr  47-149,  leaves  27*968765  =  a 
for  the  generating  area  lag.  ^ 

Then 
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Then    {aacc  X  Mnll  _  2Ac)  y.  p  zz 

(100  X  900  X  i^^~  18  X  27-968765)  X3-I4I59 
=  (36  X  V  -  18  X  27-968765)  X  3-14159  =  18  . 
X  5*364568  X  3-14159  =  303*359^7  =  ^he  content 
of  tKe  fegment  laf  required. 


PROBLEM    XX. 

Tl&  find  the  Content  of  an  Univerfdl  Spberoidy    or  a 

Solid  conceived  to  be  Generated  by  the  Revolution 

of  a  Semi'Ellipfe  about  its  Diameter y  whether 

,  that  Diameter  be  one  of  the  Axes  of  the 

Ellipfe  or  not. 

• 

R    U    L    E      I. 

Divide  the  fquare  of  the  product  of  the  axes  of 
the  ellipfe,  by  the  axe  of  the  folid,  or  the  diameter 
about  which  the  femi-elUpfe  is  conceived  to  revolve ; 
multiply  the  quotient  by    '5236,  and  the  produ(5t 
will^be  the  content  required. 


T*C» 


That  IS,  —J—  X  '5236  =  the  content;  t  and  c 

being  the  tranfverfe  and  conjugate  axes  of  the  ellipfe, 
and  d  the  axe  of  the  folid. 

RULE       II. 

The .  continual  produft  of  '5236,  the  diameter 
about  which  the  revolution  is  made,  the  fquare  of 
its  conjugate  diameter,  and  the  fquare  df  the  fine 
of  the  angle  made  by  thofe  diameters,  the  radius 
being  i ,  will  be  the  content. 

Tlut 
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That  is,  dccss  X  '5236  zz  the  content ;  c  being 
the  conjugate  diameter  to  d,  and  s  the  fine  of  the 
angle  made  by  the  diameters.* 

Aa 


E  X- 


H  D 


*    DEMONSTRATION. 

Let  ADBiA  be  a  fedion  of  the 
folid  through  its  axe  ab  ;  draw  dc 
the  femi-conjugate  diameter  to  ae, 
as  alio  the  ordinate  fe  parallel  to 
it,  an^  let  fall  the  perpendicular  fg. 

Put  T  and  c  for  the  tranfverfe 
and  conjugate  axes  of  the  ellipfc, 
^  =>the  diameter  ab,  or  axe  of  the 
folid,  c  =  2CD  ==:v^T*  +  c^  —  d^  its 

•  '        •  TC 

conjugate  diameter^  a  =.  —  =  line 

dc 

of  the  ^DCB  or  ^feg,  and  h  =  its  cofine,  ;ir  =  ae,  and/ = 

Then  d :  c  i:  j^dx  —  xx  :  -^- — ^  =  ef,  hence 

d 

acji/dx-^xx  ,  ,       IcJdx—xx 

zz: =  fg,  andEF'x  o  =  — ^L— . =  ge; 

»  .  ^  d- 


TLF  xa 

then  AG  =  ae  +  EG  =  ^  +  ■       j"^^;  confeq./  x 


FG*'XGA  = 


paaecx  ^d  —  x 

<— T-r —  X  {dx  "  XX  -{-- 


X  he  t^dx  —  ;r  A')  =  the  fluxion 


dd  ^ d 

•f  the  folid;  the  fluent  of  which  is 

paacc       _.   ,  he  t 

—jj-  X  Wdx"^  - 1  ;c3  4.  --  X  {dx  ^  xxY^  =  the  mcafurc  of 

3 
the  part  generated  by  afg.     And  when  ;r  =  ^,  it  becomes 

ifda^  f »  =  ^2L^  for  the  value  of  the  whole  folid. 

CoroL  I.  If  //  =  T,  the  rule  becomes  ;^/tc*  for  the  oblong 
Iphcroid.  And  if  ^  =  c,  it  will  be  J/ct*  for  the  oblate  fphc- 
roid.  Alfo  if  t,  c,  and  d,  be  all  equal,  the  rule  will  be  ^pd^ 
for  the  fpherc.  Which  arc  the  fapie  with  the  rules  before  found 
for  the  fame  bodies. 

* 

CoroU 


354  UNIVERSAL    SPHEROID.         [Pait  J. 


EXAMPLE      !• 

If  the  axes  of  an  ellipfe  be  50  and  30,  and  it  be 
cut  in  two  by  a  diameter  whofe  length  is  40  ;  re- 
quired the  content  of  the  folid.  generated  by  one  of 
the  halves  about  that  diameter. 

By  rule  i,- — - — - — ^  X  '^256  zz  225000X  '1309 
=  29452*5  is  the  content  required. 


EXAMPLE     II. 

The  diameter  of  an  ellipfe  about  which  it  revolves 
being 40,  its  conjugate  diameter  30/2,  and  the  fine 
of  the  angle  made  by  thofe  diameters  ^^2  ;  required 
the  content  of  the  folid  formed  by  the  revolution  of 
the  ellipfe. 

« 

By  rule  2,  we  have  40  X  30  X  30  X  2  X I X  4-^X  2  X 
•5236  =  225000  X  '1309  =  29452*5  the  content, 
the  fame  as  before. 


SEC- 


Ct:rol,  2.  Draw  ch.  perpendicular,  and  dh  parallel  to  ab,  and 
about  the  axes  ab  and  2c h  defcribe  the  femi-ellipfc  ahb;  then 
the  fphfcroid  gcncrarcd  by  the  revolution  of  the  fcmi-cllipfc 
ahe,  about  AB,  will  be  equal  to  the  folid  generated  by  the 
fcmi-ellipfc  afub  about  the  fame  axe  ab. 

For  2CH  =  ac,  and  therefore  the  folid  afbi,  or  IpJa^c'^y 
is  =  ipd  X  (2Ch)*  =  ttie  fpheroid  whofc  axes  arc  ^/andaCH. 

And  fo  the  folid s  generated  by  all  femi-ellipfes  upon  the 
fame  bafe  and  between  the  fame  parallels,  arc  all  equal  x^ 
each  other. 
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SECTION    VI. 


,OF     PARABOLIC     LINES,     AREAS,     SURFACES, 
AND    SOLIDITIES. 


PROBLEM     I. 

■To  ConfiruEf  a  Parabola  -,  having  given  any  Ordinate 
P(i,  W  the  Axe  J  and  its  Abjcija  vp. 

i.XT^IND  the  focus  F  thus: 

JP  Bifeft  pQ_m  a  ;  draw 
Av,  and  AB  perpendicular  to  it; 
take  vF  z:  pb,  and  F  will  be 
the  focus. 

Arithmetically.  Divide  the 
fquare  of  the  ordinate  by4tin)es 
the  abfcifla,  and  the  quotient 
will  be  the  focal  diftance  vf. 

2.  In  the  axe,  produced  without  the  vertex  v, 
take  vc  =  VF ;  draw  feveral  double  ordinates  srs  ; 
then  with  the  radii  cr,  and  center  f,  defcribe  arcs 
cutting  the  correfponding  ordinates  in  the  points  s. 

Draw  a  curve  through  all  the  points  of  interfec- 
tion,  and  it  will  be  the  parabola  required. 
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PROBLEM       II* 

*  ■ 

Of  avy  Abjcifs  x,  its  Ordinate  y,  and  Parameter  p; 
having  Tlwo  given,  to  find  the  ^hird. 

CASE       I. 

To  find  the  Parameter. 

Divide  the  fquare  of  the  ordinate  by  its  abfcifs, 
and  the  quotient  will  be  the  parameter. 

Or,  take  a  third  proportional  to  the  abfciffa  and 
ordinate,  for  the  parameter* 

That  is,  p  zzyy  -T-  x. 

EXAMPLE. 

If*  the  abfcifs  be  9,  and  its  ordinate  6  ;  required 

the  parameter. 

Here  6  X  6  -^  9  n  36  -r  9  =  4  =  the  parameter. 

CASE       II. 

To  find  the  Abfcifs. 

Divide  the  fquare  of  the  ordinate  by  tlie  para- 
meter, and  the  quotient  will  be  the  abfcifs. 

That  is,  X  :=iyy  -r-  p* 

EXAMPLE. 

If  the  ordinate  be  6,  and  the  parameter  4 ;   re- 
quired the  abfcifs. 
Here  6x6-7-4  =  36  4-4  =  9  =  the  abfcifs. 

CASE       III. 

To  find  the  Ordinate. 

Multiply  the  parameter  by  the  abfcifs,  and  the 
fquare  root  of  the  produdt  will  be  the  ordinate. 

That  is>  y  zz'^px. 

£X* 
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.EXAMPI^E. 

The  abfcifs  being  9,  and  the  parameter  4 ;  re- 
quired the  ordinate. 

Here  ^9  X  4  z:  /j  6  n  6  zz  the  ordinate. 

PROBLEM     III. 

Of  arty  Two  Ahjcijfes  a,  b,  taken  upon  the  Jame  Dia- 
meter,  and  their   Two  Ordinates  a,  b ;  having 
any  Three  given,  to  find  the  Fourth.     * 

The  abfcifles  are  to  one  another  as  the  fquares  of 
their  ordinates.  That,  is,  As  any  abfcifs  is  to  the 
fqiiare  of  its  ordinate,  fo  is  any  other  abfcifs  to  the 
fquare  of  its  ordinate ;  and  the  contrary.  Or,  as  the 
root  of  an  abfcifs  is  to  its  ordinate,  fo  is  the  root  of 
another  abfcifs  to  its  ordinate. 

.\  a   \    ay-  zr  -2i —  zz  b. 

A  A 


Hence 


h    I  b^^=  bl±l  zz  a. 


And 


/" 


7  ,  a3^ 

a  :  ab  ::  A  :  —  zz  b. 


aa 


I   7  7  '     Baa  

\,bb  :  aa  II  b  :  -jt-  —  a. 


EXAMPLE     I. 


If  an  abfcifs  o£  9  correfpond  to  an  ordinate  of  6, 
required  the  ordinate  whofc  abfcifs  is  16. 

Here  v/9  :  -/ 1 6  : :  6  :  — ^  =  8  the  ordinate. 

EXAMPLE      II- 

Required  the  abfcifs  correfponding  to  the  ordinate, 
6,  the  ordinate  belonging  to  the  abfcifs  16  being  8. 

Here  8*  :  6*  : :  1 6  :  9  :;:  the  abfcifs. 

A  a  3  s  c  H  o- 
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The  demonftration  of  the  three  preceding  pro- 
blems are  omitted  here,  as  they  properly  belong  to, 
and  are  to  be  found  in,  all  treatifes  of  conic  fedtions. 


PROBLEM     IV. 


To  find  the  Length  of  the  Curve  pr  Arc  of  a  Parabola y 
cut  off  by  a  Double  Ordinate  to  the  Axe. 


RULE       I. 


«r 


Divide  the  double  ordinate  by  the  parameter,  and 
call  the  quotient  q. 

Add 

**— — • 

*    DEMONSTRATION. 

Putting  %  =r  any  curve  beginning  at  the  vertex,  j^  =  the  or- 
dinate to  the  aice  at  the  extremity  of  the  curve,  x  =  its  abfcifs, 
and  a  =z  ^  the  parameter  of  the  axe,  the  equation  to  the  curve 


19  2 ax  =yy^  hence  lax  =z  lyy^  and  ;r*  =-i-Z_.  confequently 

I  =  v^yJTTi :=  k/}^ +y±  =  yJEi+yy.  ^i  the 

aa  a 

corrcacd  fluents  give  %  ^y^/fljLM  +  ^^  x  hyp.  log.  of 

y  +  \/aa  +  yy  — — — — 

=    l^qV^  -^  qq    +   la    X    hyp.    log.    of 

(^  +  -v/i  +  qq\  writing  q  for  ^.    And  the  double  of  this  quan- 
tity will  give  the  value  of  the  double  curve,  as  in  the  rule, 

CoroL  I .    If  for  a  be  fublH- 
tutcd  its  value  "^,  there  will 

2X 

be  obtained  z  =  ^^xx  +  iyy  •\- 


x-\->yxx-{-iyy 


4axhyp.io5.of 

And  this  proves  the  truth  of 
the  conilrudion  in  Cotes's 
Harmonia  Mcnfurarum^  P^ge 
^2,  viz.  that  if  f  be  the  focus, 


I  li      KAfjyt    B 


/ 


tmd 
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Add  I  to  the.fquare  off,  and  call  the  root  of  the 
fum  J.. 

To  the  produft  of  q  and  s  add  the  hyperbolic 
logarithm  of  their  fum ;  then  the  lafl  fum  multi- 
plied by  half  the  parameter,  will  be  the  length  of 
the  whole  curve,  on  both  fides  of  the  axe. 

That  is,  the  curve  czzay.{qs  +  hyp.  log^of  ^  +  j); 
where  q  —  the  quotient  of  the  double  ordinate  di- 
vided by  the  parameter,  j  -ziy/ 1  +  qq  and  a  zi  -^  the 
parameter, 

A  a  4  Note 


and  if  ad,  drawn  to  bifedl   bc  in  d>  be  produced  till   de  be  = 

AB  ^~  AD 

AF  X  h5''p.  \ov,  of ■ :  then  ae  will  be  equal  the  curve 

^^  - 

AC.'        For  ^a  =  af,  and  i/xx  +  ^yy  =  ad. 

Carol,  2,    From  fe<fl.  j  it  will  appear  that  the  area  of  an  hyper- 
bola whofe  femi-tranfVerfeaxe  is  Jy  femi«  conjugate  tf,  and  ordi- 

natc^,  IS  A  =  '^-^- ^"^  --iaJ  x'hyp.  log.of<^ — ^ ^; 


2a 


but  the  parabolic  curve  isc  --^v^^  ~r)7  ^  ^a  X  hyp.  log.  of 

2a 


J>±^lf^+jy.,  hence  4  +  c  =  -l^lll^^^  ^/y^ +^-  = 
tf  a  a  aa 

i/yy  +  4^^  :=iAD  =  Hc  the  tangent  to  the  point  c,  meeting; 
the  axe  ba  produced  in  h:  Confequently  c  =  hc  —  -^    "Wncr# 
the  femi-tranfverfe  //may  be  taken  at'pleafure. 
If  there  be  taken  </  =  y,  we  fhall  obtain  c  =:  hc  — -;  and  to 

y 

* 

find  the  diftance  of  the  ordinate  j?  from  the  center  of  the  hyper- 
bola, we  (hall  have  axyoxd-, :  ^aa  ■\- yy  y-r^ —  "=  the 

faid  diflance,  and  which,  therefore,  i«  =3:  hc.  Whence  this 
conftru£tion. — In  the  axe  produced  take  hi  =  Hc  ;  with  the 
center  i,  femi-tranfverfe  i*;:  =  thjc  ordinate'  bc,  and  femi-conju- 

3  &»^« 
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o 


Note  T .  If  the  common  logarithm  of  any  number 
be  multiplied  by  2-302555093,  the  produ6t  will  be 
the  hyperbolic  logarithm  of  the  fame  number. 

2.  If  the  value  of  j  run  into  decimals,  it  will  be 
much  eafieft  found  by  a  trigonometrical  table ;  for 
s  is  the  fecant  of  the  arc  whofe^  tangent  is  q^  the  ra- 
dius being  i. 

EXAMPLE. 

Required  the  length  of  the  curve  of  a  parabola 
cut  off  by  a  double  ordinate,  to  the  axe,  whofe  lengdi 
is  12,  the  abfcifs  being  2. 

Here 


gafe  KL  =  the  femi  parameter  fg  of  the  parabola,  defcribe  the 
hyperbola  kc,  which  will  pafs  through  c ;  and  let  the  redlanglc 
CEMN  be  equal  the  hyperbolic  area  kcb  :  Then  will  im  be  equal 
to  the  parabolic  curve  ac. 

When  the  abicifs  and  tranfverfe  axe  of  an  hyperbola  are 
j;ivcn,  or  conUant;  not  only  the  ordinate,  butthe  area  alfo,  is 
as  the  conjugate  axe  ;  and  therefore  the  quotient  ariling  from 
the  divifion  of  the  area  by  the  ordinate,  is  a  conflant  quantity; 

and  confequcntly  the  parabolic  curve  ac  =:  c  =  hc ,  where 

B  is  the  area,  and  z  the  ordinate  of  any  hyperbola,  whofe  center 
is  I,  vertex  k,  and  abfcifs  ke.  From  hence  arifes  the  following 
general  conftrud^ion,  given  by  Mr.  Huygens  in  his  Horolog. 
Ojcillat,  but  without  demonflration. — With  the  center  i  and 
vertex  k,  as  before,  and  any  conjugate  taken  at  pleafurc,  de- 
fcribe the  hyperbola  ko  meeting  bc,  produced,  if  neceflary,  in 
o  ;  and  making  the  lecflangle  om  =:  the  hyperbolic  area  kob, 
MI  will  be  equal  to  the  parabolic  curve  ac,  as  before. 

Corol,  3.  When  ^  =  ^  =  FG,  then  z  =  4^  x  {s/2.  +  hyp. 
log.  of  I  -f  i^/2)  =  ^^f  X  2*295587i  =  2-2955871  X  AF  = 
1*1477935  X  FG  =  the  curve  ag  j   f  being  the  focus. 

• 

CoroL  4.   The  leng:ths  of  fimilar  parts  of  parabolic  curves, 

are  as  their  parameters,  or  ordinates,  or  abfciflcs.     For  q  is  t^ic 

f  inic  in  each. 
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Here  ;v  n  2,  and  j^  rr  6. 

Hence  ^a  ir  —  zz  2-  zz  0,  and  a  zi  -  iz:  —  iz  — ,  and 

j=v/r+7?=v'i"+?=l/V  =1/13  =  I-2018504- 
Or,  by  the  table  of  tangents  and  fecants,  the  fecant 
correfponding  to  the  tangent  ^  .or  •666  &c,  is 
1-2018504  z=  J. 

"  Then,  ^+  i'2oi8504  1=  i'8685i7,  whofe  com- 
mon logarithm'  is  •271497,  which  being  multi- 
plied by  2*302585093,  produces  -6251449  for  its 
hyperbolic  logarithm;  alfo  ^  X  i '2018504  z: 
•8012336 ;  and  the  fum  of  thefe  two  is  i'4263785*  ^ 

Therefore  9  X  1-4263785  zz  12-8374065  is  the 
length  of  the  curve  required. 


RULE       !!• 


m 


Putting  y  to  denote  the  ordinate,  and  q  the  quo- 
tient ariiing  from  the  divifion  of  the  double  ordinate 

by 


*    DEMONSTRATION, 


By  the  laft,  the  fluxion  of  the  curve  was  as  =  j^  V  i  +  —  =r, 


aa 

6 


by  extraAine  the  root,  v  x   (i  + 1 =^^-7-1  &05 

and,  by  taking  the  fluents  and  writing  q  for  ^ ,    we  obtain 

2   =  yX(lH--^-     -^     +     5^7 &c) 

2.3  2,4.5  2.4.6.7 

=  J'   X    (i  +  — '/*A  -  ^-^^*B   +  T^fc  &c)    .  =     the 

2.3  4.5  0.7 

length  of  the  curve  from  the  vertex  to  the  ordinate ,-  the  double 
«f  wnich  will  be  that  of  the  double  curve,     ^  E.  D. 

Corollary^ 
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by  the  parameter,  or  from  the  divifion  of  double  the 
abfcifs  by  the  ordinate;  the  lengdi  of  the  double 
curve  will  be  denoted  by  the  infinite  feries 

2yx(i  +  il-l-^  +  -^? -^44-  &0;  or  by 

^        ^       '    2.3       24.5       2,4.6.7       2.4.6.8.9        ' 

^y  X (I  +  ir/A -i||,«B  +  |i?,«c  -|;2,*D  &c). 

Where  a,  b,  c,  &c,  denote  the  ift,  2d,  3d,  &c,  terms- 

Not  ft  This  feries  will  converge  no  longer  than 
till  q  zz  I,  that  is,  when  the  ordinate  to  the  curve, 
whofe  length  is  required,  meets  the  axe  in  the  foais ; 
for  if  the  ordinate  y  be  beyond  the  focus,  it  will  be 
greater  than  the  femi-parameter,  confequently  q  will 
be  greater  than  i,  and  the  feries  will  diverge. 

EXAMPLE. 

Let  there  be  taken  the  fame  example  as  before, 
in  which  the  abfcifs  is  2,  and  the  ordinate  6. 

Then 


Corollary.   The  hyperbolic  logarithm  of^+v'i  +  ^^is   == 

2.3  2.4.J  2.4.6.7 


2% 
a 


For, by  thclaft  rule, ^"hyp.  log.  of  (^-f  i/i  4-^1?)  is  =  ^v''  +ff 


=  ^  X  ( I  +  =^ ' V         ZL  &c)  5    ^^^  ^y  *is  rule, 

2        2.4       2.4*0 

--  IS  =  ^  X  ( I  +  * ^  H — =~ —  &c)  \  but  by  taking  the 

/;  3        4-S       4-6-7 

former  of  thefe  from  the  latter,  we  have 


a. 3       a.4'S       * 


.4.6.7  2.4.6.8.9 


Lg.  of  (|7  4-  -v^i  +^i7). 
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Then  t-t—  =  -  —  ^j  which  beins:  ufed  for  it  in 

the  general  feries,  and  the  affirmative  and  negative 
terms  coUedted,  they  will  appear  as  below  : 

A  rr  1 -00000000  ,c  ::z  0*00493827 

B  z=  0*07407407  •  E  r:  16935 

D  =:  78385  on  1215 

F  =  4311     .  I  =  117 

H  =,  368  L  =  13 

—  o*oo5i2ri      » 


+  I '074905 1  fum  of  the  affirmative  terms 
—  0*005121 1  fum  of  the  negative  terms 

dif.    I  •0*69784  fum  of  the  whole  feries' 

12  zz  2y 


12-837408  zz  length  of  the  curve, 

nearly  the  fame  as  before. 

R    ^    L    E       III."^' 

To  the  fquare  of  the  ordinate  add  4  of  the  fquare 
of  the  abfcifs,  and  the  root  of  the  fum  will  be  the 
length  of  the  fingle  curve  nearly;  the  double  of 
which  will  be  that  of  the  curve  on  both  fides  of  the 
abfcifs  nearly. 

That  is,  \/yy  +  ^xx  =  c  the  length  of  die  fin^e 
curve  nearly ;  y  being  the  ordinate,  and  x  the  ab- 
fcifs. 

E  X- 


*    DEMONSTRATION   OF    THIS    AND    RULE    IT. 

By  the  lafl  Tule,  the  curve  is 

.  =^  X  (r  +  j.^^  -  -1-^  +    .^_^f  ice), 

but  VT+TTI  =  I  +  ^^f  -  j^  +  j^/  &c), 

hence 
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E  X  A  M  P  L  £• 


Taking  again  the  fame  example,  in  which  at  r=  2, 

and  J  zz  6,  we  fliall  have  c  =  \/yy+T^^  —  v/36  +  j 
zz  6*4291  the  llngle  curve  ;  the  double  *of  which  is 
1 2*8582  the  length  of  the  curye  nearly. 


RULE      iv.*^ 

To  the  fquare  of  the  ordinate  add  ^  of  the  fquarc 
of  the  abfcifs,  and  divide  the  fum  by  the  ordinate  ; 
then  fubtraft  4  tinaes  this  quotient  from  9  times  the 
lengrii  of  die  fingle  curve,  as  found  from  the  laft 
rule,  and  3-  of  the  remainder  will  be  the  length  of 
the  fingle  curve  very  nearly. 

That  is,  c  =  i  (9^/JJ  +  ^A-y-4X^'^  "^/'''')  very 

nearly. 

E  X- 


hence i/i  +  \qq  = q^  -| 2 —  n^  See  : 

y  1*5.9  4-7*^7 

and,  fuppofing  q  not  greater  than  t,  and  rejecting  the  fcrics^  c 
will  be  =y  tj  I  +  jqq  =^  \/yy  +  }a^v  nearly,     AVhich  is  rule  3^ 

c  II 

Again,fr<>mthciftferics, i  —  ^qq  =z • — q^  H q^&cc; 

y  2.4.5         4*4-7 

c         '                             I  a 

or  4  X  ( I  —  |fl^)  = q^  +   — ^ — q^  &c:  and  from 

•         y  ^-5-9  4-7«27 


1 


above, ,J\-\'\qq'=,^- q^  ^ 2 — c^ Uz\  hence, by 

y  ^'S'9  4'7'^7 

c  •  •  C  I 

fubtra^ingj -/i  +  i^?  — y( 1  — ^^7)  = ffazx 

y  y  ^*i*^i 

and,  confequently,    the   remaining    fcries    being   very    fmall, 
we    fliall  obtain    r  =  |j;  x    (9^/1  +  ^qq  —  4(1  +  ^<y^)  = 

■   '■  ■    «             vy  -|t  ;JVA* 
•5  X    (9\67  +  i-y**-'  —  4  X  "-^ )  very  nearly.     "Which  \% 

rule  4.* 

And  in  this  manner  wc  may  proceed  to  any  degree  of  accuracy 

required. 


Sea.  6.] 


parXbola. 


S^S 


EXAMPLE. 

Taking  ftill  the  fame  example;  we  Ihall  have 
4  X ^Z±lff  =  4  X  ?^  =  2 si;  but  by  the  laft  rule 

c  zz  6'429i  ;  hence  9  X  '6*4291  zr  57'86i9  ;  and 
57 — ^9  -  ^Sv  -_  5.4168  =  r,  the  double  of  which  is 
I2-8336, 

Nofe.  It  miift  be  obferved,  that,  as  thefe  two  ap- 
proximations are  derived  from  the  2d  rule,  they 
muft  be  ufed  only  in  thofe  cafes  in  which  that  rule 
might  be  applied,  viz.  thofe  in  which  the  abfcifs 
does  not  exceed  half  the  ordinate. 


PROBLEM     V. 


\ 


To  find  the  Area  included  by  the  Curve  of  a  Parabola 
and  Any  Right  Line^   called   the  Ba/e    of  the 

Segment  or  Area. 

Take  :^  of  its   circumfcribed  parallelogram  for 

the  area.-* 

Note.     The  bafe  of  the  circumfcribed   parallel- 
ogram, is  the  fame  with  the  bafe  of  the  fegment ; 

their 


*    DEMONSTRATION. 

Put  jr  :=  an  ordinate  to  any  diameter,  x  =  its  abfcifs,  and^  = 
the  parameter  of  that  diameter  ;  then  the  equation  to  the  curve 
will  htpx  =^yy^  and  putting  s  =:  the  fine  of  the  angle  made  by 

the  abfcifs  and  ordinate,  the  fluxion  of  the  area  a  will  be  =z sy*x 

=  ;  hence  the  area  <j  is  =  —^  =  \sxy\  that  is,  J  of  the 

P  IP  ^ 

parallelogram  having  the  fame  bafe  and  altitude. 

CoraU 
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their  altitudes  are  likewife  the  fame;  and  therefore 
the  parabolic  area  will  be  equal  to  -J-  of  its  altitude 
multiplied  by  its  bafe;  that  is  =:  ^ai;  putting  ^ito 
denote  its  altitude,  and  i  its  bafe. — It  may  farther 
be  obferved,  that  if  the  bafe  be  perpendicular  to  the 
diameter  of  the  figure,  then  the  altitude  a  will  be 
the  fame  with  the  abfcifs  of  the  figure  ;  otherwife, 
the  altitude  is  equal  to  the  abfcifs  drawn  into  the 
natural  fine  of  the  angle  made  by  the  abfcifs  and 
ordinate,  or  bafe,  the  radius  bein^  i.  And  this  is 
to  be  obferved  in  every  other  figure. 


EX- 


;  • 


Carol,  1 .  Hence  it  is  evi- 
dent that  all  parabolas  adb, 
ACB,  of  the  fame  bafe  or 
equal  bafe  ab,  and  of  equal 
altitudes,  or  between  the 
fame  parallels  ab,  dc,  are 
equal  to  one  another.       ^ 

CoroL  2,    Any   common     A. 
fe^tions  fg,  fg^  of  the  pa- 
rabola^s  adb,  acb^  are  equal  to  each  other. 

For  CE  :  cZ»  ::  de  :  dh  ::  ab*  i  fg^  :;  ab* 


=  ab,  therefore /j-  =  fg. 


FG*;    but  AB 


CoroL  3.    And  hence,  alfo,  the  fegments  fdg,  fcgj  arc  equal 
to  eacji  other.— For  they  are  of  equal  bafes  and  altitudes. 

CoroL  4.   Moreover,  the  fruilums  afcb,  a/^b,  of  equal  ends 
and  altitudes,  are  equal  to  one  another. 

CoroL  5.  Let  abc  be  a  tri- 
angle, having  the  fame  bafe 
and  altitude  with  the  para- 
bolic fegment  AEBDC;  then, 
bccaufc  the  triancrle  is  half 
the  circumfcribed  parallel- 
ogram, it  will  be  ^  of  the  pa- 
rabolic fegment  j  and  coiii'e- 
quently  the  fegments  aeb,  bdc,  together,  will  be  i  of  the  whole 
portion  aebdc,  or  Jpf  the  triangle  abc. 

Again, 
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EXAMPLE      I. 

Required  the  area  of  a  parabola,  the  abfcifs 
being  2,  and  the  ordinate,  perpendicular  to  the  ab- 
fcifs, 6, 

• 

Here  the  altitude  is  2,  and  the  bafe  or  double 
ordinate  is  1 2  ;  therefore  ^X2Xi2=i  i6is  the 
area. 

EXAMPLE      II. 

If  the  bafe  of  a  parabolic  fegment  be  12,  and  its 
abfcifs  z  make  an  angle  of  30  degrees  with  it ;  what 
will  be  the  area  ? 

The  fine  of  30^  being  half  radius,  the  altitude 
will  be  2X  I-  =  I  ;  and  hence  4  X  12  =  8  is  the 
area. 

P  R  O- 


A^in,  it  will  appear  that,  if  in  the  two  fcgmcnts  aeb,  bdc, 
be  infcribed  tmngles  aed,  bdc,  of  the  fame  bafes  and  altitudes 
with  them,  then  thefe  laft  triangles  will  be  ^  of  their  circum- 
fcribed  fegments,  and,  confequently,  ^  of  the  triangle  abc. 
And  if,  in  like  manner,  in  the  laft  made  fegments  be  infcribed 
the  greateft  triangles,  they  will  be  -J  of  the  triangles  immedi- 

ately  preceding  them,  or  —  =;  -,-V  o^^he  firft  triangle.  And  fo  on 

4*4 
continually.  Confequently  all  the  infcribed  triangles,  taken  toge- 
ther, will  be  expreffed  by  the  feries  ^x{i  +  -+-j+-i-f  — 4^^); 

.4     4       4      4., 
where  ^  denotes  the  firft  triangle  ;  and  which,  when  the  fcrics  is 

infinitely    continued,   will  denote  the  area   of  the    parabolic 
ibgment. 

CcroL  6.    Hence  the  infinite  feries   i  +  -   +  -^   H — ;  &c» 

4.4*        4' 
will  be  =  I  j,  as  we  alfo  know  from  other  principles  ;  and  con- 
fequently the  fum  of  any  finite  number  of  terms  of  the  feries 

— I +   -^  &c,  is  lefs  than  I ;  and  the  fum  of  the  infinite 

4       4*        4^ 
number  of  them  =  v 
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PROBLEM    VI. 

^ofind  the  Area  of  a  Frufium^  or  Zcne  of  a  ParaboUy 

included  by    two  Parallel  Right  Lines  and  the 

Intercepted  Curves  of  the  Parabola. 

To  one  of  the  parallel  ends,  add  the  quotient  arifing 
from  the  divifion  of  the  fquare  of  the  other  by  the 
fum  of  the  faid  ends ;  multiply  the  fum  by  the  alti- 
tude of  the  fruftum,  or  diftance  of  the  ends;  and'^ 
of  the  produ6t  will  be  the  area. 

Or  divide  the  difference  of  the  cubes  of  the  di- 
ameters, by  the  difference  of  their  fquares ;  and  mul- 
tiply the  quotient  by  -J  of  the  altitude. 

» 

That  is,  (D  t  ^)  X  *  «,  or  (^  +  ^)  X  ^a, 

or  -r— 3i  ><  T^  =^  ^^  2,rea ;  d,   d  being  the  two 
ends,  und  a  the  altitude.* 


•demonstration. 


By  the  property  of  the  parabola,  DV-ilJ:  a::\  ^^   , /' 


r  DD  :  — 


DD  —  dd 
z:z  the  altitudes  of  two  complete  fegmcnts  whofe  bafes  are  the  ends 

D,  d  of  the  fruflum ;  and  confequently  their  difference,  or  the 
\    A  .     •  n^  f^   d^  ,  DD  +  D</  +  //</ 

Corollary.  ^  Hence  a  parabolic  fruflum  is  equal  to  a  parabola  of 
the  fame  altitude,  and  whofe  bafe  is  equal  to  one  end  of  the 
fruftum,  increafed  by  a  3d  proportional  to  the  fum  of  the  ends 
and  the  other.    Therefore,  in  the  one  cud  pc,  produced,  of  a 

parabolic 


Sedt.  6*] 
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If  the  two  parallel  ends  of  the  fruftum  of  a  para- 
bola be  10  and  6,  and  the  part  of  the  abfcifs,  per- 
pendicular to,  and  conned:ing  the  middles  of,  thofe 
ends,  be  4 ;  what  will  be  the  area  ? 

Here  the  abfcifs  being  perpendicular  to  the  ends, 
will  be  the  altitude  of  the  figure,  and  therefore 

<^'°  'f- 1^:+6^  X  Ij-  =  :f-  =  32t  =  the  area. 

Or  1 6  +  I^^)  X  iiii  =  19^  =  3  2  *  =  the  area. 


EXAMPLE     II. 

If  the  part  of  the  abfcifs,  connecting  the  middles 
of  the  two  ends,  make  with  them  an  angle  of  48* 
35x4^  required  the  area;  the  other  dimenfions  be- 
ing as  in  the  firft  example. 

The  fine  of  48®  35-1^'  being  -75  or  ^  very  nearly, 
hence  4  X  -J-  =  3  z:  the  altitude  =  :|:  of  that  in  the 

Bb  laft 


parabolic  fruftum  abcd,  take  ce  =  the  other  end  ab.;  raife  ef 
perpendicular  to  eg  and  =:  cd  ;  draw  dFj  and  perpendicular  to 
It  FG  meeting  c£  produced  in  g  :  Then  if  upon  the  bafe  cg  be 
defcribed  any  parabola  chg  touching  the  line  abh,  it  will  be 
equal  to  the  fruftum  abcd.      '' 

For  CO  s  C£  4-  eg  =  AB  4-  eg  =  AB  + =  AB  H • 

D£         DC  +  AB 
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I 

laft  example^  and  therefore  the  area  here  muft  be  |- 
of  that  above ;  that  is,  3  24.  X  ^  =  V  =  244  =  the 
area  required. 


PROBLEM     VII. 

Sjb  find  the  Area  included  by  the  Focal  Dijlance,  the 

Line  drawn  from  the  Focus  to  the  Curve y  and  the 

Contained  Arc  of  the  Parabola. 

RULE       I. 

Upon  the  axe,  or  focal  diftance  ab, 
J)roduced  if  neceffary,  having  demit- 
ted  the  ordinate  or  perpendicular  cd, 
cutting  off  the  abfcifs  a  p ;  then 

To  the  focal  diftance  a  b  add  4  of 
the  abfcifs  ad  ;  multiply  the  fum  by 
the  ordinate  c  d  ;  and  half  the  product 
will  be  the  area  of  the  part  acb. 

That  is,  (ab  +  4- ad)  k  ^-dc  =r  the  area.* 

Note.  The  focal  diftance  a  b,  is  4-  of  the  parameter^ 


ADB 


EXAMPLE. 

If  the  abfcifs  be  2,  and  the  ordinate  6 ;  required 

the  area  of  acb.' 

By  cafe  i  prob.   2,  we  have  2  :  6  : :  6  :  18  the 
l^arameter;  and  hence  '^*  zi  4-i  =  ab. 

Theh  (4i.  +  4:)  X  3  =  54  X  3  =  15-^  the  area 

required, 

RULE 


*    DEMONSTRATION'* 

Putting  AD  =  A',  DC  =jf,  and  ab  =  dr;  acb  =  acd  dt  bcd 
Vill  h^  z=:\xy  ±:iy  {qfi  X  zh  a)   =    5  •^J'  —  i^y   +  ^ay    = 
ly  (\^'  +  *»)  =  ii)C  X  (ab  +  J  ad).     ^  E.  D. 
'  CoroUatyi   The  area  cut  off  by  ac  is  =:  {ad  X  Jdc. 
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R    U    L    E       II. 

Subtradt  the  focal  diftance,  or  diftance  between 
the  focus  and  the  beginning  of  the  arc,  from  the 
diftance  between  the  focus  and  the  end  of  the  arc, 
and  multiply  the  remainder  by  the  faid  focal  dif- 
tance; then  multiply  the  root  of  the  produft  by 
the  fum  of  the  diftance  between  the  end  of  the  arc 
and  focus,  and  double  the  focal  diftance ;  and  -|.  of 
this  produd:  will  be  the  area. 

That  is,  4^v/(cB  —  ba)  ab  X  (2AB  -f  bc)  is  the 

area  acb.* 

J. 

EXAMPLE. 

Taking  here  the  fame  example  as  before;  we  have 
ab  zlz  4'i,  and  bc  :==  ad  +  ab  =  2  +  44.  rr  6-^; 
and  hence  ^\/^  X  2  X  9  +  64.  =  15^^  =  th^ 
area  as  before. 

problem    VIII. 

To  find  the  Curve  Surface  of  a  Paraboloid. 

RULE       I. 

To  the  fquare  of  the  ordinate,  or  femi-diameter  of 
the  bafe,  add  4  times  that  of  the  axe ;  and  the  fquare 
root  of  the  fum  will  be  the  tangent  to  the  airve  at 
the  bafe,  and  intercepted  by  the  axe  produced ;  let 
this  tangent  be  Called  /,  viz.  t  =  s/yy  +  \xx ;  ^ 
being  the  axe,  and  y  the  ordinate. 

B  b  2  Then, 


*    DEMONSTRATION. 


By  the  nature  of  the  parabola,  as  =  cb  is  =  ab  4-  ad  = 
tf  4-  ;f,  or  ;p  =  z  —  a,  alfo  \y  =  tjax  ==  ,J{vs.  --  a)a\    which 
values  of  x  and  y^  written  for  them  in  the  laft  rule,  gire 
,^^{2i-tf)aX  (2tf  +  «)  =:  the  area  acb.    ^  £.  D. 
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I 

Then,  by  problem  6,  find  the  area  of  the  fruftum 
of  a  parabola  whofe  parallel  ends  are  /  and  y^  and 
its  altitude  =:  j^- 

And  this  area  multiplied  by  3*141 59,  will  be  the^ 
curve  furfacc  of  the  paraboloid  abc  required/* 


EX- 


*    DEMONSTRATION* 

Calling  the  ordinate  y^  the  abfcifs  ;r,  the  curve  ai,  and  the 
parameter/;  alfo  «  =  3'i4i59;  the  equation  of  the  generating 

parabola  will  ht  px  ^=yy ;  hence /;r  =  zyy^  and  the  fluxion  of 

• 

the  furface  j  =  layzr  =  zay  y/f'  +  a^  =  -^  4/kff  +yy  i 
and,  by  taking    the    corred   fluents,    the    furface  s  will  be 

=  ftfy  X  (/  +  j^)  =  |«r  X  (/  +  ;^) ;  putting  t  =  ^yy  +  4** 

=  BE,  the  tangent  to  the  curve  at  the  extremity  of  the  ordinate, 
and  intercepted  by  the  axe  produced.    ^  E.  D. 

f 

CoroLi.  In  CB  produced  take  BG  =  the  tangent  be;  ere£i 
GH  perpendicular  to  gb  and  equal  to  Bd  ;  join  dh^  and  pci*pen- 
dicular  to  it  hi,  meeting  bg  produced  in  i  ;  takeBK  =  jBi; 
and  upon  kg  defcribe  a  circle  meeting  bl^  perpendicular  to 
BC  in  L.  And  the  circle  whofe  radius  is  bl,  will  be  equal  to  the 
curve  furface  of  the  paraboloid  bag. 

For,  by  the  conftrudtion,   bl*  =  kb  x  bc  =  eg  X  jbi  =r 

|BD  X  (BG  +  Gl)  =  tBD  X  (be  +  ^^)  =  ?BD  X  (»E+^^f^) 

I 

*      ^  Cor9t% 
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Required  the  curve  furface  of  a  paraboloid,  whofc 
axe  i$  20,  and  the  diameter  of  its  bafe  60. 


Here  v/30*  +  40*  1=  50  is  the  tangent.  Then, by 
prob.  5,  (50  +  P^°)  X  i  X  30  X  3-:4X59  =  ^ 

X  20  X  3-14159  =  1225  X  3-14159  =  3848-451 

=  the  furface  required. 

Bb3  tvLK 


Cor0h  t.  The  cunre  furface  of  the  paraboloid  is  to  the  are^ 
of  its  circular  bafe,  is  xk  is  to  bd. 

For  the  bafc  is  =  <9  x  bd%  and  the  curve  Airface  zsi 
a  X  |iB  X  BD  r:  4X  X  IK  X  bd. 

CoroL  3.  If  M  be  the  focus  of  the  generating  parabola^  and 
there  be  taken  an=:mc=:ad  +  am,  and  the  double  ordinatea 
PNo,  QMR  be  drawn ;  the  furface  generated  by  bag,  will  be  to 
the  area  pqro,  as  ^  zr  3*141  ^9,  to  i,  or  as  the  circumference 
of  a  circle,  to  jts  diameter. 

For  the  furface  is  =  t^  x  (iff  +yy)^  —  i^pf  =  i-  X 

=  f«  X  MC  \/mc  X  /  —  iafif  =  |df  X  ANJCNO  — |tf  X  AM  X  M* 

=  «  X   (PAO  —  QJkn)  =Z  a  X  PQJtO^ 
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RULE       II. 

•  Divide  the  difference  between  the  cube  of  the  tan- 
gent and  the  cube  of  the  ordinate,  by  4  times  the 
ujuare  of  the  axe ;  multiply  the  quotient  by  ^  of  the 
ordinate,  and  the  produft  again  by  3' 141 59  for  the 
Ilirface. 

■  That  IS, ^  X  ^cy  =  the  furface;  where  /  =r 

\^yy  +  4XX  is  the  tangent,  x  the  abfcifs  or  axe, 
y  the  ordinate  or  femi-diameter  of  the  bafe,  and 

EXAMPLE. 

Taking  the  fame  example  as  before,  in  which 
X  z:  20,^  n  30,  and  therefore  /  zz  \/4o*-^3o*  ir  50 ; 

we  fhall  l^ve  S2LzJ2^.  x  30  X  i^  =  ^  X  2or  = 

40x40    •    -^         ^  16 

1225  X  3*  141 59  zz  3848 '45 1  the  furface,  as  before. 

-    ■    ' 

PROBLEM     IX. 

ff 

^0   find  the  Curve  Surface    of  the  Frufium   of  a 
Paraboloid^  having  given  its   jilutude  and  the 
'  Diameters  of  its  Ends. 

Divide  the  difference  of  the  fquares  of  the  femi- 
diameters  of  the  ends,  by  their  diftance,  or  by  the  al- 
titude  of  the  fruftum  •;  or  divide  the  difference  of  the 
fquares  of  the  whole  diameters,  by  4  times  the  alti- 
tude ;  and  the  quotient;  will  be  the  parameter  of  the 
axe  of  the  generating  parabola. 

Find 


This  rule  appears  in  the  inveftlgation  of  the  laft. 
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Find  the  two  fums  arifing  from  the  addition  of  the 
fcjuare  of  the  parameter  and  the  fquare  of  each  dia- 
meter ;  multiply  each  fum  by  its  root,  and  divide 
the  difference  of  the  produdls  by  the  parameter; 
multiply  the  quotient  by  3*  141 59,  and  4.  of  the  pro- 
du6t  will  be  the  furface  of  the  fruftum. 

That  is,  iPP^--)'''iPP  +  ^^)^  X  . ,  ^  the 
furface ;  D  and  d  being  the  diameters  of  the  ends, 
p  =  the  parameter  =  -^^^ — ,  a  =  the  altitude,  and 
c  =  3-14159.* 

EXAMPLE. 

Required  the  curve  furface  of  the  fruftum  of  a 
paraboloid,  the  altitude  being  ^S'x^^  *^^  ^^^  diame- 
ters of  its  ends  48  and  15. 

B  b  4  Here 


*    DEMONSTRATION. 

In  the  inveftigation  of  rule  i  of  the  laft  problem,  it  appearf 
that  ^  X  {ipp  ^-yy)^  -  icpp  or  ^  x  {pp  +  dd)^  -  \cpp 
is  the  furface  of  the  fegmcnt  whofe  bafe  diameter  is  d  ;  and 

r-  X  {pp  +  dd)^ ^  icpp  =  that  whofe  diameter  is  d;  and, 

op  0 

V.  1  •  1.        vir  •  ,  {PP   +   DD)*   -    (pp   +  dd)^ 

by  taking  the  difference,    Jr  X  ICZ-j: i ILL 1. 

will  exprefs  the  furface  of  the  fruftum,  the  diameters  of  whofe 
ends  are  Df  d* 

And  that  the  parameter  is  = j  appears  thus :  Since 

px  =  YY,  zndpx  =r.yy,  therefore  p\  ^  px=  YY  -^ yy^   and 

YY  -'  yy  DD   —  dd 
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Here  d  =:  48,  ^  =:  15,  and  a  =  25f|.. 
Therefore  ■ r  =: rr  =:  — ^.  zi  20  =r  p, 


4^ 


\ 


4x25^^       103  i^ 


Then  \/pp  +  dd  =:\/2o*  +  48*  =1/2704  =  52, 

And    x/pp'+dd  =\/2o*+i5*  =^625    =25. 

•-T         2704x52— 62c X2C  ^      41661  ^^      ,      ^ 

Hence  -i-t— ^ — ^-^ — ^  X  c  =  ^ x  3'X4i59 

20X6  40  w»      -r    ^^ 

=  4166*1  X  '785398  =  3272*0472885  the  furfac? 
required. 


PROBLEM      X. 


Jfa  Paraholoid  be  Cut  by  a  PlanCy  Oblique  to  its  Axei 
it  is  required  to  find  the  Axes  of  the  Elliptic  SeSlion. 

It  is  evident  that  ab 
is  the  tranfverfe  axe. 
And  if  bs  be  a  double 
ordiiiate  to  the  axe, 
meeting  the  diameter 
AC  in  c,  then  bc  will 
be  the  other  or  conju- 
gate axe  of  the  feftion. 
As  is  proved  in  corol- 
lary 7  to  prop.  I  fedt.  4. 


EXAMPLE, 

If  a  paraboloid,  whofe  axe  is  45-^,  and  its  bafe  or 
greateft  double  ordinate  32,  be  cut  by  a  plane  paffing 
through  the  extremity  of  the  bafe,  and  through  th^ 
oppofite  lide  of  the  figure  at  the  height  of  20  abov^ 
tlic  bafe ;  what  are  the  axes  of  die  fedtio^i  ? 

Draw  AF  perpendicular  to,  and  meeting  the  axe  ^ 

PE  in  F. Then   ef  =:  ed  -r-  df  =  45-^  —  20  ^ 

~  25^ ;  and,  by  the  nature  of  the  parabola,   ed  : 
^f.F   ::   DB*  :'af*   =:    144;    ^nd  hence  af  ;=:  dc 
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—  12 :  therefore  cb  —  cd  +  db  =  12  +  i6  =r  28 
n  the  conjugate  axe.     And  ab  =:  v/ac*  +  cb*  z= 

v/2o*  +  28*  1=  4v/5*+7*  =4/74  =  344093010682 
the  tranfverfe  axe  required. 

V 

EXAMPLE      II. 

Let  the  fame  paraboloid  be  cut  through  the  extre- 
mity  of  the  bafe,  by  a  plane  cutting  the  figure  again 
on  the  fame  fide  of  the  axe,  and  at  the  fame  diftance 
#f  20  above  the  bafe;  to  find  the  axesof  thefeftion. 

Here  be  =:  bD— cd  n  r6  —  1 2  =  4  is  the  conjugate 
axe.  And  b  a  z:\/ac*  4-  be*  =:  v^2o*  +  4*  =: 
4v/5*+  1*  =  4/26  =  20-396078  is  the  tranfverfe, 

PROBLEM     XI. 

^0  find  the  Solidity  of  any  Segment  of  a  'Paraboloid^ 
-  whofe  Bafe  is  either  Perpendicular  or 
Oblique  to  the  Axe. 

R   u    L    E      I. 

For  Both  Right  and  Oblique  Segments. 

Multiply  the  bafe  by  half  the  altitude,  and  the 
product  will  be  the  content.-* 

Note. 


*    DEMONSTRATION. 

Let  h  denote  the  bafe,  a  the  altitude,  x  anjr  variable  abfcifs, 
pr  part  of  the  diameter  drawn  through  the  middle  of  the  bafe, 
and  J  the  fine  of  the  angle  formed  by  this  diameter  and  its  ordi* 
nate,  to  the  radius  i. 

^hen  as  aisx  %ih  i  —  the  fedion  correiponding  to  the  ab* 

a 


ffifs  A-,  by  prop,  i  fe<S.  4.    Therefore'  —  X  htx  is  the  fluzioa 

of 
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Note*  When  the  bafe  is  perpendicular  to  the  axe, 
it  is  a  circle,  and  the  altitude  is  equal  tp  the  whole 
length  of  the  axe,  contained  between  the  bafe  and 
the  veitex, — But  if  the  bafe  be  oblique  to  the  axe, 

it 


6f  the  folid ;  and,  by  taking  the  fluent,  the  folid  itfelf  will  be 
;  which,  when  sx  ■=•  a^  becomes  \^ahiox  the  whole  folid. 


za 


whofe  bafe  is  h  and  altitude  a.     j^  E.  D. 

CoroU  I.  A  paraboloid  is  equal  to  half  a  prifm  of  the  fame 
bafe  and  altitude,  Alfo  a  prifm,  a  femi-fpheroid  or  fcmi-fphere, 
a  paraboloid,  and  a  pyramid,  all  of  equal  bafes  and  altitudes, 
are  to  one  another  as  the  numbers  i,  |,  4,  ',  or  as  6,  4,  3,  2 ; 
and  are,  therefore,  in  adifcontinued  geometric  proportion,  whofc 
ratio  is  that  of  3  to  2.  Which  will  appear  by  comparing  the 
above  value  of  the  paraboloid  with  thofe  of  the  other  folids. 

When  the  bafe  of  the  paraboloid  is  perpendicular  to  the  axe^ 
cr  when  the  paraboloid  is  right,  the  femi-fpheroid,  or  fcmi- 
fphere,  will  alio  be  right;  and  the  prifm  and  pyramid  will  be 
the  right  or  common  cylinder  and  cone,  the  common  bafe  being 
a  circle.  But  if  the  paraboloid  be  oblique,  by  having  its  bafe 
oblique  to  the  axe,  the  common  bafe  of  all  the  folids  will  be 
an  ellipfe  ;  the  femi-fpheroid  will  alfo  be  oblique,  by  having  its 
bafe  oblique  to  the  axe ;  and  the  prifm  and  pyramid  may  be 
cither  right  0/ oblique. 

CoroL  2.  If  upon  the  dia- 
meter NP  =:  EC  zr  the  conju- 
gate axe  of  the  fedtion  ab, 
bp  defcribed  a  circle;  the 
oblique  paraboloid,  or  {t^-- 
ment  a  h  b,  will  be  equal  to  the 
right  paraboloid  whofe  bafe 
is  that  circle,  and  its  altitude 
MH.  For,  the  diameter  of 
the  circle  being  the  conju- 
gate axe  of  tlie  bafe  of  the 
obliouc  paraboloid,  the  circle 
will  be  to  that  bafe,  as  the  conjugate  is  to  the  tranfverfe  axe, 
that  is,  as  CB  to  ar  ;  but  hk  is  to  hm  in  the  fame  proportion  of 
CB  to  ab;  confcquently  hk  X  elliptic  bafe  ab  will  be  = 
l?M  X  circular  bale  np  or  eg. 

It 
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k  will  be  an  ellipfe,  and  the  altiuide  wiH  be  the  per- 
pendicular demitted  to  the  bafe,  from  the  vertex  of 
the  diameter  drawn  through  the  middle  of  the  bafe  ; 
or  it  will  be  equal  to  the  produdt  arifmg  from  the 

multiplication 


It  is  alfo  evident,  that  all  fegmcnts,  right  or  oblique,  having 
the  fame  vertex  h,  and  the  tranfverfe  axes  of  whofe  bafes  pafs 
through  the  fame  point  m,  and  terminate  in  Ac,  op,  paralld  tq 
and  equi^diftant  from  hm,  will  be  equal  to  one  another. 

■  )  , 

Coroh  3.  If  B,  ^  denote  the  two  bafes,  or  parallel  ends,  of  the 
fruflum  of  a  paraboloid,  either  right  or  oblique ;  and  d  the 
diftance  of  the  ends,  or  the  altitude  of  the  fruflum;  then 
\d  X  (b  +  ^)  will  be  the  folidity  of  the  fruftum. 

For,  by  this  problem,  ^ab  is  the  fegment  whofe  bale  is  b  and 

altitude  a;    and  ^ab  is  that  whofe  bafe  is  b  and  altitude^; 

therefore  tKe    fruftum,  or  the  difference   of  the   fegments,  is 

•^AB  ^  i^ab.     But,  by  the  nature  of  the  paraboloid,' 

B^         '.  hd 

H  —  b  :  d  or  A— a  ::  b  :  A  zr. -,  and  b— ^  :  d ::  b  :  tf  = r; 

B— ^  B— ^. 

which  values  of  a  and  a  being  fubftituted  for  them,  we  obtain 

^B*  ^  db^  ' 


AB  —  lab  z=z 


2B  —  zb 


=  id  X  (b  +  b). 


CoroL  4.     Let  AGBb  be  a  right  frufhim,  hi  the  diameter  to 

the  double  ordinate  ab,  and  hk  perpendicular  to  ab,  that  is,  hk 

,  the  altitude  of  the  oblique  fegment  ah B.     Then  the  value  of 

the  oblique  fegment  ahb  is  i»  X   ab  x  bc  x    hk,  putting 

«=  785398.  ^ 

But,  by  the  property  of  the  figure,  db*  —  dc*  ;  db*  —  di*  :: 

db*  —  di*       '         , 
Ac  :  HI  =  — ' X  AC :    hence  hm  =  hi  —  im  =  hi  — 

DB*  —  DC* 


iAC  = 


DB  +  DC 
DB  —  DC 


X  :iCA  = 


BC  X  CA. 


AB 


CB 


HM 


HK  = 


8di 

HM  X  CB 


i  and,  by  fimilar  triangles, 


AC   X  CB 


,    therefore 

AB  AB  X  ODI 

the  oblique  fegment  ahb,  or  ^«  x  ab  x  cb  x  HK,  will  be 

CB^ 

X   iAC   X  «    = 


8d 


bo 


cb* 
5—-—  X  AC  X  !«• 


AG 


Ofi 
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murtiplication  of  the  part  of  the  faid  diameter,  inter- 
cepted by  the  vertex  and  the  bafe,  by  the  fine  of  the 
angle  of  inclination  to  the  bafc. 

EXAMPLE      I. 

Required  the  folidity  of  a  right  paraboloid  whofc 
axe  is  30,  and  diameter  of  its  bafe  40. 

Bytherule,4o*><i5X785398=:  18849-5559215 
is  the  folidity  required  • 

EXAMPLE     II. 

If  from  the  above  right  paraboloid  be  cut  a  part 
bAB,  by  a  plane  paffing  through  the  extremity  of 
the  t)afe,  and  the  oppofite  fide  at  the  height  ac  of 
224-  above  the  b^fe ;  it  is  required  to  find  the  content 
of  the  oblique  fegment  ahb. 


Here  ef  zi  ed  —  ac  iz  30  —  22^-  =  ']^;  then,  by 
the  property  of  the   parabola,  v^ed  :  y^EF-::  db  : 

E  F  ^7  '  t  I 

AF   =   DBt/—    ZZ   2Cl/—   =   201/—  m  ^O  X  —  IZ    10 : 

hence  cbiz  bd  +  dc3:bd  +  af  z:20  +  10:11:30  the 
conjugate  diam,  of  the  bafe,  by  the  laft  problem ;  and 

'         AB 


DB*  "~  DC* 

Oi^  by  fubftituting  the  value  of  ac,  viz. x   i>K 

CB    X    2DI 

s:  .  X  DE,  inftead  of  it,  the  fame  fegment  ahb  will  be 

CB*  CB* 


-    X     DE    X    «    =    r— ,    X  DE    X   4«.' 


8db*  bB 


CoroL  5.  If  from  de  X  bs*  X  |^«,  the  value  of  the  right  fegment 
bEB,  be  taken  the  above  value  of  the  oblique  fegment  ahb,  there 

b  B*  —  CB*  b  B*  "^  CB* 

will  remain r— - —  X  UE  X  i-«,  or  - — ; X  AC  X  i^ 

bi*^  bfi*  — AG* 

for  the  value  of  the  greater  ungula  b^ABt 

CVrff(. 
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AB  =  v^Ac*  +  CB*  =  v^22-5*  +  30*  =  7'5v/'3'+4* 
=  7-5X5zi37'5  the  tranfverfe.  Now  h  being 
the  vertex  of  the  diameter  hmi  drawn  through  m 
the  middle  of  ab,  and  hk  perpendicular  to  ab, 
the  triangles  hkm,  mib,  acb,  will  be  fimilar; 
but  MB  zz  4-ab,  and  therefore  mi  =  ^^c  n  ir^; 
but  LH  zz  Di,zz  i.DB  — {DC  zz  lo  —  5  zz  5;  then, 
by  the  property  of  the  parabola,  db*  :  db*  —  lh'  : : 
DE  :  HI  zi  28^;  hence  HM  =  Hi--iMZZ28^— 11^ 
zz  16^;  and,  by  limilar  triangles,  ab  :  cb  ::hm  : 
HK  =  134^  the  altitude,. 

Then  cb  X  ab  X  ^hk  X  •7S5398  zz  30  x  37*5 

X  675  X  785398   =1   759375  >^  -785398  = 

5964'ii73033  the  fegment  ahb  required. 

RULE       II. 

For  the  Oblique  Segment. 

Divide  the  fourth  power  of  cb  by  the  fquare  of 
bB;  multiply  the  quotient  by  4-i>e  ;  then  the  pro- 
duft  multiplied  by  785398  will  be  the  content  of 
the  oblique  fegment  ahb. 

That  is,  ^  X  4de  Xn  —  ahb.     By  corollary  4. 

E  X- 


Cvrol.  6,    And  if  from  the  faid  value  of  the  oblique  fegment 

AG* 

AHB,  be  taken  that  of  the  right  fegment  aeg,  viz.  r—  x  D£  X  ^s 

U  D 

AG*  CB^^^AG* 

or  --— ^  X  AC  X  i»,  there  will  remain  — r— ^ —  X  de  x  J« 

bB*^AG^  bB* 

CB*  ^  AG* 

«r  r— t; r  X  AC  X  i-a  for  that  of  the  Icfs  ungula  agb* 

b«*f— AG* 


^82.  PARABOLOID*  ft  art  3* 

EXAMPLE. 

Taking  here  thelaft  example,  we  haveg-^  X  I-db 

y  «  =  g-;  X  15  X  785398  =  ^^m^Lli  X  .785398 

=  759375  ^  785398  =  5964*1173033^  die  fame 
as  before. 


PROBLEM    xil. 

^ofind  the  Content  of  the  Frujium  of  a    'Paraboloid^ 

having  its  Ends  Parallel  to  each  other ^  and  either 

Right  or  Oblique  to  the  Axe. 

Multiply  the  fum  of  the  two  ends  by  their  dif- 
tance,  or  the  altitude  of  the  fruftum ;  and  half  tlie 
produft  will  be  the  content. 

As  is  proved  in  corollary  3  to  the  l^ft  problem. 

Note.  The  fame  things  may  be  obfervcd  here  as 
in  the  note  to  the  laft  problem. 

,  EXAMPLE. 

The  length  of  a  caik,  compofed  of  two  equal  fruf- 
tums  of  a  paraboloid,  is  45  inches;  required  the 
content  in  ale  and  wine  gallons,  fuppofing  the  bung 
diameter  to  be  40,*  and  the  head  diameter  20  inches. 

Here  (40*  -f-  20*)  X  785398  X  224.  =  45000  X 
'785398  =  35342*917352885  is  the  content  in 
inches. 

Then  3S34^  9'73?  _  -123-329494  ale  gallons. 

And    3534^*9^735  _  132-99964  wine  gallons. 

P  RO- 
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PROBL  EM    XIII. 

*!to  find  the  Solidity  cf^the  Parabolic  Ungula  Bab,  or 

AGB,   made   by   a  Plane   faffing    through    the 

Ofpojite    Extremities  of  the   Ends   of  the 

Fruftum  agbB. 

Divide  the  difference  of  the  4th  powers  of  the  di- 
ameter of  the  bafe,  and  half  the  fum  of  the  diame- 
ters of  the  ends  of  the  fruftum,  by  the  difference  of 
the  fquares  of  the  faid  diameters  ;  multiply  the  quo- 
tient by  "785398,  and  the  produ6t  multiplied  by 
half  the  altitude  will  produce.thc  content. 

That  is,  r-^ J  X  AC  X  Y»  =  the  ungula  bAB, 

D  B     ••■■  AG 

« 

And       c-^ r  X  AC  X  i»  =  the  ungula  bag* 

bB*—  AG*  ^  ^ 

As  is  proved  in  coroL  4  and  5  of  prob.  10. 

EXAMPLE      I. 

If  a  veffel,  in  form  of  the  fruftum  of  a  parabo- 
loid, and  open  at  the  narrow  end,  be  fo  placed,  that 
the  liquor  in  it  may  juft  cover  the  bottom,  whofe 
diameter  is  40  inches,  and  rife  to  the  height  of  ii\ 
inches  towards  the  top  of  it ;  required  the  quantity 
df  liquor  contained  in  xhe  veffel,  fuppofing  the  dia- 
meter of  the  veffel  at  the  upper  edge  of  the  liquor 
to  be  20  inches. 

Here  bB  =:  40,  ac  =  22-l-y  and  ag  rz  20;  con- 
fequently  bczi  20  +  10  =  30. 

Hence  4:^;x  22^  X  'J^^  =  11^  x  90  X 

'7^5398  =  12885-438618  cubic  inches;  which 
being  divided  by  282  or  by  231,  will  give  45*693044 
ale  gallons,  or  55*781 119  wine  gallons, 

E  X- 
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-  EX  AM  P  L  E     11. 

If  the  veffel  have  its  dimenfions  inverted,  that  is, 
if  AOB  be  the  part  filled,  ab  being  the  furface  of 
the  liquor,  the  bottom,  diameter  ag  being  20,  the 
diameter  bs  at  the  top  of  the  liquor  40,  and  the 
ahitude  ac  224-  inches;  required  the  quantity  of 
liquor. 

Uexc-S^lfL^^  X  AC  X  4»  =  5?lllf^  X  224.  X 

b  B*  —  AG*  *  40*  —  20*  ^ 

•781398    _  6500    X     ^^     X     '7SS39S     =     4786-020058 

cubic  inches  =:  16-971702  ale  gallons  =  20'7i87oi 
wine  gallons. 


PROBLEM    XIV. 


iToJind  the  Solidity  of  the  Slice  ab,c.  cut  off  a  Parabo- 
loid AD E  by  a  Plane  fcg  Parallel  to  the  Axe  dh. 


Multiply  the  bafe  of  the  11  ice  by  the  fquare  of  the 
diameter  of  the  bafe  of  the  whole  paraboloid,  and 
divide  theprodudlby  the  fquare  of  the  chord  of  the 
bafe  of  the  flice;  from  the  quotient  fubtraft^-  of  the 
produft  of  the  faid  chord,  and  its  diftance  from  the 
center  of  the  bafe  of  the  paraboloid ;  and  the  dif- 
ference multiplied  by  half  the  altitude  of  the  llice 
will  be  the  folidity. 

That 


Sefl:.  6.]  PARABOLOID.  385 

.     That  is,  (!^£4!i-  «.  HJill)  X  ^bc  is  the  flice 

ABC* 

C  C  E  X- 


*    DEMONSTRATION. 

By  corollary  4  prop,  i  fc6l.  4  the  fe£lion  fcg  is  a  parabola, 
having  the  fame  parameter  with  the  generating  parabola  eda, 

and  therefore  |pg  X  cb  X  ba  is  the  fluxion  of  the  folid  :  but, 
putting  a  =  DH,  r  =  ha,  x  =  ab,  and  y  =  bg,   by  the  pro- 

pcrty  of  the  parabola,  it  will  be  rr  :^j^ ::  ^  ;  cb  =  —  ;    and. 


rr 


by  the  property  of  the  circle,    r  —  x  =  j/rr  -^yy;    hence 

BA  =  .«•  i=  —  ;  then,  by  fubftituting  thefe  values,  the 

'Jrr-yy 

4<j  j^y 

fluxion  of   the  folid  will  become    —    X  ;  whofe 

3^^         i^rr  -^yy 

fluent  IS  rf  X  area  bag  — —  =  the  fplid  required* 

But,  putting  A  for  the  altitude  bc,  it  will  ht  yy  \rr  \i  kx 

A.TT 

a  = ;  which  being  fubflituted  for  it,  in  the  above  found 

value  of  the  folid,  gives  A  X  (  —  X  bag  —  \y»/rr  ^yy)  =: 

EA* 

4bc  X  ( — I  X  FAG  —  |fg  X  hb)  for  the  flice  acb.    ^E*D. 

FG 

« 

Corolm  !•  The  flice  abc  is  equal  to  a  paraboloid  pf  the  fame 
altitude,  and  whofe  bafe  is  equal  to  the  difference  between  |  of 
the  rectangular  area  hbgi,  and  a  fourth  proportional  to  the 
areas  bg^,  ha^,  fagf, 

Corol,  2.  From  the  demonflration  it  appears  that  the  flice  Li 
alfo  equal  to  a  X  (  bag  —  -L^LULZJZ), 

CoroL  3*  When  b  coincides  with  h,  a  will  bc  =  tf,  and  r  = 
y ;  and  therefore  the  rule  becomes  a  x  hak  for  half  the  para- 
boloid. 

CoroU 
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EXAMPLE     I. 

If  a  calk,  compofed  of  two  equal  paraboloidal 
fruftums,  having  its  length  zr  40,  its  bung  diameter 
32,  and  its  head  diameter  24  inches,  when  laid 
with  its  axe  parallel  to  the  horizon,  want  fo  much  of 
being  full,  that  there  are  3^  or  3*2  inches  of  the 
bung  diameter  left  dry ;  it  is  required  to  find  how 
many  ale  gallons  will  be  neceflary  to  fill  the  ca{k. 

Here  3  •  2  is  the  verfed  fine  of  the  bafe  of  the  flice, 
and  3*2  -7-  32  =:  •!  rr  the  tabular  verfed  fine,  to 
which,  in  the  table,  correfponds  the  area  •04087528. 
And  hence  '04087528  X  32*  —  41*85628672  =: 
the  bafe  of  the  flice. 

But, 


CoroL  4.   From  «  x   hak  ==  half  the  paraboloid,  fubtra£t 
m  X  BAG  —  f'^  v^^^'^yy  _  ^Yit  flice  abc,  and  there  will  re- 


rr 


mainly  X  hbgk  +  ^^  ^^^ — —  =  a  X  hbgk  + jj'j^i/nL  x  lh 

for  the  value  of  the  complemcntal  flice  dhbc;  lc  being  drawn 
parallel  to  ha. 

CoroU  5.  After  the 
feme  manner  may  be 
found  the  flice  paral- 
lel to  the  axe  of  an 
oblique  fegment  ade. 

ThuSjfincciFG  x 

CB    X    AB  X   S.Z.ABC 

18  the  fluxion  of  the 
flice  ABC  ;  by  putting 
rt  =  D  H  the  diameter 
of  the  double  ordinate 
AE,  /  =  HAthefemi- 
tranfverfe  axe  of  the 
feclion  afega,  c  =z 
HK  =  [em  the  fcmi- 
coi^ugate,  X  =  ae, 
andjf  =  BG;  wcftiall 
have  cc  :  jy  :i  a  I 

J2z=:»Ci   hut  cc: 


V 
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But,  by  theproperty  of  the  circle,  2/(3  2—3-2)  x  3*2 
rr  2v^28-8  X  3-2  ir  19-2  is  the  chord  of  the  bafe  of 
the  flice;  and  16— 3*2  =:  12-8  is  its  diftance  from  the 
center  or  middle  of  the  bung  diameter.  Alfo,  by 
the  nature  of  the  parabola,  16*—  12*  :  9*6*  ::  20  : 
1 644.  the  altitude  of  the  flice,  or  half  the  length  of 
the  empty  part. 

Then  /-4i'8s628672  x  32^  _  19*2  X  12*8.  ^  f£   _ 
^       19-2  X  19-2  3  3S 

4i'856286;.  x  s'     _    (^      ^    ^^.g)    X    ^^  =  i^     X 
3*  ^  ^  35  7 

(41-85628672  X  5  —  '4  X  19-2*)  IT  565-2611072 

cubic  inches  z:  2*004472  ale  gallons,  the  content  of 
the  empty  part  required. 

c  c  2  £  X- 


yyii  ttitt-^  (^-*)*;  hence/  — ;r=  -2- ^,  and  ;r  =  ab 

tyy  ,  c 

=  —  ■  ;  alfo  8.  Z. ABC  18  =  -;  confequently  the  above 

c^cc-^yy  t    ^ 

fluxion  will  become  =  $jr  J:  ^  x      — —  X  f  rr-l^^l-.; 

cc        c^cc'-yy       ^       yc^cc^yy 

ac  .     .  oy^  h/ c c -—^  yy 

the  fluent  of  which,  viz. —  X  elliptic  area  bag  —  — ^t 

will  be  the  value  of  the  flice  bca. 

Or,  if  Di^  be  drawn  perpendicular  to  ae  \  flnce,  by  flmilar 

triangles,   it  is  t  \  c  \\  a  \  —  =  t)^,  the  fame  flice  bca  will  be 

cxprefled  by  d^  x  bag  — 

ay^Jcc  --  yy             ,                       dh    X    Fg^a/em^    —   fg* 
'jLJl. ^    =   D/&   X   BAG  — ■      ;    -. 

3  re  I2EM* 

And  if  CB  be  produced  to  meet  em  in  o ;  and  on  be  perpen- 
dicular to  EM,  and  meet  the  circle  enm  in  n  ;  then  will  the 
circle  en  m  be  to  the  elUpfe  eg  a,  as  well  as  the  fegment  nmo 
to  the  fegment  gaB|  as  £m  to  ea,  or  as  c  to  /;  and  therefore 

the 
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EXAMPLE     II. 

If  the  fame  caik  be  placed  in  the  fame  manner, 
and  6^-  inches  of  the  bung  diameter  be  dry  ;  re- 
quired how  many  ale  gallons  the  caik  wants  of  being 
full. 

Here  the  dry  inches  being  more  than  16  —  12  or  4, 
the  difference  of  the  bung  and  head  femi-diameters, 
it  fhews  that  6^-  —  4  =  2^  inches  of  the  head  diameter 
alfo  are  dry ;  and  therefore  the  empty  part  of  the 
caik  will  be  double  the  difference  of  two  flices,  the 
verfed  fines  of  whofe  bafes  are  6^  and  ly ;  the  whole 
diameters  being  32  and  24. 

Now  the  tabular  verfed  fines  will  be  6*4  -r-  32  = 
•2^  and  2 '4  -4-  24  rt  -i  ;  whofe  tabular  areas  are 
•iii8238oand    '04087528;  hence  32*  x 'ii  18238 


the  value  of  the   flice  bca  will   alfo  be  a   x    mno   — 


^y^Jcc  —  yy  dh    x    fos^/em^    —   fg* 

^^-^ =    DH     X     MNO    — — ' — . 

Q^cc  I2EM* 

Where  the  circular  area  mno,  is  t^e  projedion  of  the  elliptic 
area  a  eg,  by  lines  parallel  to  the  diameter  dh,  upon  a  plane 
perpendicular  to  the  fame. 

hcc  ,     ^  «. 

Moreover,  fince  yy  :  re  : :  Bc  =  A  :  tf  =  DH  = 9  by  lUD- 

^  JJ  yy 

ftiruting  this  value  of  a  inftcad  of  it,  the  folidity  of  the  fame  llicc 
will  become 

X  AGB  — lAyyc*  — y   =   ( -X  MNO  — {PO  X  ON)  X  BC. 

CoroL  6.  Hence  the  (lice  fgac,  is  equal  to  a  paraboloid 
whofe  altitude  is  bc,  and  its  bafe  equal  to  the  difference  betwcca 
t  of  the  rectangular  area  poni,  and  the  fourth  proportional  to 
the  areas  on-^  pm*,  20mn. 

Coi-vL  7.  When  B  coincides  with  H,  the  rule  becomes  barely 
UH  X  PMQ^=  Vih  X  AHK,  for  the  value  of  dah  or  deh  or 
half  the  oblique  fcginent. 
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=  1 14*50757 12  =  the  bafe  of  the.  greater  flice,  and 
24*  X  -04087528  =  23*544i6i28  z:  that  of  the 
kfs. 

Again,  16  —  6*4  ir  9*6  is  the  diftance  of  the  chord* 
of  the  bafe  of  the  greater  flice  from  the  middle  pf 
the  bung  diameter,  and  1 2  —  2*4  zr  9*6  is  the  dif- 
tance of  that  of  the  lefs  from  the  middle  of  the  head 
diameter ;    and    hence   the   former   chord   will   be 

2\/ib*—  9-b*  =  2v/25'6  X  6*4  =  25-6,  and  the 

latter  iz  2v/i2*^9'6*  zz  2v/2i-6X2-4  z:  14*4. 

Moreover,  by  the   nature  of  the    parabola,    as 

1 6*  —   12*   or   28   X  4   :   20    ::    <  *   ' 

^  1    7-2*   : 

^he  altitu4es  of  the  flices', 

e  e  3  Confequentljr,  ' 


9iV 


CoroL  2*  By  taking  the  flice  from  the  femi-fegment,  we  obtain 

y^Jcc—yy                               ,             o?r3xpo 
DH  X  PONQ  4-  DH  X  —^^ =^  =  DH  X  P0Nq4-  DH  X  ; — - 

3rr  3PM* 

for  the  value  of  the  complemental  flice  dcbh. 

CoroU  9,    And  by  adding  this  laft  to  the  femi-fcgment,  there 

-  ,  PO   X    ON^  BC    X    PM* 

r^lultS  DH   X  EONQ   +  DH    X    : =  ' X   EONQ 

^'  3PM*  ON* 

4-  BC  X  |po  X  ON,  for  the  value  of  the  flice  edcbe  greater 
than  the  femi-fegment, 

CoroU  !©•  If  RGSFR  be  a  circle  perpendicular  to  bc;  and  if 
from  its  center  t  bfe  demitted  the  perpendicular  tv  ;  then,  by 
taking  the  oblicjue  flice  abc  from  the  right  flice  »bc,  we  fliall 
obtain 

RS*    X    BSG   —  EM*    X    OMV  +  FG3    X     -JPV 

BC     X    — ■ 1 ^ 

FG* 

for  the  value  of  th^  ungula,  or  cuneus,  afgsa,  contained  be- 
tween the  two  fedions  rfsgr,  epage.  And  the  fame  will  hold, 
though  both  the  fedtions  be  oblique. 

CoroU  II,    And,  in  the  fame  manner, 

EM*     X     EONQ    —    RS*     X     BRG    +    FG'     X    ^PV 

BC     X     '- L—.....^.... 

FG* 

vrill  be  the  value  of  the  oppofitc  ungula  or  cuneus  egfre.' 
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Confequently,  (■         ^6^  -    '    3       )X  77 

.114*5075712  X  5*  ,  ^        \  w  3^*    — .  ®*     K^ 

(114-5075712  X  5  —  •4X25-6')  z:  2837-886683  is 
double  the  greater  flice. 

And    /-^3'544t6i28  x  24*  ^    14-4  x  9'6\    ><  —    = 
^  i4"4*  3  35 

.23-54416128  X  5*   _   14-4  X  9-6.    5^  j8*   _   6»    ^ 

V  3'  3        ^  35  7 

(23-54416128  X  5  —  -4  X  i4'4*)  ='  178*552147  is 

double  the  lefs  flice. 

Therefore    2837-886683  —   i78-852i47    = 
2659-034536   inches   =:    9-4292  ale  gallons  is  th^ 
quantity  required. 

PROBLEM     XV, 

To  find  the  Solidity  of  a  Parabolic  Sf  indie. 

Multiply  the  area  of  the  greateft  circle,  or  mid* 
die  fed  ion,  by  the  length,  and  ^t  ^^  ^^e  produdl 
will  be  the  content.* 

That 


*    DEMONSTRATION. 

Putting  a  =.  DC,  b  =  cA,   c  ir:  3*i4i59,  x  =  AG,  and  jr  =3 

GH;  we  fliaU  have,  by  the  property  of  the  parabola,  as  Ac*  t 

2hx  —  XX  ihx  —  xx 

AG  X  GB  ::   CD  :  GH   n:   a    X    7-; =   r-  =  y, 

bh  p  -^ 

putting  ^  =   -  the  parameter  of  nc  j  and  hence  the  fluxion  of 


* 

cx 


•  C  X 

the  folid  cyyx^  will  be  —  X   {^ibx^xxY  y  the  fluent  of  which^ 

f  ;r3  X  ' 2^—,  will  be  a  general  expreflion  for  the 

fcgmcot 
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That  is,   -,?5.«  X  DE*  X  AB    1=   the   whole  folid  * 
AD  BE  A ;  AB  being  the  length  or  axe,  de  the  greatpft 
diameter,  or  double   the  abfcifs  of  the   generating 
parabola  adb,  and  n  zz  '785398, 


KjE-^ 


EXAMPLE* 

Required  the  folidity  of  a  parabolic  fpindle,  whofc 
length  is  80,  and  greateft  diameter  32. 

By  the  j-ule,  -785398  X  32*  x  80  X  ^V  = 
•785398  X  43690T  =  3+3H'5693576  is  the  con- 
tent required. 

PROBLEM    XVI. 

To  find  the  Content  of  the  Segment  afh  of  a  Parabolic 

Spindle. 

To  4-  of  the  fquare  of  the  length  of  the  femi- 
fpindle,  add  4  of  the  fquare  of  the  aldtude  of  the 

c  c  4  fegment ; 


fegment  afh  ;  which,  when  .r  =  ^,  gives =  -^icaah  for 

bFP 
the  value  of  the  femi-fpindle  ade.     j^  E*  D* 

* 

CoroL  I.  A  parabolic  femi-fpindle,  is  to  a  cylinder  of  the  fame 
bale  and  altitude,  as  8  to  i  ^  ;  and  to  a  paraboloid  of  the  fame 
bafe  and  altitude,  as  8  to  7^,  or  as  16  to  15. 

CoroL  2.  It  appears  from  the  demonftration,  that  the  fegment 
AFH    18  cxpreflcd  by  cx^    x    ' —  = 

4aO*    —   AC    X    AG   +  ^AG" 


X  C    X   AG'  X   DC*. 


Coroh 
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fegment ;  from  thefum  take  the  produft  of  the  faid 
length  and  altitude ;  and  call  the  difference  p. 

Multiply  the  cube  of  the  altitude  of  the  fegment 
by  the  fquare  of  the  greateft  diameter  of  the  fpindle ; 
divide  the  produdt  by  the  fourth  power  of  the  length 
of  the  femi-fpindle ;  and  call  the  quotient  q^ 

Then  the  product  of  p  and  q^  multiplied  by 
^785398,  will  give  the  content  of  the  fegment. 

rr.i_         •        ^AC*  —  AC  X  AG  +  iAG*      ..  ,  m. 

That  IS,  2 : — 2 — I-i X    AG'    X   Dt*  X 

'  AC* 

•785398,  is  the  fegment  afh^  by  corollary  2  of  the 
Jaft  problem. 


EXAMPLE. 

If  the  diameter  of  the  bafe  of  the  fegment  of  a 
;       ,  parabolic  fpindle  be  24,  and  its  altitude  20 ;  what 

will  be  the  content,  fuppofing  the  length  of  the 
I  vhole  fpindle  to  be  80  ? 

Here 


Corel,  3.    If  from  the  value  of  the  femi-fpindle  ade,  be  takea 

that  of  the  fcsfmeiit  afh,  there  will  remain  —  cx^   X 

thh  —  ^;r  +  \rxx        cz       ca^z  ,  , 

^^ — r-  :^-or-^X(i*-  »*«.»  +  f««)  for 

the  value  of  the  fruftum  h  def  ;  puttinj^  z  inflead  of  ^  —  *  or  oc. 

And  if  inftead  of  2,  in  the  two  laft  terms  of  this  expreflion,  be 

fubftituted  its  value  ^4/- — -•  the  value  of  the  faSd  fruftum 

'        a    ^ 

yvill  be  denoted  by 

fX    X  -: '     ^  •    =ZC  X  CC  X  : ^2—- ^^ • 

I^  60 


porcL  4.    If  to,  or  from,  the  fruftum 


8d*  +4D^-f  3^/» 

~  1 


HDEF  =CA  X  ■. =^— , 

60 
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Here  ac  =i  40,  ag  =:  20,  and  gh  ==  12;  then 
Gc  =40  —  20  =1  20;  and,  by  the  parabola, 
AC*  —  GC*  :  AC*  : :  GH  :  CD  =  16  ;  the  double  of 
which  gives  de  =  32. 

Then  (1^^*  -  40  X  20  +  ^)   X  2^^ 

X  785398  =  (4^  -  T  +  A)  X  5  X  3^*  X7785398 

=   4522t  X  785398  =  355^'094093659  ^^  the 
content  required. 


PROBLEM    XVII. 

^0  find  the  Content  of  the  FruJIum  of  a  Parabolic 

SfindUy  one  of  the  Ends  of  the  Fruftum  pajjing 

through  the  Center  of  the  Spindle » 

Add  into  one  fum,  8  times  the  fquare  of  the  dia- 
meter of  the  greater  end,  3  times  the  fquare  of  the 
diameter  of  the  lefs  end,  and  4  times  the  produd  of 

the 


be  added,  orfubtradied,  the  fruft*  DIKE  =ftf  X \ —^ 

00 

there  will  refultr  X ^ ^-I ^-^z — ^^ -^^^ — --^ 

60 

for  the  value  of  the  fruftum  hikf,  neither  of  whofe  ends  pafs 

through  the  center  of  the  fpindle ;  the  upper  or  under  figns  being 

ufed,  according  as  the  faid  center  is  within  or  without  the  fru£ 

turn,  and  in  which  d  rcprefents  the  diameter  through  the  center 

of  the  fpindle,  d  the  diameter  of  the  lefs  end  of  the  fruftum,  and 

i  that  of  the  greater ;  alfo  a  the  diftance  of  d  from  the  center  of 

the  fpindle,  and  a  that  of  ^  from  the  fame«     Or  in  a  cafk  of  this ' 

form,  ftanding  upon  one  end,  d  will  be  the  bung  diameter,  ^/the  ' 

head  diameter,  2A  the  length  of  the  cafk,  a  :i=  ^  =  w  the  wet 

inches  of  2 a,  and  ^  the  diameter  at  the  furface  of  the  liquor, 

the  value  of  which  diameter  is  as  determined  in  the  following 

corollary. 

CoroL  5.   Since,  by  the  property  of  the  parabola,  a*  :  tf*  :: 
^r^  4  i  D  —  i",  the  valije  of  i  will  be 


aa 
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the  diameters  ;  multiply  the  fum  by  the  length ;  and 
the  produd:  multiplied  by  '05236,  or  ^  of  '785398, 
will  be  the  content. 

,  Thatis,(3DE*4-4DE  x  FH  +  3FH*)  x  cg  x  •05236 
is  the  fruftum  pefh,  by  corollary  3  to  prob.  15. 

EXAMPLE. 

Required  the  content  of  a  calk  in  the  form  of  the 
middle  zone  of  a  parabolic  fpindle,  the  bung  dia- 
meter being  32  inches,  the  head  diameter  24,  and 
length  40  inches. 

The  calk  is  evidently  two  equal  fruftums,  whole 
greater  diameters"  are  32,  and  leaft  24,  and  their 
lengths  each  20 ;  therefore 

(8X32*  +4 X  32  X  24  +  3  X  24*)  X  40  X  -05236 

=  8*  X  (8  X  4*  +  3  X  4*  +  3'x  3*)  X  5  X  '05236 
=  (11  X  16  +  27)  X  8*  X  5  X  -05236  zz  519680 
X  '05236  =  27210*38117  inches  =:  96-4907  ale 
gallons,  the  content  required. 

PROBLEM    XVIII. 

To  find  the  Content  of  the  Fruftum  of  a  Parabolic 

Spindle y  neither  of  whofe  Ends  pafs  through 

the  Center  of  the  Spindle. 

Multiply  the  diameter  of  each  end,  by  its  diftancc 
from  the  diameter  in  the  middle  of  the  fpindle ;  and 
multiply  each  produft  by  the  fum  of  3  times  the 
faid  diameter  of  the  end,  and  4  times  the  faid  middle 
diameter ;  to  or  from  the  produdt  belonging  to  the 
•  lefs  diameter,  add  or  fubtraft  that  which  belongs  to 
the  greater,  according  as  the  center  of  the  fpindle 
is  witliin  or  without  the  fruftum;  to  the  fum  or 
difference,  add  8  times  the  produA  arifing  from  the 
multiplication  of  the  length  of  the  fruftum  by  the 

fquarc 
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fquare  of  the  diameter  in  the  middle  of  the  fpindle ; 
and  this  fum  multiplied  by  •05236,  or  -rV  ^f  '785398, 
will  produce  the  content  of  the  fruftum. 

That  is,  [8de*  X  gl  +  (4DE  +  3FH)  fh  X  gc  ± 
(4DE  +  31  k)  IK  X  Lc]  X  '05236  is  the  fruftum 
HiKF ;  ufing  the  upper  or  under  fign,  according  as 
GL  is  greater  or  lefs  than  go  ;  as  is  proved  in  corol- 
lary 4  to  prob.  15. 

Nofe.    The  value  of  the  greater  diameter  ik  is 

DE  X   GC*  —  LC*   X  (dE—  FH)  .  11  ^     *      ^.U^ 

; — ^ " ;  as  in  corollary  j  to  the 

fame  problem. 

EXA  MP  L  E     I. 

If  the  liquor  in  the  cafk,  in  the  example  to  the  lafl: 
problem,  when  ftanding  upon  its  end,  with  its  axe 
perpendicular  to  the  horizon,  rife  to  the  height  of 
30  inches  ;  what  quantity  of  liquor  will  there  be  ? 

TT         1-      i_  3*  X  20*  —  10*  X  (31  —  i4) 

Here,  by  the  note,  i  k  =  — 

-  30- 

Then,bytherule,[8  x  32*  x  3o+(4  x  32+3  x  24) 
24  X  20  4-  (4  X  32  +  3  X  30)30  X  10]  X  •05236 

=:  [8  X  16*  +  (128  +  72)4  +  (64  +  45)  5] 
X  120  X  '05236  zi  407160  X  '05236  =  21318*84775 
cubic  inches  zz  75*59875  ale  gallons,  the  quantity 
required, 

EXAMPLE      II, 

If  in  the  fame  calk,  placed  as  before,  the  liquor 
rife  but  to  the  height  of  i  o  inches  ;  how  much  will 
be  in  it  ? 

Here  all  the  dimenfions  are  the  fame  quantities  as 
in  the  laft  example,  excepting  gl,  which  here  is  only 
10,  inftead  of  30 ;  and  the  calk  is  lefs  than  half  full. 

Wherefore, 
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Wherefore,  by  the  rule.  [8  X  32*  X  10  +  (4  X  32 
4.  3  X  24)  24  X  20  —  (4  X  ,32  +  3  X  30)  30  X  10] 
x;o5236=:[8x  i6*+(i28  +  72)i2  — (64  +  45)15] 
X  40  X  -05236  =  1 12520  X  -05236  rr  589i'5334^3 
cubic  inches  =  20*89 196  ale  gallons,  the  quantity 
required. 

PROBLEM    XIX. 

To  find  the  Content  of  the  Univerjal  Parabolic  Spindle^ 

of  Solid  generated  by  the  Revolution  of  a  Parabolic 

Segment  about  its   Bafcy  being  an  Ordinate 

to  Any  Diameter. 

Multiply  the  area  of  the  greateft  feftion  by  the 
length,  and  tV  ^f  ^^^  product  will  be  the  content ; 
as  in  the  common  fpindle. 


That  is,  DE*  X  AB  X    't^  =  the  folid  adbea. 


generated  from  the  revolution  of  the  parabolic  feg- 
ment  adb  about  its  bafe  ab,  which  is  a  double  ordi- 
nate to  the  diameter  dp,  and  dce  being  perpendi- 
cular to  AB.* 


EX- 


*    DEMONSTRATION. 

Let  GH  be  parallel  to  cd,  and  hf  parallel  to  dp  ;  and  put 
a  =  DP,  4^  =  Ap  =  ^AB,  Jr  =  CD  =  {;DE,  z  =  AF,  and 
^  =  4«  =  3M4159.  Then,  by  the  property  of  the  parabola, 
AP^  :  AF  X  FB  ::  PD  :  FH  ::  by  fim.  trianglesi  cd  :  gh  =: 

CD 
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EXAMPLE. 


If  an  oblique  parabola,  whofe  bafe  is  inclined  to 
its  diameter  in  an  angle  of  30  degrees,  be  turned 
about  its  bafe ;  required  the  value  of  the  folid  gene- 
rated by  its  revolution ;  the  bafe  of  the  parabola,  or 
length  of  the  fpindlc,  being  80,  and  the  diameter 
from  the  vertex  to  the  bafe  32. 

Here  ab  =  80,  dp  =  32,  and  the  angle  dpc  = 
30"*;  then,  as  radius  =  1:4  =  fine  Z-p  or  30** ::  pp 
=  32:dc  =  i6  the  radius  of  the  greateft  circle  of 
die  fpindle. 


CD  X  AF  X  FB  3z  — ZZ  ^ 

=  2c  X  — T-. —  ::  PC  =  j/fd*  —  dc*  =  a  : 


FG  = 


AP* 
GH  XPC 


CD 


=  4<^    X 


bb 

b%  —  xz 
'  bb 


;  hence  ag  =  af  +  ^g  = 


2  X 


bb  +  Lb^ —  \d% 

^-Tj^ ;  and  the  fluxion/  X  gh*  X  ao  of  the  folid 

will  be  p%  X  ^ ^  V  ^  (^«-««)*  =  ^^^^ 

X  [^2x(3  +  4J)-2^*«x(^  +  8^+^«»  X  (^  +  20iO-8//z3]; 

the  fluent  of  which,  viz.  ^^^— —    v 

b^ 

[i^^x  (^  +  4^-i^*«x(3  +  8/0  +  f3z*x(*  +  2O^-f^z»] 
will  be  a  general  expreiiion  for  the  value  of  the  fegment ;  which, 
when  z  becomes  =  b^  will  be  ^jpccb  =  J-^nbcc  for  the  content 
of  the  whole  folid  adbea,     j^.  E.  D. 

CoroVary.  If  any  parabo- 
las ADB,  ACB,  having  the 
fame  bafe  ab  and  between 
the  fame  parallels  ab,  cd, 
be  turned  about  their  com- 
mon bafe ;  they  will  gene- 
rate equal  fpindles. 

For  the  lengths  and 
greateft  diameters  wiU  be 
the  fame  in  all  of  them* 
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Therefore  32*  x  80  x  -J!,,  x  -785398  =  785398 
X  43690^  =  343i4'5693576,  as  in  the  example  to 
prob.  15. 


PROBLEM    XX. 


To  find  the  Value  of  an   Univerfal  Paraioloid,  or  a 
Body  Generated  by  the  Revolution  of  a  Parabola 

about  Any  Diameter. 


INVESTIGATION. 


1 

r 

M                                        f  •                    ^^ 

M 

C             ] 

B  1 

I     D      a 

Suppofe  AB  to  be  the  diameter  about  which  the 
parabola  ca^  revolves,  cad  a  vertical  feftion  of  the 
folid  generated  by  ac,  and  dgAoc  that  of  the  foUd 
generated  by  ag^;  alfo  let  gih  be  perpendicular, 
and  FEi/ parallel  to  or.  Then,  by  the  property  of 
the  parabola,  ch*  zz  bb  :  ch*  —  Fi*  zz  CH*  — 
(fe  =f  ei)*  zz  bb  —  (y  zp  dy  ::  gh  =  a  :  bb  = 

X  : :  -^  zy  X  (y  ^  d)   :  x  =   —   zay   X  '^-^—  > 

hence  the  fluxion  of  the  folid  zcyyx  will  become 

—   zacy^y  X-^^^^;    and  the    correft   fluent   gives 


ac  X 


(h  ±1  J)^  X  (3^ 


ac 


.a—x 


a—x 


for  the  value  of  the  folid  required  ;  in  which  the  up- 
per figns  refpeA  the  lolid  dkfc  generated  by  cf^  and 
the  under  ones  the  folid  dkfc  generated  by  cf. 

I  CoroU 
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CoroL  I.   When  e  arrives  at  a,  then  j^  =  o,  and 

bhb     — 

f B  +   2CH    _ 


the  expreffion  becomes  ac  x  (i  ^  dy  x  2-3:-.  ~ 


r  X  GH  X  CB^  X  ^^^^^""^  =^  ^y  fubftitiiting  for  gh 
its  value  ^2121^,  ,  x  cb*  X  ab  x  '-^^  for. 

CB   X   BC  ;  OBC 

the  folid  CAD. 

And  if  CM  be  an  ordinate  to  the  diameter  ab  ; 

AB    X    BC 

we  fhall  have  bc  :  bc  ::  ab  ;  am   =   — r;; — ; 

Bf  +   2CH  •ii      1  2AB  +  AM  j 

hence  ab   x  — ^^7 —  will  be  =  ^ ,    and 

confequendy  the  above  value  of  the  folid  cad  be- 

-  2AB   +  AM 

comes  f  X  CB    x  g • 

CoroL  2.  When  b  coincides  with  h,  ^  will  be  =  o, 

^4  «-  «4 

and  then  the  rule  becomes  ac  x  -77J-  =  c  x  ^ni 
'X  (bi  +  yy)  for  the  fruftum  cvfc  generated  about 
HI,  as  in  problem  12.     Or  f  X  ch*  x  4-gh  .for  the 
whole  paraboloid,  as  in  prob.  11. 

THE    INVESTIGATION    OTHERWISE. 

Suppofing  FL  to  be  an  ordinate  to  the  diameter 
AB,whofe  parameter  is;>;  and  putting  m  and  n  for 
the  fine  and  cofme  of  the  angle  L,  tothe  radius  i  ; 
we  Ihall  have  fl  =  >/f  x  al  =:  \/p^y  where  x  is 
now  =:  al;  then  fe  =  m\/pXy  and  le  zz  ny/px; 
hence  AEirAL  +  LE=:A?  +  n\/px.  Then  the  fluxion 

of  the  folid  f  x  fe*  x  ae  is  cm'^px  x{x  +  l.nx^/^)i 

whofe  fluent  gives  cm^px  -^i^x  '\' \n'^px)'=L  ^cyy 
X  (3;^  +  in^px)  zz  -J-f  X  FE*  X  (2AE  +  al)  for 
the  value  of  the  folid  afk,  generated  by  the  revo- 
lution o'f  AF.  And  ^c  X  CB*.x  (2AB  -f  AM)  for 
the  folid  CAD,  as  above. 

Scholium. 
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Scholium.  It  is  evident  that  the  furfacc  of  this  folid 
might  be  found  by  the  method  by  which  we  deter- 
mined that  of  an  elliptic  fpindle ;  and  the  furface  of 
the  parabolic  fpindle  might  eafily  be  determined 
alfo,  if  there  appeared  any  occafion  for  it ;  but  not 
by  the  fame  method* 


SECTION    VII. 


OF    HYPERBOLIC    LINES,    AREAS,    SURFACES, 

AND    SOLIDITIES. 


DEFINITIONS. 


TO  what  hath  been  faid  of  the  hyperbola  among 
the  conic  feftions  in  general,  may  be  added 
the  following  obfervations. 


If  AVB  touch  the  hyperbola  in  the  vertex  v,  and 
be  equal  to  the  conjugate  axe,  viz.  av  and  VB  each 
equal  to  half  the  conjugate  axes  and  if  from  the 

center 
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center  c,  through  the  extremities'  a,  b,  right  lines 
CA,  CB,  be  drawn;  thofc  lines  will  be  what  are 
called  afymptotes  to  the  hyperbola ;  that  is,  they  are 
lines  which  continually  approach  to  the  curve. 

And,  like  as  the  conjugate  axe  is  a  tangent  to 
the  curve  at  the  vertex  of  the  tranfverfe,  and 
bounded  by  the  afymptotes ;  fo,  if  to  the  extremity 
D,  of  any  diameter  dt>y  be  drawn  a  tangent  aiyby 
and  terminated  by  the  afymptotes,  then  ab  will  be 
the  conjugate  to  ^d. 

When  the  afymptotes  form  a  right  angle  at  the 
center,  the  hyperbola  is  faid  to  be  right-angled; 
as  alfo  equilateral,  becaufe  its  axes  are  then  equal 
to  each  other. 


PROBLEM    I. 

To  ConftruEi  an  Hyperbola^  having  given  the  Tranfvcrfs 
and  Conjugate  Axes  ab  and  2Bc. 

The  femi  -  conjugate 
Bc  being  eredied  per- 
pendicular to  AB,  and  D 
being  the  middle  of  ab, 
or  the  center  of  the  hy- 
perbola ;  with  the  center 
D  and  radius  dc,  de- 
fcribe  an  arc   meeting     y^  ^   >. 

ab,     both    ways    pro- 
duced, in  F  and/;  which  will  be  the  two  foci. 

Then,  affuming  feveral  points  e  in  the  tranf- 
verfe produced,  with  the  radii  ae,  be,  and  centers 
/,  F,  defcribe  arcs  interfeding  in  the  feveral  points 
G ;  through  all  which  points  draw  the  hyperbolic 
curve. 


Dd 
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PROBLEM     II. 

In  an  Hyperbola^  to  find  any  Two,  Conjugate  Diameters^ 

an  Ordinate  to  one  of  them,  and  its  Abjcijsy  one 

from  another  \  viz.  having  any  three  of  them 

given,  to  find  the  Foufth. 

CASE       I. 

To  find  the  Ordinate. 

As  any  diameter  : 

Is  to  its  conjugate  : : 

So  is  the  mean  propor/  between  the  abfcifles  : 

To  the  ordinate.* 


That   is,  as   ^   :    r    : :    \/{d  +  x)  x    :    y    = 

^  v/(^  +  x)  x;  where  d  denotes  the  diameter,  c  its 

conjugate,  y  an  ordinate  to  the  diameter,  and  x  its 
abfcifs,  pr  its  diftance  from  the  vertex  of  the  di- 
ameter, meafured  upon  it. 

Note.  In  the  hyperbola,   the  lefs  abfcifs  added  to 
the  diameter,  gives  the  greater  abfcifs. 

EXAMPLE. 

If  the  diameter  be  24,  its  conjugate  21,  and  the 
lefs  abfcifs  8  ;  what  is  the  ordinate  ?     . 


By  the  rule,  .^^<±:iL- zi  iiJ^^ 
14  the  ordinate  required. 

CASE 


*  The  rallies  of  the  fevcral  quantities,  in  the  four  cafes  of 

this  problem,  are  ealily  found  from  the  general  property  of  the 

,  curve,  viz.  dii  :  cc  ::  {<1-\-,v)x  \ yy.    The  demonflration  of  which, 

together  with  that  of  the  preceding  problem,  belongs  to  conic 

i'edtions. 
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CASE      II. 

Ho  find  the  Abfcijfa. 

As  the  conjugate : 

I3  to  the  diameter  : : 

So  is  the  root  of  the  fom  of  the  fquares  of  the 

ordinate  and  femi-conjugate  : 
To  the  diftance  between  the  foot  of  the  ordinate 

and  the  center. 

Then,  to  and  from  this  diftance,  add  and  fubtraft 
the  femi-diameter,  and  the  fum  and  difference  will 
give  the  two  abfcifles. 


That  is^  ,.y^^^"r^.y  it  ^i/  —  Af  the  greater  or  lefs 
abfcifs,  according  as  the  upper  or  under  fign  is  ufed. 


EXAMPLE. 


The  diameter  and  its  conjugate  being  24  and  21, 
required  the  two  abfciffes  to  the  ordinate  14. 


Here  "^^-^'-^yy  ±  U  =•  H^-^^^^^-^H^  ^  ^^ 


21 


=  *-^'^  ±  12  =  4v/?+?  d=  la  =  20 
±.  12  =  32  and  8,  the  two  abfciffes  required. 

CASE       III. 

^0  find  the   Conjugate. 

As  the  mean  .propor.  between  the  abfcifles  : 
Is  to  the  ordinate  :  l 
So  is  the  diameter  : 
To  its  conjugate. 

That  is,  \/(d  +  x)x  :  y  : :  d  :     ^;-  .    ^     =  c* 

j>  d  z  £  X- 
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1&  X  A  MP  L  £. 

What  IS  the  conjugate  to  the  diameter  24,  the 
lefs  abfcifs  being  8^  and  its  ordinate  14^ 

Hel-e --^^^  =  i4^=ii  =  fii^^  the 

conjugate. 

CASE      iV. 

To  find  the  Diameter. 

To  or  from  the  root  of  the.  fum  of  the  fquaret 
of  the  ordinate  and  femi-conjugate,  add  or  fubtradt 
the  femi-conjugate,  according  as  the  lefs  or  greater 
abfcifs  is  ufed  :  Then,  as  the  fquare  of  the  ordinate, 
is  to  the  produdt  of  the  abfcifs  and  conjugate ;  fo 
is  the  fum  or  difference,  above  found,  to  the  di- 
ameter. 


That  is,  ex  X  ^^^^"^yy^^^^  ^  d. 

yy 


EXAMPLE. 


The  lefs  abfcifs  being  8,  and  its  ordinate  14, 
required  the  diameter,  fuppofing  the  conjugate  to 
be  2 Ik 

Here 


yy  14  X  14 

=  3  xiiHIlIi+ii  =3  x(^/F^^  + 3)  = 
2  X  (5  +  3)  =  24,  the  diameter  required. 

P  11  o- 


r' 
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PROBLEM    III. 

Having  given   any  Two  Abfcijfes ,  x,   x,  and  their 
Ordinates  Y,y;  to  find  the  Diameter  d  to 

which  they    belong. 

Multiply  each  abfcifs  by  the  fquare  of  the  or- 
dinate belonging  to  the  other;  multiply  alfo  the 
fquare  of  each  abfcifs  by  the  fquare  of  the  other's 
ordinate;  then  divide  the  difference  of  the  latter^ 
produds  by  the  difference  of  the  former  J  and  the 
quotient  will  be  the  diameter  to  which  the  ordi- 
nates belong.* 

That  is,  ^J^U^'JLIl  -  i^ 

'      XKY  C/5  xyy 
EXAMPLE. 

If  two  abfciflcs  be  i  and  8,  and  their  two  ordi- 
nates 44  ^^^  H>  what  is  the  diameter  to  which 
they  belong  ? 

Here  ^^^^  ^  -^^^^  _  8*  x  4^  x  41-  -  i*  y  14*  _ 

*YY  —  xyy  I  X  14*  —  8  X  4^  X  4t      "^ 

3SX  35 --14x14  _  S  X  5-2  X2  _  21  yj  _  ^j^^ 

H^H-3S     4t        2X2-5xi  7  ^^ 

diameter  required. 

D  d  3  FRO 


I 
*    DEMONSTRATION. 

By  the  nature  of  the  hyperbola,  Jx  -{•  xx  :  Jx  +  -Jtx  :: 
TY  :  yy^  or  dxyy  +  xx^j>  =  </;rYy  +  xxYYi     h^ncc  d  := 
XXyy  —  ;rjfYY       ^     «    ^ 
xxf  —  xyy        ^^ 
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PROBLEM    IV. 

Given  any  ^bree  Equidiftant  Ordinates  a^  i,  c,  with 

their  Common  Dijlancej  or  Common  Difference  d 

of  their  Abjciffes  ;  to  find  the  Diameter  d 

to  which  they  belongy  together  with  its 

Conjugate  c. 

•  From  the  fum  of  the  fquares  of  the  extreme  or- 
dinates, take  double  the  fquare  of  the  middle  one ; 
and  call  the  diiference  a. 

From  the  fquafe  of  the  difference  between  a  and 
double  the  faid  fquare  of  the  middle  ordinate,  take 
4  riiTies  the  fquare  of  the  product  of  the  extreme 
ordinates ;  and  call  the  fquare  root  of  the  remain- 
der B. 

Then,  as  a  is  to  b,  fo  is  the  given  common 
diftance,  to  the  diameter  to  which  the  ordinates 
belong. 

And 


•demonstration. 

r 

\ixht  the  abfcifs  to  the  Icaft  ordinate  a^  by  the  nature  of  the 

hyperbola  we  fhall  have  thefc  three  equations, 

cc  cc 

€ia=:  —  X  (d  +  x)  X  X  =  —  X  ipx  +  xx\ 

DD  1)D 

CC  cc 

hh=i—  x{D  +  X'\'d)x{x+d)     =—    X 

t>J>  DD 

{l>x  -^  XX  -{•  2dx  +  D</  +  dd)f 

cc  cc 

rr  =  —  X  {d  +  x  +  id)  X  ix  •\'  id)  =   —  X 

DD  DD 

(D;r  +  jr*  +  ^dx  -f  ivd  +  ^dd)» 

And  by  fubtracfting  the  double  of  the  fecond  from  the  fum  of 

the  firu  and  third,  we  obtain  this  equation, 

,,    .  cc  -,        J,  cc       aa'~2hh-{-cc 

ma  ^  2ob  -{-  cc  =i  —  X  idd^  and  hence  —  =s p; • 

DD  DD  idd 

Again,  taking  the  firft  equation  from  the  fecond,  leaves  hh-^aa 

=  —  X  {zdx+  vd+dd)i  hence* s= —  x -, ^  = 

DD  cc  2d  2 

dx 
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And  as  the  common  diftance  of  the  ordinates,  is 
to  the  root  of  4- a,  fo  is  the  diameter  d,  to  its  con- 
jugate c.     That  is, 

Ja/(  ^  aa -i- ±hi  ^  ccy -^  ±aacc  ,  Da/tA 

aa  —  2^0  +  ,cc  '  a 


EXAMPLE. 

• 

Required  the  diameter,  and  its  conjugate,  to  which 
belong  the  three  oMinates  4-|.,  14,  and  Vv^^5j 
their  common  diftance  being  7. 

< 

Here  the  diam.  d  1=  -^^-^ rr-r  — = 

,  aa  —  290  +  cc 

'ti/TTr*         3^^^         6;  X  2i\»         4x65x3;^  xlT^ 
y       ^zo    —  —  gj       ;    ""*  8^  _ 

-g^  -   2  X   14    +  — gi 


7v^(.^^^  ■-  S^  --6g  X  3^)-  -  6s  X  10^  X  3*  —  7x136  _ 

5*  -  a  X  i6*  4-  65  X  3*  ""      98      ^    ^* 

D  d  4    .  And 


hh  —  aa  D  +  J        ,       2  3^  — itftf  —  J.cf 

aa^2bo-^cc  2  aa -^  200 -i- cc 

^  1  cc       ,     .     .  tf«  — 2  33  +  rr 

Confcquently,  tf«  =:  — «  x  (d4;c)  X  x  z^ Tj X 

DD  2aa 

,  ^  2hh  —  laa  —  4^^v*         ,    -1  j  i_ 

tf«  —  2bh  +   fC  A 

Air     f  .1.  .         CC  tf«  —   2^3   +  ^^    .      J   J         J 

Alio  from  the  equation  —  =  t, »  *s  deduced 

DD  2dd 

D     aa  '■^  ihh  -k-  CC       Da/tA     .   -  .  >«*    ^    •^ 

-y =    .^^     =  the  conjugate  c.     ^  E.  D. 

d  2  d 

Corollary.   Hcncc  the  Aim  of  the  fquares  of  the  extreme  ordi« 
nates,  is  greater  than  double  the  fquare  of  the  middle  one. 
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And 

7^x8*         ^'ix8*  2  ^2 

=  Tv/50— 32*  +9X 130  =  4-V/196  =  |X  14  =  2 1, 
the  conjugate  c. 

« 

PROBLEM    V.      ' 

To  find  the  Length  of  an  Arc  of  an  Hyperbola^  the  Arc 

beginning  at  the  Vertex. 

RULE       I.* 

Put  a  zz  the  femi-tranfverfe  axe,  c  zr  the  femi- 
conjugate,  q  =  — -; — ,  j^  =z  an  ordinate  to  the  axe 
drawn  from  the  end  of  the  arc  required,  a  i=  the 

hyperbolic  logarithm  of -^! — ^— — ^  =  ^•302585093 
X  common  log.  ot-^ — ^ ^,  b  ^<^ ^ , 

C  —  ;;  ,    P  — 


4  '  6 


p  =  y  v^^  +f  -  7^^°,  &c. 

0 


Then 


*    DEMONSTRATION. 

Putting  X  =  the  abfcifs  of  the  ordinate  j^,  we  ihall  obtain,  fronn 
the  nature  of  the  curve,  x  =  -^ ^^  —  «,  and  therefore  x  = 


L>'>'  i_  «^^   •        ./".•••/  ^^ 


.;  hence  z  =  v^;v;r  4-^^^  =  j' 


.     — 


Csjcc^yy  cc  •\- yy 


^y 


/        cc  +  aa  cy  ^ — ^ cy 


tfcc'\-yy  ^  s^cc-^-yy  i^cc+yy 

z  2*4  2.4"0  2t4«^«9 

But 


i 
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Then  will  the  length  of  the  arc  ibe  expreffed  by 
^  X  (A  +  i-B  -  2ic  +  ^D  -  i:5|lE  &C). 

^       '     2  a.4  2.4.6  2.4.6«8  ' 

EXAMPLE. 

'  Required  the  length  of  the  curve  correfponding  to 
the  ordinate  lo,  the  tranfverfe  and  conjugate  axes 
being  80  and  60. 

Here  a  n  40,  c  zz  30,  and  j'  =  10 ;  hence  q  = 

ec  -\-  aa  2500  i  y ; - 

— IT —  =  Q-^ —  =  — ;   \/cc  +yy  ;r  10/10  = 

f4  810000  324'      '     -^"^  ^ 

31*62277662;    and-^-i-^^i^   1=    1-387425887; 
whofe  hyperbolic    logarithm  is   '3274501  :;z  a; 

alio  -^--^ ^ zi  10-76133  =  B. 


y^^cc^y,-^cc^  _  641796405         =  C. 


and  =2-^^ ^—L —  =  3540529-3125  =  e. 

Then 


But  the  fluent  of ^ is  the  hyp.  log.  of -^^i^^^ii^  =  A  5 

that  of  — —<^ —  IS  <^ -^^ =  B I 

that  of  -^i=.  J.  yW:^i±yy.jziiii  =  c; 

»/<^'+yy  ♦ 

that  of  -r4~=-  IS  ^-^ ^^ — 2 =  D,  &c. 

»Jcc-\ryy  " 

Thcref.«  =  i:  x  (a  + -?8  -  2lc  + -Hip — L5|1e  &c). 

2         2.4        2.4.0        2.4.6.8         ^ 
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Then  +        A  =  -327450,—      f-c  =  -000764. 

+    Xb  =  '016607, ^    i  pE  =  '000012 

+  "^^I^  —   '000084  —  '000776 

+  -344141 
—  '000776 


•343365  the  futn  of  the  fcries, 
which  multip.  hy  c  =  30 

produces  10*30095  the  length  of  the  arc, 

« 

RULE       II.* 

Ufing  the  fame  fymbols  as  in  the  laft  rule,  the  arc 
will  be  exprefled  by  the  feriesj  X  ( i  +  r::;^* g"  J^* 

or 


« 


*    DEMONSTRATION. 


aa  +  cc 
f  oit,  by  the  dcmonft.of  the  laft  rule,  % 


IS  =:j^V 

cc  '\- yy 

=,  by  extradling  the  root  of  the  numerator  and  denominator^ 

"" 

and  then  dividing  the  one  by  the  other,  y  x 

^^  +  17^* — rf— ^^  +  — :r^.-^^^ — ' -- 

S.^4-H^-^-  +  48^-^  +  64£c;^,^^^^     And.  by  taking 

4.4.^.' 
tbe  fluents,  we  obtain  the  feries  at  in  the  rule. 
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or;,  X  (I +*^A---li^.JL^ +fl±±!l!!4±!.  SZ!c 

5«* -f  24tf*r*  +  48tf*c* +64.C*    7j^*       o     V 

Putting  A,  B,  c,  &c,  for  the  ift,  2d,  3d,  &c,  term. 

EXAMPLE. 

'  Taking  the  fame  example  as  to  the  laft  rule,  in 
which  a  -^  40,  c  zi  30^  and^  :=:  10  j  we  (hall  obtain 
A  =  I  c  =  '003170 

B    ZZ   0*032922  E   =  59 

D  :z  398  —  -003229 


+  1-033320 

—     -003229 

I 

the  fum  1-030091  which  multiplied 

by     j^  zi  lo 
produces  10-3009 1  the  arc,  nearly  as  before. 

RULE       III.* 

I .    To  2 1  times  the  fqpare  of  the  conjugate,  add 
9  times  the  fquare  of  the  tranfverfe ;  and  to  the  fame 

21  times 


*  DEM01V8TRAT10N. 


firft  X  = tf,  ufing  the  fame  fymbols  as  in  the 

laft  rules,  =  ^*  _  _^  +  Jfit llil^&c. 

ar*         a.4r*         2,4. 6r^    .    2.4.6.8r^ 
Then  proceed  as  in  rule  5  for  the  elliptic  arc. 

T,,  A  +  (B  +  ,)*  AH-(B+.)X(g-g>c) 

Thu3  y  X  -^ — ^: ^  =  v  x ■ — 
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21  times  the  fquare  of  the  conjugate,  add  19  times 
the  fquare  of  the  tranfverfe ;  and  multiply  each  fum 
by;  the  abfcifs. 

2.  To  each  of  ^hefe  two  products  add  15  ^imes 
the  produd  of  the  tranfverfe  and  fquare  of  the  con- 
jugate. 

3.  Then  as  the  lefs  fum  is  to  the  greater,  fo  is  the 
double  ordinate  to  the  length  of  the  curve,  nearly. 

That  IS,  --  ■;  T  /    1  . 7f-'><  y  =  ^"^  length 

of  the  curve  nearly ;  where  /  is  the  tranfverfe  axe,  c 
the  conjugate,  x  the  abfcifs,  and  y  the  ordinate  cor- 
rcfponding  to  the  arc. 

EXAMPLE. 

Taking,  again,  the  fame  example,  we  have  /  r: 
8q,    c  =z  60,  y  zz  10,    and  x  =  ^'^^    ^^ a 

c  ^  30  ^  3 

=:  2'i63702i6. 

Then 


<»»*'         Atf  +  2Ba*    ...  ... 

-  ^.  "^  ^^  "^  7ir^ — %^J7^~^   ^^'  "^^^"^  p"*  = 

y   X    (I   +  T^ ; y*  &c)  the  value  of  the 

^         ^  6c+  40  c*        "^ 

arc  in  the  laft  rule.     Then,  by  equating  the  corrcfjponding 

a  a^ 

terms,  we  have =    -— - , 

or  A  ;;=  - —  =s  lp\   and  — 5— r-r —  =  ^ — = • 

21  cc 

putting/  for  the  parameter,  and  /  for  the  whole  tranfverfe  axe. 

Confequently 


Seft.  7«]  HYPERBOLIC    AREA.  413 


X 
X 


Then  y  x  iS£lL±ii9fjLL'll) 

_    ic  X  60*  X  80  +  (19  X  80*  +  21  X  6o*)2m6 
'—    jQ    y^      J  ^ '  ■  III       — 1 . 

15   X  60*    X   80  -+-  (9  X  80*   +  21    X   60^)2-16 

=    10   X  l!866205i6488  _   ^^  the  length  of 

Ii520*5i28i928  o      j7  o 

the  arc  required,  very  near. 


PROBLEM    VI, 


^ofind  the  Area  of  a  Segment  cut  off  an  Hyperbola  by 

a  Double  Ordinate* 


RULE       I. 


From  the  produdl  of  the  ordinate  and  its  diftaiice 
from  the  center,  fubtradt  the  produdt  arillng  from 
the  rnultipHcation  of  the  produft  of  the  femi-axes, 
by  the  hyperbolic  logarithm  of  the  quotient  refulting 
from  the  divifion  of  the  fum  of  the  produAs  of  the 
femi-tranfverfe  multiplied  by  the  ordinate,  and  the 
femi- conjugate  multiplied  by  the  faid  diftance  of  the 
ordinate  from   the   center,  by    the  product  of  the 

femi- 


Confcquently  y  x ^ — - — —  is  =  y  X = 

.         19/    +     lip 

y    X ^    -^ — .  \  \    . TT-   X  y. 

^  E.  D. 

Corollary.  A  right  line  may  be  found  nearly  equal  to  an  hy- 
perbolic arc,  by  proceeding  in  the  fame  manner  as  in  the  corol- 
lary to  rule  5  for  the  arc  of  the  ellipfe,  taking  here  pg  = 
,        .    19AK  H-  2IAP 

Iap  +  -i— X    AD. 

iOAlC 
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fcmi-axes ;  and  the  remainder  will'  be  the  area  cut 
off  by  the  double  ordinate.* 
That  is,  CB  X  BD  —  ca 
X  AE  X  hyp.  logarithm  of 

CA  X  BD  +  cn  y  AE 

—    :z:  vy  — 


CA  X-AE 

ac  y.   hyp.  log.  of  ^ — -^ 

IT  the  area  adf;  putting       _ 
a  =  the  femi-tranfverfe  axe     Q      j^ 
CA,    c    zz   AE    the    femi- 
conjugate,  j^  —  bd  the  ordi- 
nate, and  ^  ir  CB    its  dif- 
tance  from  the  center. 


F 


Note 


*    DEMONSTRATION. 


The  fluxion  of  the  area  abd  is  j?  v  =  — ^ ,  by  the 


,          cv  a/w  —  as      nc 
nature  of  the  curve ;  the  fluent  of  which  is  —  X 

la  2 

h.  l.of ^ —  =  the  area  abd;  the  double  of  which  will 


,     cva/w  -^  aa  ,     ,  ^v+  a/w  —  aa 

be  — ^ ac  X  h,  l.of ^ =:  vv  —  « c  x 

a  a  "^ 

V      y  tfv  "4"  cv 

h.  1.  of  (-  +-)   =  vv  —  tfc  X  h.  1.  of -:i--^ the   whole 

a       c 

fegment  adf.     ^  E.  D. 


ac 


^     ,        r«t      ^         i.                    c'Ua/*o*v  —  aa  «    1      r 

Coroh  I.  The  fame  feg.  adf  or  — ^ « r  x  h.  1.  of 


V 


+  ^"'^-^'*,i8»lfo  =  ^-^^'"+^-^-.r  X  h.l.ofy+^"+^^ 


=  tf  c  X  {q^/i  -^  qq  —  ^^  !•  of  (^  +  a/'  +  qq) 


==  ac  x.(a.v'Q^Q^—   1  —  h.  1.  of  Q.+  \/q^Qm-**  0» 


^y 


*if 


putting  y  =  — ,  and  q^=:  — • 

C  A 


C^r^h 
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Note  I .  The  fame  rules  will  ferve  for  any  other 
two  conjugate  diameters,  and  their  abfcifs  and  or- 
dinate; 'multiplying  the  refult  by  the  fine  of  the 
angle  formed  by  the  abfcifs  and  ordmate,  to  the 
radius  1. 

Note  2.  The  hyperbolic  logarithm,  is  equal  to  the 
common  logarithm  multiplied  by  2'302585093. 

EXAMPLE. 

Required  the  area  of  an  hyperbola,  whofe  bafe  is 
24,  and  altitude  10;  the  tranfverfe  axe  being  30. 

Here 


CoroL  2.  If  from  the  triangle  cbd  =  i^fy^  be  taken  the  fcmi- 
fegment  abd  =  J  v^  —  Jtf  c  x  h.  1.  of  -^ ,  there  will  remain 

tf  c 

ay  "^  c*v  g, 

^ac  X  h,  1.  of  -^ for  the  value  of  the  hyperbolic  fe^or 

CAD.  When  y  or  v  are  fiippofed  infinite ;  then  the  fe6lor  be- 
comes the  fpacc  cag  between  the  afymptote  and  the  curve  in- 
finitely produced,  and  the  exprellion  for  it  becomes  infinite, 

Coroh  3.    Whpn  the  hyperbola  is  equilateral,  then  a\%  zz  c^ 

and  the  area  adf  zz  vy  —  aa  x  h*  1.  of ^. 

•         a 

CoroL  4.  When  a  and  c  coincide,  the  hyperbola  becomes 
a  triangle ;  and  becaufe  ca  and  ae  are  then  each  =r  o,  the  rule 
will  become  barely  cb  x  bd  or  ab  x  bd  for  the  area, 

CoroL  5.  Similar  fegments  of  any  hyperbolas,  are  to  each 
other  as  the  redangles  of  their  axes.  Where  by  (imilar  feg- 
ments, are  meant  thofe  whole  ordinates  or  abfciflcs,  are  as  their 
like  axes  or  diameters.     For,  by  corollary  i,  the  fegment  being 

exprcfled  by  ac  x  {g^i  +  qq  —  hyp.  log.  of  ^4-  y^i  +  gg) 

or  ac  X    Q^QJKr-  i  -   hyp.  log.  of  0^4-  ^clq^—  i  ;    and 

y  V        . 

^  =  -»  or  Q^  =  - ,  being  the  fame  in  all  fimilar  fegments, 

thofe  fegments  will  be  as  ac. And  hence,  fimilar  fegments 

of  equilateral  hyperbolas,  arc  as  the  fquares  of  their  axe?,  or  of 
their  like  diameters. 

4      ^  Hence 


4i6                9TPERB0LIC  AREA.         [Part  J. 
Here  ^  =  15,  j  —  12,  and  v  =  25. 
Hence  c  zz  —       ■  ^-^  =  -  ^ =  —  =  o. 

Then  ^tir  —  15  -^  ir  4-9x^5  _  4+J   _       . 

ac  15  -^  9  3 

whofe 


Hence  alfo,  hyperbolas  of  the  fame  tranfverfe  axe  and  abicifs, 
are  to  one  another  as  Uieir  conjugate  axes  ;  but  if  their  bafes  or 
ordinatrs  and  conjugate  axes  be  the  fame,  they  Will  be  as  their 
tram  verfe  axes.     For  when  a  and  v  arc  the  fame,  the  quantity 

cv^^*:'*v      aa                             ^v  -^  A/'i/v  —  aa  ,  ,     , 

■  tf  r  X  n.  1,  of IS  as  f :  and  when 

a  a 


c  and  »  are  the  fame,  then  'J^tLiJl  _  «c  x  h.  1.  of^±^-fI±2? 

"^  c  c 

is  as  a. 

And  confequently,  having  the  quadrature  of  any  one  hyper- 
bola, from  it  we  may  Hnd  that  of  any  other  hyperbola;  viz, 
knowing  the  area  anlwering  to  every  abfcifs  in  any  one  hyper* 
bola,  we  can  find  the  arei  anlv.  ering  to  anv  abfcifs  in  any  other 
hyperbola.  For  we  can  li.id  a  limilar  abfcifs  in  the  fquared  hy- 
perBola,  with  the  conclpondingarea.  Then,  as  the  rcdlangle  of 
the  axes  of  the  fjuared  hyperbola,  is  to  the  rectangle  of  thofc 
of  the  hyperbola  propofed,  fo  is  the  area  of  the  former,   to  that 

of  the  latter. Thus,  let  /,  c  be  the  tranfverfe  and  conjugate 

axes  of  any  propofed  hyperbola,  and  x  its  abfcifs ;  alfo  t,  c  the 

_  T  X 

axes  of  the  fquared  hyperbola:  Then,  /  :  t  ::  a-  :  —    =:    the* 
limilar  abfcifs  in  the  fquared  hyperbola,  whofe  correfponding 
area  call  a:    Then,  as  tc  :  /c  ::  a  : =  the  area  of  the 

TC 

hyperbola  propofed.— —Now,  it  will  be  moft  convenient  to 
have  the  fquared  hyperbola  an  equilateral  one,  whofe  axes  arc 
each  an  unit.  For  then  we  need  only  divide  the  abfcifs  of  the 
hyperbola  propofed,  by  its  tranfverfe  axe,  and  multiply  the  pro- 
dud  of  its  axes  by  the  area  anfwering  to  this  quotient  in  the 
fquared,  or  equilateral,  hyperbola.  And  this  is  fi  mi  I  ar  to  find- 
ing the  fegments  of  circles,  and  cllipfes,  from  thofc  of  a  circle 
whofe  fegments  are  already  calculated,  and  arranged  in  tables. 

Corel,  6.  If  a  and  c  be  any  other  two  conjugate  diameters,  ai\d 
A  the  fine  of  the  angle  formed  by  a  and  its  ordinates,  to  the  radius 
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whofe hyperbolic  log.  is  i'0986i2288^;  which  being 
multiplied  by  ij^  zz  15X9,  prpduces  i48'3 1265897; 
and  this  being  taken  from  vy  zz  z^X  iz  zz  300, 

^leaves  the  area  required  =  i5i*68734io3. 


Ee 


RULE 


•f^m 


I;  It  IS  very  evident  that  2i —  sac   X    h.  1.  of 


^  +  \/w  —  aa 


will  denote  the  oblique  fegment  cut  off  by  a 


double  ordinate  to  the  diameter  ^x.     Andi^  in  this  expreffion, 
for  ja  and  sv  be   fublbtuted  refpeftively  a  and  v,  the  faid 

oblique  hyperbola  will  be  exprelTed  by  ^^v  ^^  •"  ^ at  )C 


h.  1.  of 


V  4-  ;/vV  —  AA 


;  which  alfo  expreiTes  a  right  hyperbola. 


wh^fc  tranfverfe  and  conjugate  axes  are  a,  r,  and  the  diftance 
of  its  bafe  from  the  center  v. 

And  hence  is  evident  the  following  conftru6tion,  which 
So H 00 TEN  firft  demonftrated,  in  a  very  operoie  manner,  in  his 
ExercitatUncs  Mathematics^  Lib.  4* 

Viz.  Let  AD  be  a' double 
ordinate  to  the  f^mi-diame* 
ter  cv,  of  the  oblique  hyper- 
bola AVD.  Draw  y*v  paral-  . 
lei  and  cvh  perpendicular 
to  AD  ;  and  with  the  femi- 
tranfvcrfe  cv  and  femi-con- 
jugate  =  the  femi-conjugate 
of  cv,  defcribe  the  right 
hyperbola  Mvd,  And  the  A 
right  hyperbola  anjd  will  be 
=1  AVD  the  oblique  one  propofed;  alfo  ad  ==  adi  and  every 
other  pair  of  correfponding  ordinates  ef,  ef^  equal  to  each 
other. 

CoroU  7.  Hence  it  appears  that  all  hyperbolas, .  having  the 
fame  center,  and  equal  bafes,  and  between  the  fame  parallels 
Ad,  yv^  infinitely  produced,  are  equkl  to  each  other;  as  are  alfo 
their  correfponding  fections  e p,  ef,  parallel  to  the  bafes ;  and 
likewife  the  intercepted  fruftums  aefd,  aefd^ 

Or*/. 


4i8 


rV^ersolic  area. 


[Part  3 


R    t;   L   E      II.* 

Putting  «  =t  the  abfcifs  ab,  and  the  reft  of  the 
letters  as  in  the  firft  rule,  alfo  z  x:  7— tT' 


Then 


2*jr 


■  ■  * 


'^tiimw 


CoroL  8.  Let  AB  be  the 
femi-tranfvcrfc  axe  of  th« 
hyperbola  dbc;  draw  CF 
parallel,  and  bf  perpen- 
dicuiar  to  ab;  and  draw 
AFG  meeting  dc  produced 
in  G  ;  then  upon  the  bafe 
CD  of  the  hyperbola  dc- 
fcribe  a  parabola  i>hc» 
having  its  parameter  equal  -r^ 
to  the  conjugate  axe  of  the 
by^rbola.  And  (eg  -  ch)  X  ab  will  be  equal  to  the  hyper- 
bolic area  ebc* 

For  the   area  ebc  =  a  =  iiyr  —  kac  x  h.  !•  of— , 

and  a  x  the  curve  ch  =  «  c  =  \'uy  +  \,ac  x  h.  U  of 


ac 


by  addition,  a  +  « c  =  17,  and  therefore  A  =  vy  —  tf  c  3 

tf  x  (^  -  c)  =  {^ILHf  -  ch)   X  ab  =  (Ed  -  ch)  X  A». 
tf  ^     ab 

So  that  the  quadrature  of  the  hyperbola  dbpend»  upon  the 
replication  of  the  parabola* 

CoroL  9.  By  fubtra£ting  the  feg.  vy  ^  ac  X  h.  1.  of 


from  the  fegment  vy  —  «f  x  h.  1.  of 
there  will  refult  VY  —  oy^  —  iir  X  h.  1.  of 


ae 
«Y  +  f  Y 


ay  +  f  *!.• 

for  the?  fruftum  included  by  two  parallel  double  ordinatcs  lY, 
2y  I  their  dillances  from  the  center  being  v,  *tf* 


*    DEMONSTRATION* 

The  fluxion  of  the  area  is 

X 


cxJzax  -f  XX 

y^  = 


Then  inflead  of 


write  sK,  In  or- 


2tf  +  * 

der  that  the  fluent  c^uantity  %  may  be  lefs  than  i,  ahd  by  that 

4  meant 
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3       '-3-5         3-S-7  5-7-9  7«9-"  ^ 

ixyXC--^  ^kz  —  -B2  —  -^cz ^  DZ  &cy 

"^^3       5  7  9  "  ^ 

E  C  2  will 


^iaM*i 


means  the  feries  be  made  to  conrergt  by  its  powers  and  the 

(aid  fluxion  s  - 

•    ^ t  • 

**  r= — 2: will    be    =     =     iMcz^sL    X 

(i*a  +  i.3«  4-  3.4**  +  4.5«*  &c); 

Mid  the  fluent  \%  ^at%^  x  (—  +  ^«  +  ^«*  +  — «i*  &c) 

3  5  7  9 

rr  the  femi-iegment  abd« 

Now  although  this  feries  converge  by  the  powers  of  z^  ytt 
the  coefHcients  actually  diverge :  in  order,  then,  to  make  the 
coeificientt  converge,  let  the  feries  be  multiplied  by  fome  atet» 

Venient  quantity  lefs  than  i,  as  i  «  ^,  and  the  quantity  ^aci^ 
divided  by  the  fame,  and  the  refult  will  be 

X  —   +  — «  +  ^-^«*  -h  2-^««  &c)  for  the  fiui 

x-B         1.3        3.5  5.7  7.9 

area  ab  d»    And,  to  make  the  feries  converge  iHll  quxcKer,  let  the 

fame  operation  be  performed  upon  this  feries,  and  there  will  refult 

SflfZ*  t  I  1  I,  I^ov 

"■'     '     ■    %   ( %  —  z* jb'  —  g^gtc) 

i-z|»        3       1. 3-5        3-.S-7         5-7'9         7-9-" 
for  the  value  of  the  faid  area. 


3 


_,        Stffz*           icxJiax-^-xx  ,       - 

But        ■         =s    2: =    aATv;     therefore 

9xy    X  ( %  —    ».z* s'    &c)     as    the 

3        I-3-5  3-S-7  S-7-9 

area  aed.    ^  E.  D« 

C^r^Z.  I.   An  hyperbola  is  always  leii  than  a  parabola  of  the 

^me  bafe  and  altitude :  for  ixy  x  (—  —  ■■ ■  »  —  — -«*  8cc) 

^      ^3      »-3-5       3-5-7 


420  kiTPBRBOLIC    AREA.  [Faft  3'. 

will  be  the  area  of  the  feaii-fegment  abd  ^Fig*  ^^ 
rule  i);  putting  a,  b,  c,  &c,  for  the  firft,  fecond, 
third,  &c,  term. 


EXAMPLE. 

Taking  here  the  lad  example,  in  which  ^  iz  lo, 
y  zz  iiy  and  2/?  iz  30; 

X  10  10  I 


i^  will  be  zz 


2a  ^  X         30+10         40  4' 

Then 


18  always  lefs  than  ixy  X  |  or  \xy^  the  parabola.  But  as  the 
altitude  is '  diminiihedf  the  hyperbola  approaches  nearer  and 
nearer  to  the  meafure  of  the  parabola ;  till  at  lall  they  valiifh  iti 
a  ratio  of  equality. 

Carol,  i*  Art  hyperbola  is  evidently,  for  any  finite  altitude, 
always  greater  than  a  triangle  of  the  fame  bafe  and  altitude. 
But  as  the  dtitudc  is  increafed,  the  triangle  approaches  nearer 
and  nearer  to  the  value  of  the  hyperbola,  till  at  length,  when 
the  altitude  is  infinite,  they  become  accurately  equal  to  each 
other.  Which  I  .dcmonftrate,  by  the  method  of  increments, 
after  Mr.  Emer/hn*s  notation,  thus : 

X  X 

When,  the  altitude  x  is  infinite,  then  as  =  -^ =  —  =  i, 

'  2a  +  X  X  ' 

and  the  general  feries  cxprelTmg  the  value  of  the  area  will  become 

2xy   X  (-- "^^ &c)— Now  to  find 

3         i-3'S        3-5-7        S-7-9 
the  fum  s  of  any  number  «  of  the  negative  terms  ;   lince  it  it 

evident  that  the  »th  term  is ;    or,  put- 

ting  1;  =  2«  —  I,   then  v  =  2a  =  2,   and  the    «th   term 

5  the  «  +  I  th  term,  or  j,  will  be 


II  113 

and  the  integral  j  =r  a =  a :  But  when  h  it 

;    •    ,  2VW  ^w 

12'  I    £ 

=  1,  then  J  ought  to  be =,  in  this  cafe,  a  —  ■ ;  hence 

11  i   X 

A  = 


Scd.  7-]        HYPERBOLIC  area;  421 

Then  Arr-J-n  ^33  &c,     b=   ^az  zi -01666667 


c 

"^ 

^-BZ 

— 

5iiJ24 

D 

— " 

|C2 

— ^ 

4960 

E 

— 

Ai>2 

— 

5639 

• 

F 

•_^^^ 

-i-yE2 

ZZ 

76 

G 

~" 

-J^-FZ 

^MB 

II 

H 

= 

-G2 

= 

2 

# 

theium  of  thefe  negative  terms  is  'oi 73 18039 
which  being  taken  from  the  firft-  teVm  '333333333 

leaves  '31 60 15294 
and  this  multiplied  by  2;iy^  iz  240 

produces  75*84367056 

ir  the  femi-legment, 

the  doubleof  which  is  i5i'68734.nz 

zz  the  area  required. 

E  e  3  RULE 


A  =  —   4  -^  z=  ^"^^  =     '  +  4    ;:,  1  -   1  .    and 

It  I.  a  I  A 

confequently  the  corrci^  integral  i^ 

i  =  —    —  =  ^  —   •- -— ;    which,   when 

11  •  . 

n  is  infinite,  becomes  accurately  :=:  ^^ ;  that  is,  the  fum  of  th« 

infinite  fcries   +    _—  &c   is  =    — ;    which  being 

I-3-S         3-S-7  12 

taken  from  J,  leaves  |  —  ^'^  =  J;  and  hence  2x^  x  i  =x 
^xy  =  the  area  of  the  hyperbola  when  x  is  infinite ;  and  which 
is  therefore  equal  to  a  triangle  of  tl\e  fame  b^e  and  altitude. 

CoroL  3«  Hence  the  fpace  included  between  the  arc  of  an  hy- 
perbola, infinitely  produced,  and  its  chord,  is  of  a  finite  magni- 
tude, although  it  be  of  an  infinite  length.  For  this  fpace  is  the 
difference  between  the  hyperbola  and  triangle,  which,  as  above, 
16  nothing,  that  is,  nqtbing  in  con^parifoa  with  an  infinite  fpace. 

Cor9l. 


4^z 


HTPSIBOLIC    AREA. 


[Part  3< 


RULE      III. 


Take  jh  =  |J^*  =  to 

8ac 

three-fourths  of  a  third  pro- 
portional to  the  tranfverfc 
a:^e  ixCy  and  the  abfcifs 
AB  ;  upon  the  diameter  ai, 
=  the  parameter  of  the  axe, 
defcribc  a  circle  meeting 
iD  in  tCy  and  hl,  parallel 
to  BP,  in  h ;  and  draw  ak, 

AL, 


C     Al     B 


H  I 


P 


Then  will  the  fegment  daf  be  nearly  equal  to 
i^^^±^  X  4AB,  or  =  wEUILLj!^  X  ^'• 

putting 


C#r*/.  4.   By  cor.  3  rule  2  for  the  fegment  of  a  circle,  the 
area  of  a  circle  whofe  diameter  is  i,  is 

+  &c),  and  by  cor.  2  to  this  prob. 


^  =  2  X  (-  + 


3      '•S-S     3-S-7 
I  ^i  I  I 

-ft.  =  2  X  ( 

?  3      I-3-S     3-S-7 

the  following  equations : 


—  &c);  from  hence  are  deduced 


I.      nz= 


IL    «  = 


III.  n  = 


'     +     ' 


"  3'S-7     7'9-"      11.13.15     15.17.19 

i  +  4X(-L-+_L.  +  _L_  +  __i_ 
a  1.3.5      S'7'9      9'»»«'3       iS-'S-'? 

i+„x(— i—  + i-«+ i 

3  'O'S'?     S-7»9*"      9«iJ. 13*15 


'•3«S»7      5»7-9«*J      9«ii«i3«iS 


&c) 


&c) 


&c) 


&c) 
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putting  /  =  the  tranfverfe  2ac,  c  =  the  conjugate, 
and  X  =:  AB  the  abfcifs.* 

EXAMPLE. 

Taking  the  fame  example,  in  which  /  =  30,  r  = 
18,  and;c  zz  10;  we  (hall  have  ^ ^ X 

4£5  -_  ^300  +  4\/375  X  720  =  'Qv^3  -^  ^Q\/'5    ^    8 

^  .     450  5         , 

=:  (y'^  +  2/15)  X  16  =  i5i*64828   zz  the  area 

nearly. 

E  e  4  RULE 


*    DEMONSTRATION'. 


By  proceeding  as  in  rule  2  for  the  circular  fegment,  wc  obtain 

lil^    X    ( -  +  —  -    4^  &c)  for  the  true  value  of  the 

femi-fegment  adb.  Then,  after  the  method  ufed  in  demonftrat- 
ing  rule  6  for  the  circular  fegment,  fuppofe  adb  to  be 

/  t  t  0/ 

.  2  , 3W  I 

hence,  comparing  the  like  terms,  «  +  «  =  -,  and  "o"  =  'T  > 

and  therefore   m   =   — ,  and  «  =  -  -^   —==--.      Which 
values  being  fubftituted  for  them,  we  have  adb    = 

~^  IS  "^ '5 

=  —  AB    X   [4V/(AB  +  ^^^)    X   Al  +  i/AB   X   Al]  =  2AB    X 
.     15  ^AC 

4,/Iimr  +    ^AB   X  At    ^    ^^^    ^   4AL  +   AD^      ^  ^^ 
IS  M 

And  this  rule  was  fir  ft  given  by  Sir  /.  Nev)ton\  but  without 
demonftratiQn. 


4^4  HYPERBOLIC    AREA,  [Part  3. 


RULE       IV. 


If  BH  be  taken  =  ^  =  ^^  =  to  five-fevenths 

7/         14AC 

of  the  (aid  third  proportional  to  the  axe  2Ac,  and 
the  abfcifs  ab  ;  and  the  lines  drawn  as  in  the  lad 
rule. 


Then ^U±±^  X  4 ab, or -W^^-^^-^+W^- ^ Hf 

75  7S  ' 

will  cxprefj  the  area  nearer  than  by  the  laft  rule.* 


example* 

Taking^j    ftill,  the  fame  example,  we  have 

75  '     ""  75  30  ~ 

^-2: Lz_v_p  ^2^  _.22:^ li-Px  ID  IT  15 1 '60 1 33 

the  area  nearly. 


P  R  O- 


*    DEMONSTRATION. 
AXX 


Taking  bh  = 9  let,  as  before,  the  area  be  exprelTed  by 

AB  X   («  X  AL  +  If  X  AK)  ==  ab  X  (iWy^HA  X  Al  +  If ^^BA  X  Al) 


sxmxy\X'\'  )  X  — +  «;irV*X—  =  {mi^tX'\'Kxx-\-n^tx) 

ex  CXA/tX  ,  MAX  fBA***_      .  ,-    ,    , 

X  —  =  — - —   X  («  +  «  H —  -7; &c) :  which  bc- 

mg  compared  with  the  true  fcries  — ^ —  x  (-  H =-r  3fc), 

^  ^3      5i     a8/»      '• 

wc 


Scil.  7-3  HYPERBOLIC    AREA.  425 


PROBLEM    VII. 

^0  find  the  Area  of  the  Fruftum  of  an  Hyperbola ^  in* 
eluded  between  two  Parallel  Double  Ordinates. 

\ 

Multiply  the  femi-tranfverfc  by  the  oqe  ordi- 
nate, and  its  diftance  froni  the  center  by  the  femi- 
conjugate,  and  take  the  fum  of  the  produfts ;  do 
the  fame  by  the  other  ordinate  and  its  diftance  from 
the  center,  taking  the  fum  of  the  produfts  alfo; 
divide  the  greater  fum  by  the  lefs,  and  multiply  the 
hyperbolic  logarithm  of  the  quotient  by  the  product 
of  the  femi-axes;  then  fubtraft  this  laft  product 
from  the  difference  of  the  prcfdufts  arifing  from  the 
multiplication  of  each  ordinate  by  its  own  diftance 
from  the  center,  anji  the  remainder  will  be  the  area 
required. 

That  is,  V Y  --  vy  ^ac  X  hyp.  log.  of  ^^     ^^.= 

the  area  included  by  2Y  and  2jf,  vand  v  being 
their  refpiftive  diftances  from  the  center,  and  a  and 
c  the  femii-axes.  As  is  proved  in  cor.  8  to  rule  i  to 
the  laft  problem. 

Or, 


we  obtain  thefe  three  equations,  /»  +  »  =  -,  —  =r  — ,  and 

ft      x:  —r ;    hence    a    =    -,  «  =  — i,    and  »   =    — . 
8  j8  /  7  ^S  7S 

Confequently   bh   =   =    ^ — ,  and  the  femi^fegment 

/ 

—  -Ai,     V     ^^^^  +  4AK  2CX  lls^tX  +  I^JCX  +  \^tX 

—  2Aa     a     — — — — — ^^—    ss    — —    X  '  '  • 

75  t  7S  * 

^  E.  D. 

Which  likewife  is  another  rule  given  by  Sir  /.  Newton^  with* 
out  demonllratlon. 
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Or,  if  there  be  calculated  the  two  fegmcnts  whofc 
bafes  are  2Y  and  2jr,  their  difference  will  be  the 
area  fought. 


EXAMPLE. 

To  find  the  area  of  the  fruftum  whofe  altitude 
is  5 ;  its  lefs  end  being,  as  in  the  example .  to  the 
laft  problem,  24,  its  diftance  from  the  center  of  the 
hyperbola  25,  the  tranfverfe  axe  30,  and  the  con- 
jugate 18. 

Here  ^  ==  15,  c  =  ^,v  =  25, jr  =  12,  ancj  v  =:  30; 


^^  c^rv  -^aa 9^/30*  —  15*  


hence  y  =  ^v^LLZJ^ll  =  ^^^"  "'^    =  gx/z'-  i* 
=  9y^3  =  i5'58845727- 


Then 


tfY  +  fT  _  15x9^3  +  9x30  _  9^/3  +  3^  — 


ayi-cv  15x12  +  9X25  12  +  3x5 

^ — '  zz  i*244oi69365  whofe  hyp.  log.  is '2183456, 
'which  multiplied  by  ^^  =  15X9,  gives  29*476656. 

And  VY  —  -yy  =  30  X  9^/3  —  25  X  12  =:  30  X 

(9/3  -  10)  =  30  X  5-588457^7  =  167-653718. 

Theref.  i67'6537i8  — 29*476656  =  i38'i 77062 
is  the  area  required. 
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4^7 


PR03LEM     VIII. 


?>  find  the  Ana  included  between  two  Ordinates  bp, 
DGy  to  an  ylfymptote  cd  of  an  Hjfperbola^  drawM 
'  parallel  to  the  other  Afymptote. 


From  the  vertex  e  of  the  curve,  draw  e  a  parallel 

to  BF,  or  CK. 

Then  the  reftangle  of  ca  and  ae  multiplied  by  the 
hyp.  log.  of  the  quotient  arifing  from  the  divifion  of 
CD  by  CB,  or  from  the  divifion  of  bf  by  dg,  will 
produce  the  area  of  bfgd.* 

E  X- 


*DEM0N8TRATION. 

Put  CA  =  a,  AE  =s  f,  AB  =  ;r,  and  bf  =:  jf ;  then,  by  the  pro- 
perty of  the  curve,  tfc  =  cb  X   5F  =  («  +  ;r)   X  ^,  aod  hence 

ae 


acjf 


y  =    ^Andyx=:    "'^'^-i  whofe  fluent  is 

tf+iV  •'      ^cb 

-    me  X  htLd-p^^  =s  ca  X  ae  X  h.  u  of —  =s  tbearea  abpe. 

a  CA 

In 
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'         EXAMPLE. 

9 

Required  the  area  bdgf  included  by  two  ordi- 
nates  bf,  dg,  whofe  lengths  are  8  and  6 ;  the  femi- 
tranfverfe  ce  being  15,  and  the  femi-conjugatc 
£K  9* 

Here  ck  =  >/€£*  + ek*  =  Vi5*+9*  =  3/7+3^ 
==  3/34- 
And  in  the  fimilar  triangles  cek,  cae, 

CK   :  CE  ::  ce   ;  ca    =     '^ 


-v/34' 


—     45 
\/34 

Confequently  ca  X  ae   =   ZliUi   =  2375. 

^  ^  34  34 

But  the  hyp,  log.  of  "  =  g  =  -  is  •287682* 

Theref. 


CD 

In   like  manner  adge  is  =r  ca  X  ae  X  h.  I.  of — . 

CA 

And,  taking  the  difference,  we  have  bdgf  =  ca   x  ae  x 
h.  I.  of h.  1.  of  —  =  CA  X   AE   X  h.  1.  of  — ;    or  by 

CA  CA  CB 

CA    X   AE   -  ,  CA  X  AE  ^  ,        - 

wntins: for  cu,  and for  cd,  the  fame  area 

^  BF  DG 

BF 

will  be  =  CA   X  AE  X  h.  1.  of  — .     ^  E.  D. 

DG.       ^ 

CbroL  I.  If  CB,  CD,  CI,  &c,  be  in  geometrical  progrcflion;  then 
—  will  be  =  — ,  &c,  and  confequently  the  fpaces  P,  Qj  R,  &c, 

CB  CD  X  /  *  -r 

equal  to  one  another;  or  the  (paces  abfe,  adge,  aike,  &c,  a 
fcries  of  arithmeticals,  and  are  the  logarithms  of  the  geometricali 

C  B      CD      CT 

— ,  — ,  — ,  &c,  to  the  modulus  ca  :  or  the  faid  fpaces  will 

CA     CA     CA 

fqpn  a  fcale  of  hyperbolic  logarithms^  whofe  abfolute  numbers 
are  cb,  cD|  ci,  &:c,  when  ca  is  i. 

CoroL 
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Theref,  -287682  X  ^-^  =  28-55667  is  the  area 
required. 

PROBLEM    IX. 

To  find  the  Curve  Surface  of  an  Hyperboloid. 

Let  a  and  c  be  the  femi-axes  of  the  generating 
'  hyperbola,  and  v  the  diftance  of  its  bafe  from  the 

centeF.     Alfo  let  a  zi  — J!f be  the  femi-tranfverfc 

j^aa  -^  cc 

of  another  hyperbola,  whofe  femi- conjugate  is  c,  the 
fame  with  that  of  the  former.  Then  find,  by  pro- 
blem 7,  the  area  of  the  fruftum  of  this  latter  hy- 
perbola, whofe  two  ends  are  diftant  fi*om  the  center 
by  V  and  a  ;  multiply  this  area  by  3*141 59*  and  the 
produft  will  be  the  furface  required.  • 

That 


Ccroh  2,    The  (pace  abfe  is  alfo  equal  to 

.  ,x  X*  x^  **    «    V 

'   ac    X     ( -—  +  — &c). 

a         2tf*        3^'        4tf* 

For  the  fluxion  of  the  area 

acx   .  •         ,1  X     ,    X*        •«•'-. 

yx   =    -— -  \3  =:  acx   X    {-  . -  +  —.--.  &c) 

•^  tf  +  jr  a  a^         a^         a'^ 

X  Jt  x^  x^ 

whofe  fluent  is  ac  x    (- +  — , :  &c) 

a         2a*        3^3         4tf* 

,AB  AB*        ,         AB^      „ 

=    CA   X   AE    X     ( —     7     +      T   &C). 

CA  2CA*  .  3CA^ 

After  the  fame  manner 

AD  AD*  ad'  .   „     . 

ADGE   IS    =    CA   X    AE    X    ( ^     r     +     T   &0- 

CA  2CA*  3CA* 

And  confcquently,  by  taking  the  difFcrence,  we  obtain  edgp 

.AD  —  AB  ad*  —  AB*  AD^  —  AB'    .     ^ 

=  CA  X   AE    X   ( —    7 + r &C). 

CA  2CA*  3CA^ 

Coral,  3.   Hence  the  hyperbolic  logarithm  of 

a  -^  X    .      X  x^  x^  x^    ^ 

L-.    18     -     -     — -     +     _---_  &c. 

a  a  2a^  3a*  ^a^ 
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That  i$,pX(vY-^ay^AcX  hyp.  log.  of 


AT  +rv 


Ay  +  ac 

=  the  furface  required;  p  being  n  3-14159,  and 
^,  y^  the  ordinates,  of  the  latter  hyperbola^  whofe 
iiiftances  from  the  centec  are  v^  a.* 


EX- 


*DEMO'W»TRATION. 

Fut  here,  iomthc  ordinate  to  the  ftbTcift  v^  and  2  =r  the  curre; 

I  

bencethe  fluxion  of  the  furface  willbe  s/ios  :=  ipwV  ifnf+ww 


rs-i-i —    /  fotf-^-^-" ::zJ~ — 1 i lL 

2PcvA/aa  +  ec  ^  y              aaaa             ipcnf  tj«uv  —  aa 
:s  -^ i 1         V  w 5=    -^^ i- . 

which  is  cTidently  equal  to  p  drawn  into  the  fluxion  of  an 
hyperbolic  fegment,  the  iemi-axes  being  a^  r,  and  abfcifs  <0^ 
And,  by  taking  the  correct  fluent,  w^  obtain  the  exprefSon  in 
the  rule  abote  given ;  which  is  the  difference  of  two  fegments 
whofe  bafes  are  diilant  from  the  center  by  nf  and  a ;  or  the  f  ruf- 
tum  whofe  two  ends  are  diftant  from  the  center  by  the  fama 
quantities  v  and  a^    j^  E.  D* 

CoroU  I.  Hence  if  asm  be  the  gene« 
rating  hyperbola,  bc  its  femi-tranfverfc, 
BD  perpendicular  to  re,  and  equal  to 
the  femi-conjueate.—— Draw  cd  ;  make 
CE  =  cB,  and  on  cB  let  fall  the  per- 
pendicular EF  ;  with  the  femi-tranfverfc 
CF,  and  femi-conjugate  of  abm,  dcfcribe 
the  hyperbola  gfh. 

Then,  as  the  diameter  of  a  circle  is 
to  its  circumference,  fo  is  the  fruftam 
GIKH,  included  by  the  parallels  et, 
am,  produced,  to  the  furfuco  generated 
by  AB« 

For, 
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EXAMPLE. 


Required  the  curve  furface  of  an  hypcrboloid 
whofe  altitude  is  lo,  the  tranfverfe  and  conjugate 
axes  of  the  generating  hyperbola  being  30  and  18. 

Hereii=:  i^.^rro,  A  =  --==r:  -======  =  -7^, 

9  Ajt-Zil 

a/34 


9A...IL* 

and  Y  =  Iv^-Hl^  r:    ^  34  ,,,  17^   . 

A  j;£  5       ^T 

a/34 

Hence  vy  '^ay  —  25  X  15  — 15  x  54.  =  194.  x 
15  =:  294;  A^  =  i^  =  '-^-^^  =  1157615451; 

and 


FtNT,    by   fimilar    triaiigles,    cd  :  cb  ::  cb  :  cp  =  a  = 

—  =  — ===r  ==  — — '  And    all    the   reft   is 

CD^         y^CB* -f  BD*      '   i/aa'\'  cc 

TL  FB 

€iw«/.  3»  Puttiaff  %  =  — ^- ,  and  «  =  —  •  and 

aCF  +  PL  2CF  +  FB      ' 

proceeding  as  m  rule  2  foe  the  hyperbolic  fegment,  we  {ball 
obtain  the  furface  generated  by  ba,  equal  to  3*141  $9  drawn 
into  the  difference  between  the  feries 

3FL     X     <7H     X     ( Z    —    — — -Z*  —    • ZJ  «C) 

3         I-3-S  3'S-7  S-7'9 

^nd  the  feries 

^*             I                  ^  ^       ,    -   ^ 

2JB    X     »K    X   (—  —  g   —  «*  —  — -«'   &c). 

3        «-3-5  3*S-7  S-7-9 
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and 

*  ^^-^"^V  -.    \/34.       .^  1  nix  ii.^  =  ^9^-3^34 

Apf+ca        75x^7   I   Q^  jr        "3      3  +  ^/34  IS 

S\/34  ^  ^        ^ 

=  2 '044 1 2 69';  whofe  hyperbolic  logarithm  is 
•7149706  ;  which  mtiltiplied  hy  ac  zz  1 15*761 5451 
produces  82-7661049  ;  which,  being  taken  from 
t;Y  —  jy  =  294,  leaves  211-2338951,  which  multi- 
plied by  3*14159,  produces  663*610853,  the  curve 
furface  required. 

PROBLEM      X. 

To  find  the  Solidity  of  an  Hyperboloid^, 

RULE       I-* 

As  the  fum  of  the  tranfverfe  axe  of  the  generating 
hyperbola,  and  the  height  of  the  folid,  is  to  the  fum 

of 


*    DEMONSTftATIOK. 

Let  /  be  the  tranfverfe,  and  c  the  conjugate  axe  of  the  gene- 
rating hyperbola,  x  its  abfcifs,  or  the  altitude  of  the  folid,  y  the 
ordinate,  or  radius  of  the  bafe,  and^  =  3*i4'S9* 

tx  4-  XX 
Then  yy  ^z  cc  X ,  and  the  fluxion  of  the  folid  or 

pyyx\%pccxx  X  *  whofe  fluent  is  tccxx  X  ^ — ^-^^  = 

ipxyy  X  —  =  4  bafe    X  altitude  X  — -2— the  mcafurc 

of  the  folid.     J^.  E.  D. 

CeroL  i.    An  hyperboloid  is  to  a  paraboloid  of  the  fame  b^fe 
aiid  altitude,  z^  t  •\'\x  to  /4~'^>  ^^^  therefore  the  former  it 

X 

always  lef&  than  the  latter,  by  the  quantity  \pxyy  x      ■       : 

which  difference,   when  x  is  infinitely    little,    or  nothing  it 
nothing  \  and  the  hyperboloid  approaches  nearer  and  nearer  to 

the 
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of  the  faid  tranfverfc  and  4  o(  the  height ;  fo  is  half 
the  cylinder  of  the  fame  bafe  and  altitude,  to  the 
folidity  of  the  hyperboloid. 

That  is,  the  folidity  is   =  4  bafe  X  altitude  X 

putting  a  for  the  altkude,  r  the  radius  of  the  bafe,  / 
the  tranfverfe  axe,  and^  iz  3-14159. 


EXAMPLE. 

Required  the  content  of  an  hyperboloid  whole 
altitude  is  10,  the  radius  of  its  bafe  12,  and  the 
ordinate  to   the   middle   of  the  abfcifs    or  height 

F  f  Here, 


the  paraboloid,  as  the  common  ahitude  is  diminiilied ;  till  at  lail 
they  vanifh  in  a  ratio  of  equality.  Alio  when  the  altitude  is 
very  little,  the  hyperboloid  is  equal  to  the  paraboloid  very 
nearly.     But  when  jf  is  infinite,  the  fame  difference  ^pxyy  ^ 

becomes  barely  Ifxyy^  and  the  value  of  the  infinitely 

/-}*•*' 

long  hyperboloid  is  \pxyy  —  }  pxyy  =:  \pxyy  *=  a  cone  of 
the  fame  bafe  and  altitude,  to  which  meafure  the  hyperboloid 
continually  approaches  ;  and  when  the  altitude  is  very  great,  it 
is  equal  to  the  cone  very  nearly. 


CaroU  In   When  ;^is   =  «/,  the  general  expreflion  becomes 
4  bafe  X  altitude  x  ^  ;  where  n  may  be  any  number, 

I    "T*  ft 

integral  or  fradional.  When  n  is  infinitely  little,  this  expreffion 
becomes  \  bafe  X  altitude  or  =  the  paraboloid  of  the  fame 
bafe  and  altitude,  as  before. — If  n  be  infinitely  great,  it  will  be- 
come. ^  bafe  X  altitude  x  f ,  that  is,  %  of  the  paraboloid,  or  = 
the  cone  of  the  fame  bafe  and  altitude,  as  above.  When  n  is 
=  !,  or  /  =  A-,  the  expreffion  becomes  ^  bafe  X  altitude  x 
I,  or  J  of  the  paraboloid.  Moreover,  when  n  is  between  i  and 
o,  the  hyperboloid  is  between  \  and  |  of  the  paraboloid ;  and 

when 
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Here,  by  prob.  3,  we  (hall,  have 
ta*X3-X7coi;^xf.>  _  70-40  -  2?    -    ^^    the 

tranfverfe. 
'  Then  iparr  X  ^rv^  =  p  X  lo  X  144  x  ^^  = 

p  X  1440  X  ^  =  3*Hi59,X  66p  =  2073-451 151369, 
the  content  required* 

&  tr  L  £     II. 

To  the  fqiiare  of  the  radius  of  the  bafe,  add  the 
fquare  of  the  diameter  in  the  middle  between,  the 
bafe  and  top ;  multiply  the  fum  by  the  altitude,  the 
produd:  by  3*14x59,  and  4  of  the  laft  produd:  will 
be  the  content  of  the  fegment.  ' 

That  is,  — ^ —  X  ap  :r:  the  content  of  »the  feg- 
ment ;  putting  r  and  d  for  the  radius  of  the  bafe 
and  diameter  in  the  middle,  a  for  |:he  altitude,  and 

This  is  proved  in  cor,  i  to  rule  2  for  the  next  prob. 

EX- 


when  n  U  between  i  and  infinite,  the  hyperboloid  is  .between 
f  and  I  of  the  paraboloid  of  the  izmt  bafe  and  altitude. 

Carol,  3,    If  the  generating  hyperbola  be  equilateral ;  fince  / 

18  then  =  r,  yy  will  be  =  /;»:  +  ;ir;r,  and  hence  /  —  "^^ ; 

which  being  fubftituted  inHead  of  it,  the  general  expreffion  for 

VV  ^~    ^  X  X  ' 

the  hyperboloid  will  become  px  x  -^ — »    which    is   the 

fame  exprcflion  as  that  for  the  fphcrical  fegment,  differing  only 
in  the  fign  of  the  latter  term,  it  being  ^  \xx  here  and  +  ^^x 
there. 

« 
CoroL  4.  When  /  is  =  o,  the  rule  becomes  j  bafe  x  altifude, 
as  it  ought;  for  when  /  is  =  o,  the  hyperboloid  becomes  41 
cone. 


1 


Seft. 
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EXAMPLE. 


Taking  here  the  laft  example,  in  which  r  =  1 2, 
d  zz  6/7,  and  a  zz  10; 

We  (hall  have  "' '^  36  X  7  ^  loi)  =:  n  X  6  X  roi> 
«  o 

=:  €60^,  the  content  the  fame  as  before. 

ft 

Problem    xi. 
To  find  the  Content  of  the  Fruftum  of  an  Hyperholoid. 

R    u   L    E      I.* 

From  the  fum  of  the  fquares  of  the  femi-diame- 
ters  of  the  two  ends,  fubtraft  4  of  a  fourth  propor- 
tional tojfhe  fquare  of  the  tranfverfe,  the  fquare  of 
the  conjugate,  and  the  fquare  of  the  altitude  of  the 
fruftuy ;  multiply  the  remainder  by  the  faid  alti- 
tude, jind  the  produ6l  by  3*  141 59,  and  the  half  of 
the  lift  produd  will  be  the  content  of  the  fruftum. 


That  is,  (dd  -^  dd )  x^pazz  the  content; 

putting  D  and  d  for  the  femi-diameters  of  the  ends, 

F  f  2  a  the 


*    DEMONSTHATION. 

Ufing  here  y^  y  for  the  ordinates  or  femi-diameters  of  the 
ends,  X  for  the  altitude ;  and  putting  a  for  tlvs  diftance  of  the 
lefs  ordinate  jr  from  the  vertex  of  the  whole  folid;  finccYY  is 

(/  +  A4-*)  X  (a  +  Jf)  7u  111.  1.     n      •  f  1. 

= ' — i X  f  r,  we  ihali  have  the  fluxion  of  the 

folid  J  =r  >YY;c  =  pccx  x • ;  and 

.      ^         ^       .  ^  At'\-  AA-\-  KX-\-itX+\xx  . 

Hic  fluents  give  s  =  fccx  x  j   and 

Chis, 
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a  the  altitude,  /  the  tranfverfe,"r  the  conjugate,  and 

EXAMPLE. 

If  a  cafk,  in  the  form  of  <wo  fruftums  of  an  hy- 
perboloid,  have  its  bung  diameter  32  inches,  its  head 
diameter  24,  and  the  diameter  in  the  middle  be- 
tween the  bung  and  head  4v^3 10  ;  required  the  con- 
tent in  ale  gallons,  the  length  being  40  inches. 

By  problem  4  we  (hall  have 

zo 


(  —  12*  +  -^  X  310  —  16*)  ^  —  4  X  12*  X  16' 

12*  —  —  X  310  +  16* 
^5 


,oy(^ilH?-2o»;-2*xi2^xi6 


25 ; _iOv'^(248— 125)*— 120^ 

jQ^      3^  X  310  117-  124         * 

25 

=  30 


this,    by    lub|ututing  *—    for   ,  and  —  for 

A/  +  AA  +  2  A  A*  +  /*  +  ;i:;tr  ,  ,  ccxx, 
j^ ,  becomes  (yy  -^-yy  -  -— )  X  \px. 

^  E.  D. 


CoroU  I.  When  the  generating  hyperbola  is  equilateral,  /  it 
=  r,  and  the  rule  becomes  ( yy  -^  yy  —  \xx)  X  kfx\  which  19 
the  fame  with  the  rule  fot  the  fruiium  of  the  fphere. 

CoroU  2.   When  the  axe  is  =  o,  or  the  hyperboloid  becomes 

a  cone;  fince  then  y  :^  : :  a  +  5 :  A,  or  y  — /  !^  : :  at  :  A  =  — —^ 

cc        V y         (y  "~_y)  * 
.     «nd  /  :  f  : :  A  :  y,  we  fhall  have  —  =  -^  = ^    and 

•^  //  AA  XX 

ccx  X        f  Y "~  y^  *         •  •  • 

therefore  — ►—  =  -! :^  ;  which  being  fubitituted  tor  it  in  thf 

C  C  XX 

rulc(YY  -{- yy )  X  \px^  produces  (yy  +  Yy  +yy)  X  \px 

for  the  fruflum  of  the  cone,  as  it  ought* 
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=     3ov/4i^  — 40*   =   30/81    =   270    =   /  the 
tranfverfe  axe. 


And 


270 
10 


yi2*         16x310    ,    16*  ^^  /3*        62    ,    4* 

=   108    /inr?i  =    108 /iii^Hii^   =    loSy'i.r: 
V    *        5  10  '^  10 

the  conjugate  axe  r. 
Then 

'  3//  '^      ^    -^  ^  30  X  270*'' 

7Ao  X  ^2 

i-j^  X;>  1=  79574X3-14159  =:  24998-69994216 
inches  =  88-64787213  ale  gallons. 

*    R    U    L    E       II. 

Add  together  the  fquares  of  the  greateft  and  lead 
femi-diameters  and  the  fquare  of  the  whole  diameter 

•    F  f  3  in 


*    DEMONSTRATION. 

Put  X  =  the  abfcifs,  whofe  ordinate  is  ^y  the  axes  being  t  and 
c ;  and,  from  the  nature  of  the  hyperbola,  w?  (halt  have  thefe 
three  equations : 

tt^^  =zcc{t-^x)xx  =cc{tx+xx)9  , 

ttdd^cc{t-\'X^ia)  X  {X'^\,a):=zcc{tx-\-xx^ax'^\at-\'\au)^ 
//DD  =  cc (/  +  ;»:  + i^i)  X  {x  +  la)  z=z  cc{tX'\-xx-\-ax'\-\,at-\'^aa)t 
from  the  fum  of  the  two  latter  of  which  fubtract  double  the 
former,  and  there  will  refult  //x(dd  —  2^^  +  dtl)  =s.  ^aacc^ 

and  hence will  be  ==  > .      Which  beine 

.3"  .    .  3        .       . 

fublHtuted  inftead  of  it,  in  the  laft  rule,  will  give 

(dd  +  ^l^-k-dd)  X  iaf  for  the  content  of  the  frufium  re- 
quired.   J^.  E.  D. 

CoroL 


438  HYPERBOLIC    FRUSTUM.       [Part  3. 

in  the  middle,  multiply  the  fum  by  the  altitude, 
and  the  product  by  3' 141 59,  and  one-fixth  of  the 
laft  produdt  will  te  the  content. 

That  is,  (dd  +  4  JS  +  dd)  X  \ap  r:  the  content, 
putting  D,  X,  and  d  for  the  greateft,  middle,  and  leaft 
femi-diameters,  a  =  the  altitude,  and/>  =  y\\\c^()^ 


EXAMPLE. 

Taking  here  the  fame  example  as  before,  we  (hall 
have  ■  ■     ^1 . X  40^  z: r — ^ —  X 

m 

^   —    5  X  20*  4  64  X  61   ^^      ^    .  - 

4oj>  =  ' -— X  4i>  =:  7957t/^. 

the  content  the  fame  as  before. 


PRO- 


CoroU  I,  If  </  the  leaft  diameter  be  fuppofed  to  become 
infinitely  little,  or  npthing,  the  above  rule  will  become 
(dd  +  4^^)  X  \apiox  the  content  of  a  fegment. 

CoroL  2,  An  hyperbolic  fruftum  is  equal  to  a  cylinder  of  the 

,  .     ,  ,       t    r      J.  •       •DD  +  4^^  +  dd 

fame    altitude,    and   whole    diameter    \%  \/ 7 ^ 

t> 

And  the  fegment  is  equal  to  the  cylinder  whofe  diameter  it 
y^     ■         ■ — ,  the  altitude  being  the  fame. 
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PROBLEM      XII. 


To  find  the  Content  of  the  Segment  cut  off  an  Hyper h' 
loid  hy  a  Plane  Oblique  to  the  Axe  of  the  Solid. 


/ 


As  the  fum  of  de  and  2CD, 

Is  to  the  fum  of  ^-de  and  2CD, 

So  is  4-  the  cylindroid  of  the  fame  bafe  and  alt.. 

To  the  folidity. 

That  is,  ^""^^^^  X  'DP  X  bafe  is  the  content 

of  ADB. — ^Where  2CD  is  the  diameter  to  the  double 
ordinate  ab,  or  tranfverfe  diameter  of  the.  bafe,  de 
the  continuation  of  the  diameter  to  the  middle  of 
AB,  and  PF  perpendicular  to  ab.* 

Ff4  PRO* 


^ummi^^ 


•demo  N*8  t  b.  a  T  I  o  n« 

Put   2CD  =  tf ,    DE  ==  h^  EB  zs:  c,  T>ii  =  Af,  J^  ^ y^    B    =3   the 

elliptic  bafe  whofe  tranfverfe  axe  is  ab,  and  s  =  the  fine  of  tho 
angle  £  to  the  radius  i. 

By  the  property  of  the  hyperbola,  ah-^^h  i  ax-^-xx : :  cc  lyy  =r 

cc  X  — ,  -    ■  ■:  and  becaufe  parallel  fedions  are  fimilar,  and 
ab  -^  bb 

fimilar  figures  are  as  the  fquares  of  their  like  diameters,  wc  ob« 

tain  fc  I  vv  ::  B  :  B  X      .   /  ,.  i=s  the  fe6tion  at ai. 
-'•'  ab  +  bk 

Henco 
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Note.  If  the  generating  hyperbola  be  equilateral, 

the  theorem  will  be  barely  (''^  X  s  — .  -J.L*)  X  4j> 

for  the  content  of  the  fpindle ;  putting  d  =  b  l  the 
grcateft  diameter.     As  in  corollary  3. 

RULE 


CoroL  I.   When  /  becomes  =  l,  the  laft  theorem  becomos 

apc%  —  -2 —  for  the  whole  fpindle  abcla. 
*  bcc  / 

C^oL  2.  If  from  the  femi-fpindle  be  fubtra6ted  the  fruitumy 

there  will  remam  ipc  X  area  afe  —  ^- x    - — r for 

'  rr  .  o 

the  fegment  maf  ;  putting  a  ioi  ae  the  altitude. 

Ceroh  3*   When  the  generating  hyperbola  is  equilateral^  we 
ihall  have  ll  =  400  —  4^/  ^  4CC  —  (2c  —  d)*  =:  400  —  dd ; 

and  hence  c  is:  :  which  beiogr  fubftituted  in  the  fore* 

4D 

going  rules,  we  obtain  X  *s  — I>l'    for  the   whole 

"  2D  ^  '^ 

-  .     ,,         LL  4-  DD  ,  3LL   —   I«I. 

fpindle,   X  /  X   area  efbno  —  //  x  ^ — ^ 

2D  -^  ^  12 

the    middle    zone    pbnplm.    and    X   /    X    arca^ 

2D  * 

AFE  —  paa  X  ' — -T for  the  fegment  maf. 

CfL  4.  Putting  //  for  MP  the  leaft  diam.  of  the  fruft.  or  zone, 
«  =  j/  =  •785398,  and  the  reft  of  the  quantities  as  above ;  fince  l  u 

^^    .-         DC  —  jrDD  //  DC  —  //C  —  ^DD  +  i^^ 

■"         ^   DC  -^  ^C  -  iDD  +  Kdi  7c  ""  17/  • 

and  the  area  efbno  =  \^dl  +  j,  putting  s  for  the  area  fbn  ;  if 
thefe  values  be  fubftituted  in  the  general  forms,  we  ftiall  obtain 

\nl  X  (2DD  +  ^^  +  (  —  D  +  ^  +  ^)  for  the  value  of  the 

niiddle  zone  fbnplm, 

OS 

and  ^«L  X  (2L>D  -f  (  —  D  +  — )  X  8c)  for  that  of  the  whole 

L 

fpindle. 
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RULE       II. 


Divide  3  times  the  generating  area,  by  the  length 
of   the  fpindle;    from    the   quotient   fubtradt    the 
greateft  diameter  of  the  fpindle ;  multiply  the  re- 
mainder 


GoroU  5.  And  if  here,  again,  the  generating  hyperbola  be  fup- 
pofed  to  be  equilateral,  fince  in  that  cafe  //  is  =:  (  2c  —  ^  *  — 4^/  =: 
(2c  — <0*  —  (2c— d)*  =  —  \cd-\-  Jd  +  4CD—  DD,  and  hence 

//  +.DD  —  dJ  LL  +  DD 

4D  —  ^d  4D 


//  -t-.DD  —aa  !•'-  T  DD 

c  =  — — -^ —  =  ^ ;  we  fhall  then  have  ^nux 


r              .    /              I    3s.        2LL4-2DD-        .                ,              LL  +  DD 
[2Di>  +  (-  D  +  ^)  X ]0r  J/L  X  (3s  X  -~ LL) 

for  the  whole  fpindle,  and 

|,/  X  [.DD  +  ^rf+  (  -D  +  ^+  2/)  X  ii£±i2£Jli£''j 

^  *  D  •— » 

.      ,       -  ,.         'XS        ,  //  +  DD  —  dd^    ^ 

<>^  ip^  X  (1*^^  —  //  +  y  X   — ^ )  for  the  zone. 

Hence  it  may  be  obferved,  that  the  content  of  an  equilateral 
hyperbolic  fpindular  calk,  may  be  found  from  having  only  itt 
length,  with  the  bung  and  head  diameters  given. 

CoroU  6.    The  fluent  of  ' 

•               •                                 ttxx       iziJcc  +  XX ^  . 
fjyx   or  fx    X.  (cc  +  tt  +. ' )  is  alfo 

ttxx^       ctx^/cc-^xx 

z=px  X  (cc  +  //  H ) —  c'f  X  hyp.  log, 

3  ^^ 

of  li±_lLif,  which  is  another  cxpreffion  for  the  coateol; 

c 

of  the  fruftum  fblm.  ' 

CoroL  7.  Putting  m  for  the  diameter  in  the  middle  of  the 
frufhim  or  femi-fpindle ;  then,  by  the  nature  of  the  hyperbola,  wc 
ihall  have(c-i^*-(c--iD)*  :  (c-i;w)»-{c— Id)^  ::  4  :  i| 
hence   (c  —  4^*  =  4  (c  —  4;/w)*  —  3  (c  —  4d)%  and 

C  =  —  X  -^ 7  m  the  frultum,  or  c  =  —  x — 

4        4/«— 3D-^  4        4w~3d 

ia 
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tnainder  by  four  times  the  central  diftance  ;  and  to 
the  produft  add  the  fquare  of  the  greateft  diameter; 
then  the  fum  multiplied  by  the  length,  and  the 
produd  by  3*14159,  4.  of  the  laft  produdt  will  be 
the  content. 

That  is,  [dd  +  (-2 d)  X  4c]  -J./>l  =  the  con- 
tent ;  the  letters  as  before. By  corollary  4. 

Note.  If  the  generating  hyperbola  be  fuppofed  to 
be  equilateral,  4  times  the  central  diftance  will  be 

LL  +  DD  J      1  ,  ^^    LL  +  DD  . 

= ,  and  then  (3s  X  — ll)  X  4-^l 

is  the  content. By  corollary  5. 

rule       III. 

Divide  the  difference  between  4  times  the  fquare 
of  the  middle  diameter  and  3  times  the  fquare  of 
the  greateft,  by  the  difference  between  4  times  the 
faid  middle  diameter  and  3  times  the  greateft,  and 
'\  of  the  quotient  will  be  the  central  diftance. 

Then  proceed  as  in  the  laft  rule. 

That  is,  [dd  +  (21  _  d)  X  l^^H^i^J  x  4/>l 

'*-  ^L  ^  4OT— 3D-'  ®* 

=  the  content.— — By  corollary  7. 

Note. 


in  the  whole  fpindle ;  aod  hence  the  rules  In  corol.  4  will  become 

DD  +  (j2 d)  X  -^ ^ — 1  X  ipi.  for  the  whole  fpindle; 

h  4W  —  3D  ^  '^ 

and  [dd  +  iiiJ+  (i-  +  ^-  d)  X  5 ^     ""  ,   ]  X  I// 

/  4/«  —  3D  —  a  -^ 

for  the  zone. 

Coral.  8.  And  if  the  generating  hyp.  be  equilateral,  then^J  //  =. 

(c— J//)*  —  (c  — Id)*  =,  by  writing  for  cits  value  found  in  the 

laft 
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Note.  When  the  generating  hyperbola  is  equi- 
lateral, the  content  may  b^  found  without  having 
the  length  L  given,  for  then  l  is  = 

%\/- ' — ~ — - — TT — =^,  by  corollary  8. 

Another  rule  might  be  drawn  from  corollary  6, 


PROBLEM    XIV, 


^0  find  the  Content  of  a  Zone  or  'Double  Fruftum  of  an 

Hyperbolic  Swindle. 

RULE       I. 

Ufe  here  rule  i  for  the  zone  of  an  elliptic  fpindle, 
and  the  content  will  be  obtained. 

That  IS,  2l)c  X  area  efbno  —  - —  X z= 

'        ^  CC  12 

the  content  of  the  zone  fbnplm  ;  where  p  = 
3' 141 59,  c  rz  GD  the  central  diftance,  /  r:  bg  the 
femi-tranfverfe  axe,  c  z=l  on  the  femi-conjugate, 
/  n  Eo  the  length  of  the  zone,  and  l  =  ac  the 
length  of  the  whole  fpindle. 

By  the  general  inveftigation  of  die  laft  problem. 

.  Note. 


laft  corollary,  ^ i ti i-i 1:-^ — -— 1 1^ i-i- ; 

(4OT  —  3D  —  d)^ 

hence       .[(^-^*-I(p-^)^?-[(d-^)^-J(p-^^]^  ^  ^ 

^  (4^-3^-^^ 

the  length  of  the  zone,  and  when  d  vanlihes,  we  have 

2  a/' 7 !^^ ~ — i"  =   L   the  length  of  the 

^  (4;/!  -  3D)*  ^ 

whole  fpindle.  So  that  when  the  hvperbola  is  equilateral,  the 
lengt^i  of  the  fpindle  need  not  be  given,  if  the  diameters  d  and 
m  be  given. 


44^         ^HYPERBOLIC  SPINDLE.      [Part  3* 

Note.  When  the  generating  hyperbola  is  equila- 
teral, the  rule  will  be  barely  p  X         ^^  X  area 

EFBNo  —  ^/  X  liLll—. — By  corollary  3  to  the  lafl: 
problem.    Putting  d  =:  bl  the  greateft  diameter. 

RULE       II. 

Ufe  the  fecond  rule  for  the  zone  of  an  elliptic 
fpindle,  only  here  add  the  firft  general  product 
inftead  of  fubtrafting  it,  and  the  content  will  be  got. 

That  is;[2DD  +  dd+%cy.{^  +  d^T>)X  8c] 
X  ^fl  =  FBNPLM.  Whei%  d  zn  FM  the  leaft  di- 
ameter, s  zi  the  area  fbn,  and  the  other  letters  as 
before,  ■       By  corollary  4  to  the  lafl  problem. 

Note.  If  the  generating  hyperbola  be  equilateral, 

4.  times  the  central  diflance  will  be  3: /  •-  , 

and  then  the  content  of  tlie  zone  will  be  * 

liJd  -11  +  ^^  (^^^^-)  X  V']  X  if  I. 

By  coroUarj^  5  to  the  lafl:  problem. 

RULE       III. 

From  4  times  the  fquare  of  the  diameter  equi* 
difl:ant  from  the  greateft  and  leaft,  fubtradt  the  uim 
of  the  fquare  of  the  leaft  and  3  times  the  fquare 
of  the  greateft  diameter ;  and  from  4  times  the  faid 
middle  diameter,  take  the  fum  of  the  leaft  and  3 
times  the  greateft ;  then  divide  the  former  difference 
by  the  latter,  and  ^  of  the  quotient  will  be  the  cen- 
tral diftance. 

That 
I 
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That  is,  -  X  ^^  "3^   "       rr  c,   f»  being  the 

middle  diiimeter. — By  corollary  7  to  the  laft  problem. 
Then  proceed  as  in  the  laft  rule. 

Note.  When  the  generating  hyperb.  is  equilateral, 

by  corollary  8  to  the  laft  problem ;  fo  that  the  con- 
tent may  ^  then  be  found  without  having  the  length 
given. 

Another  rule  might  be  drawn  from  corollary  6  to 
the  laft  problem. . 

PROBL  EM    XV. 

^0  find  the  Content  of  the  Segment  of  an  Hyperbolic 

Spindle. 

Ufe  here  the  rule  for  the  fegment  of  ian  elliptic 
fpindle ;  only  inftead  of  what  is  there  called  the 
lefs  axe,  take  here  the  tranfverfe,  and  inftead  of  the 
greater,  the  conjugate  axe ;  and  the  content  will  be 
obtained.— —By  corollary  2  to  problem  13. 

That  IS,  2pc  X  area  APE  —  ^ X  - — r —  = 

the  fegment  map.     Where  ^  is  =  ae  its  altitude, 
and  the  other  letters  as  in  the  laft  problems. 

Other  rules  might  be  Tound  by  fubtrading  the 
fruftum  from  the  femi-fpindle,  according  to  the  cor-, 
refponding  rules  of  the  laft  two  problems. 


PRO* 


t 
I 
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PROBLEM    XVI. 


^ofind  the  Content  of  an  Univerjal  Hyperbolic  Spindle ; 

that  iSy  tf  a  Solid  Generated  from  the  Revolution 

of  an    Hyperbola    about   an    Ordinate  to 

Any  Diameter. 

INVESTIGATION. 

Puttf  =  cB  the  femi-diameter  to  which  belongs 
the  double  ordinate  a  a,  about  which  the  figure 
ABA  revolves,  c  =  cd  its  femi-conjugate,  ^  —  ae, 
c  =  CE,  z  =  E¥,  y  =  GF  parallel  to  ce,  m  =  fine 
of  the  .angle  e  or  f,  and  n  =  its  cofine,  to  the  ra- 
dius I,  alfo  p  =  3"  141 59;  and  let  gh  be  perpen- 
dicular to  AE, 


Then,  by  the  nature  of  the  hyperbola,  c  :  a  :: 
%/  cc  +  zz  ;  -^ zz  CI ;  hence  J  zr  c  —  ci  zz 

c 
ajcc  4-  zz        ,  .  J 

c :  but  gh  is  h:  my^  and   hf  zr  »y  ; 

hence   eh  is  zz  2  db  ny^   and  the  fluxion  of  the 

•  •  • 

folid  is  jp  X  gh*  X  hk  zz  pmmyy  X  (z  ±  ny)  zz* 

A^^  w  /    *^         a  '     •        a   *  2C/TZA/cc-t-ZZ    .       a        ,    /f^St^Z. 

pmm  X{±:nyy  +  Q^z ^ — b^^-i ); 

whofc 
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whofe  corred   fluent  is  fmm%  [=pT^(^^'~y) 

■I        ■■« 

+  c*2;  +  /j*zH r^  — ^^^ •- c^c  X  hyp. 

log.  of  ^     ^^^  =1  the  folid  generated  by  kbgh  « 

•  . 

And  when  z  becomes  ==  hy  the  above  fluent 
gives  ^/w»i  X  (c^^  +  fl**  H J- ^^^^ — 

—  Ctf  ^  X  hyp.  log.  of  "''^^'^'^ — )  for  half  the  con- 
tent of  the  whole  folid  aba. 

Corollary.  From  the  general  inveftigation  above  it 
appears  that  ^w*  X  (=F4»BE»  +  c*^4-tf*^+*^^'  — 

i — ^ cacX  hyp.  log.  of )  ex-  ^ 

prefles  the  folid  generated  by  abk  ;  the  fign  of  the 
firft  term  4»be'  being  —  or  +,  according  as  k  falls 
between  a  and  e,  or  without  them':  and  confe- 
quently  half  the  difF.  of  the  folids  generated  by  the 
fpaces  ABK,  KBA,  is  ^pnm*  X  be'  zz^px  Bin*  X  kb 
=  the  cone  generated  by  the  triangle  bke.  And 
hence  the  folids  generated  by  the  two  equal  areas 
ABE,  EBA,  are  alfo  equal;  the  value  of  eadi  being 
the  half  content  of  the  whole  folid  mentioned  above 
in  the  inveftigation. 

Scholium.  The  foludon  of  this  problem  was  never 
but  once  before  attempted,  viz.  in  a  periodical  per- 
formance ;  but  the  folution  there  given  is  erroneous, 
the  fluxion  and  fluent  of  the  general  fruftum.  being 
both  falfely  afligiled. 


Go  SEC 
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SECTION    VIII. 


PROMISCUOUS    Q^UESTIONS    CON- 
CERNING    SOLIDS. 

# 

Q^UE  ST  I  O  N      I. 

REQUIRED    the  content  of  a  tub   whofc 
greater  diameter  ab  is  60,  diagonal  bc  ^6, 
and  the  length  of  the  ftave  ac  30  inches. 

Here  ab  :  bc  +  ac  : :  bc  — 
AC  :  2^^=  6X9^6  =  57-6 

=   BE  —  £A  r=  DC. 

Hence   ae  =  ^^ab  —  ^cd  = 
30—  28*8  =:  1*2. 


And  EC  z:  v^AC*^AE*r:'»/3o*— 1-2*  =  6|/5*— -2* 
=:  6^25  —  ^04  1=  6v^24-96. 

Then  (ab*  +  Ap  X  dc  +  dc*)  X  ^ce  X  785398 
—  (60*  +  60  X  57-6  +  57-6*)  X  2^24-96  X  785398 
rr  1037376  X  4v/*39  X  3*i4i59  =  81410-112 
cubic  inches  =  288-688  ale  gallons,  the  content 
required. 

QJJ  E  S  T  I  O  N      II. 

Three  perrons  having  bought  a  fugar  loaf,  would 
divide  it  equally  among  them  by  feftions  parallel  to 
the  bafe  ;  it  is  required  to  find  the  altitude  of  each 
perfon's  (hare,  fuppofing  the  loaf  to  be  a  cone 
whofe  height  is  20  inches.     ^ 

4  Similar 
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Similar  cones  being  as  the  cubes  of  their  altitudes^ 
we  (hall  have  as  4/3  •  \/i  •-•  20  :  204/4-  — 
i3'8672247  =  the  height  of  the  upper  part;  and 
as -^3  :  ^%  ::  20  :  io\/\  =  i7;47i6i07  = 
that  of  the  upper  and  middle  part  together ;  confe- 
quemly  i7*47i6io7  —  i3'8672247  ~  3'6o4386  is 
the  height  of  the  middle  part,  and  20—  17*4716107 
:r  2*5283893  is  that  of  the  lower  part, 

Q^U  E  S  T  I  O  N     III. 

A  filver  cup,  in  form  of  the  fruftum  of  a  cone, 
whofe  top  diameter  is  3  inches,  its  bottom  diameter 
4,  and  its  altitude  6  inches,  being  filled  with  liquor, 
a  perfon ,  drank  out  of  it  till  he  could  fee  the  middle 
of  the  bottom ;  it  is  required  to  find  how  much  he 
drank  ? 

By  problem  14  of  feftion  i  we  have  d  =  4,  ^  n  3, 
i&  =  6,  and  bd  zz  4-i>  =  2 ;  hence  d'  —  d^-zz  64 — 27 
=  37,  p  =:  the  tabular  area  whofe  verfed  fine  is 
—  or  4.,  =  4-»  =:  4.  of  78539816  ;  r.=  the  tabu- 
lar area  whofe  verfed  fine  is   °^  ^^         or  t^  = 

•22045528; ='2;  and  -^— ,  n  2:  confe- 

quently  (37»— 32»+54Qj/2)X2  =  (5«+54Q^/0 
X  2  =  7'85398i6  +  35-0458624  =  42-899844 
cubic  inches  =  '152127  ale  gallons,  or  i  gill  and^- 
nearly,  the  quantity  required. 

O^U  ESTION     IV. 

I  have' jT right  cone  which  coft  me  ^^5  13  7,  at 
10  s  a  cubic  foot,  the  diameter  of  its  bafe  being  to 
its  altitude  as  5  to  8 ;  and  would  hive  its  convex 

G  g  2  furfacc 
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furface  divided  in  theTame  ratio  by  a  plane  parallel 
to  the  bafe,  the  upper  part  to  be  the  greater :  re- 
quired the  flant  height  of  each  part. 

Here  ^I-lll  —  !0  is  the  folidity  of  the  cone  in 
108  120  -' 

g 

feet;  and  -785398  X  5*  X  -  =  200  X  785398  X  4. 
—  i?£?  is  that  of  a  cone  fimilar  to  it,  whofe  aititudc 

3 

is  8. 

Now,  the  furfaces  of  fimilar  folids  being  as  the 
fquares  of  theit  like  dimenfions,  we  have  v^5  +  8  : 
V^8  : :  v^2-5*  +  8*  the  fide  of  the  faid  fimilar  cone 

y  i-^  the  flant  height  of  the  upper  part  of  this  cone, 
when  its  furfece  is  divided  in  the  ratio  propofed ; 

and  confequently  \/yo^^  \/—  =  V^-^s ^  i 

is  the  flant  height  of  the  under  part  of  it. 

Then,  becaufe  fimilar  folids  are  as  the  cubes  of 
their  like  dimenfions,  we  (hall  have  i/^^  :  v/-^  •• 

\/^  •  ^t/^  X  v/^*  =•  3-9506486  the  flant 
height  of  the  upper  part  required  i   and  ^^ — -  : 

^    120  8  13    ^^^      n        ^8  13 

=  A^^  X  v/4?  -  3-9506486  =  5-036 1098  - 

3*9506486  ==  i*o8546i2  the  flant  height  of  the 
under  part. 


.1 
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QJJ  E  S  T  I  O  N     V, 

There  is  a  mill-hopper  in  the  form  of  a  fquarc 
pyramid,  whofe  folid  content  is  1 3 1^  feet ;  but  one 
foot  is  cut  off  its  perpendicular  altitude,  to  make 
a  paflage  for  the  grain  ^from  the  fruftum  or  hopper 
to  die  mill-ftone ;  The  fides  of  its  greater  and  lefs 
end  are  in  proportion  as  4^  to  i .  Required  the 
content  of  the  fruftum,  in  corn  meafure,  in  which 
268-8025  cubic  inches  make  a  gallon,  or  2150-42 
a  bulhel. 

Since  fimilar  folids  are  as  the  cubes  of  their  like 
dimenfions,  we  (hall  have  4*5'  :  i'  ::  134  •  'f^  ^ 

~r  zz  J  zz  -^  the  content  of  the  part  cut  off. 
4*5*       81       37  '^ 

« 

Therefore  13^  -1  =  !2  -  ±  =  ?2^  =  Zi2i:5 

^         27         2        27  S4.  54 

=  - —  cubic  feet  =  ■^—  x  1728  or or 

54  -54.         '  9 

721  X  32  or  23072  cubic  inches,  the  content  of  the 

hopper.     Which  being  divided  by  2150*42,  gives 

10729067  bufliels  for  the  content  in  corn  meafure. 

Q^U  E  S  T  I  O  N     VI. 

A  piece  of  round  tapering  timber,  whofe^  top  and 
bottom  diameters  are  40  and  50  inches,,  and  its 
height  6  feet,  is  to  be  cut  through  the  extremity 
of  the  lefs  diameter,  and  parallel  to  the  tapering  di- 
redion ;  required  the  content  of  the  two  parts  or 
hoofs  into  which  it  is  cut. 

By  prob.  14  feft.  i,  d  z:  50,  d  =  40,  i  r;  6  feet  % 
z=  72  inches;    then,  a  zz  50*  X  tabular  fegment 

whofe  height  is  iSni?  or  -^  or  •z  ;=  50*  X  •!  1 1 8238 


50—40       10 
=  ^79'559S- 


o  g  3  Hence 
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Hence  [  ^  -  ^dx/(v  -  d)d}  x  ^b  = 

[!Z2^9L^-- i^v/G^^T^Sj^]  X  Z4  = 

(279*5595  X  5  -  '.^illiH)  X  24  =  (279-5595  X  3 

—  i6u  X  4)  X  40  =198-6785  X  40  =  7947-14, 
the  content  of  the  hoof  cut  off. 

But,  by  prob.  8  fedt.  i,  ^^^^'  X  ^  x  -785398 

=  (5'  —  4*)  X  100  X  24  X  785398  r:  166400 
X  -785398  =  25o690'2543893,  the  content  of  the 
whole  piece. 

Confequently  1 30690*2543893  —  7947*14  = 
1 2 2743*  1 143893  is  the  folidity  of  the  complemental 
hoof. 

<UJ  E  S  T  I  O  N      VII. 

*'  Two  Oxonians  meeting  at  an  inn,  encoun- 
tered with  a  tankard  of  negus  ;  tlie  one,  being  pot- 
valiant,  gave  it  a  black-eye,  as  it  is  called,  that 
is,  he  drank  till  he  could  fee  the  center  of  the  bot- 
tom of  the  tankard ;  the  other  drank  the  reft  :  Now, 
if  the  liquor  coft  is  6d,  and  the  tankard  meafure 
4  inches  diameter  at  the  top  and  bottom,  and  6 
inches  in  depth,  what  muft  each  perfon  pay,  pro- 
ponionable  to  the  liquor  he  drank  ?" 

By  prob.  4  feft.  i,  we  have  -^ddb  for  the  quan- 
tity left  by  the  firft  perfon ;  and,  by  prob.  2  feft.  i , 
fjddh  is  the  content  of  the  whole  tankard  ;  d  being 
the  diameter,  h  the  height,  and  n  zz  -785398 ; 
that   is,   the  whole  is  to  the  lefs  (hare  as  » to 

confequently    »:-J.;-i8d!-^=z  *r8^~8   

3-8197185 


T  * 


Sed.  8.]      PROMISCUOUS  Qjr;ESTiONs. 


455 


3  "8 1 97 1 85  pence,  which  is  the  fum  the  latter  perfon 
muft  pay;  and  hence  i8d  —  3"8i97i85d  :z 
14*1802815  pence  is  die  fum  the  firil  drinker  mufl: 
pay. 


QJJ  £  S  T  I  O  N     VIII, 

How  many  acres  of  the  earth's  furface  may  be 
feen  from  the  top  of  a  fteeple  whofe  height  is  400 
feet ;  the  earth  being  fuppofed  a-perfedt  fphere  whofe 
circumference,  is  2^000  miles  ? 

1 

Having  drawn  from  a,  the  top 
of  the  Ileeple,  two  lines  ad,  af,  to 
touch  the  earth,  whofe  center  is  c, 
and  the  other  lines  as  in  the  figure ; 
FED  will  be  the  furface  required. 

By  fimilar  triangles,  ca  :  cd  or 
CB  ::  CD  or  cb  :  ce;  hence  ca  : 
CA  —  cB  zz  ab  : :  CB  :  CB  —  ce  := 

12500    ^/  400 


BE 

— 

CB    X    BA 

— 

OB    X 

BA 

12500 

3'i4iS9 
50000 

5280 

AC 

12500  X 

4 

CB  + 

BA 

400 
5280 

1250 

X 

528-  +  3* 

141 

^59 

X  4 

660012*5663706 

144 

•075756I33364I6945. 

'    Then,  by  problem   19  feftion    i,    we  have 
'075756^3336416945  X  250000  X  640  (the  acres  in 
a  fquare  mile)  zi  iai2098i*338267iiz,  the  num- 
ber of  acres  required* 


<5g4 


aj7S8< 
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Q^U.E  S  T  I  O  N      IX. 

How  high  above  the  furface  of  the  earth  muft  a 
perfon  be  raifed,  that  he  may  fee  one  third  of  its 
furface  ?  * 


The  furfaces  of  fegments  being, 
by  prob.  19  fed.  i,  as  their  alti- 
tudes, the  altitude  of  the  fegment 
in  the  queftion  muft  be  one-third 
of  the  diameter,  or  two-thirds  of  the 
radius  of  the  fphere ;  that  is,  b  e  zr 
4-BC  ;  and  confequently  ce  z:  ^cb. 


But,    by    fimilar    triangles,    as 
CE   :  cp   or   CB  ::  cd   or   cb   :   ca,   and  hence 

CBXBE 
'9 


CE  :  CB  •--CE  z:  BE  :;  CB  :  CA  — CB  zr  ab  zi 


CE 


which  is  a  general  expreflion  for  the  height  above 
the  furface,  and  which  when,  as  above,  be  is  — 
2EC,  becomes  2BC  r:  the  diameter vof  the  .earth; 
which  is  the  height  required. 


Q^U  E  s  T  I  o  N     X. 

If  from  a  piece  of  tin  aed,  in  the  form  of  the 
feftor  of  a  circle,  whofe  radius  a e  or  ad  is  30 
inches,  and  the  length  of  its  arc  ed  36  inches,  be 
cut  another  feftor  abc  whofe  radius  ab  or  a c  is  20 
inches  ;\and  if  then  the  remaining  fruftum  bode 
be  rolled  up  fo  as  to  form  the  fruftum  of  a  cone; 
it  is  required  to  find  its  content,  fuppofing  one- 
eighth  of  an  inch  to  be  allowed  off  its  flant  height 
BE  for  the  bottom,  and  the  fam*c  allowance  off  the 
circumference,  of  both  top  and  bottom,  for  what 
the  fides  be,  cd,  fold  over  each  otlier,  in  order  to 
their  being  foidered  together. 


By 


I 
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By  fimilar  figures,  as  ae 
AB  : 


^  36x20 

ED  :  ^c  =:  ■      — 


3? 
rr   24.      Then  the    cir- 
cumferences *  of    the  top 
and  bottom  are    36  —  4- 

=^  35t  =  35-875^  and 
23"jB75  ;  and  the  fide  of 
the  velfel  is  30  —  20  —  ^ 

=  9t  =  9'875- 

Hence  the  diameters  of  the  ends  will  be  d  — 
3S:M  ^j,d  ^  -.  irlZi .    half    their    difference  is 


3*i4iS9 
6 


3*i4i59 


;  confequently  the  perpendicular  altitude  will 

be  found,  by  the  property  of  right-angled  triangles, 

6^        —     y9'87S*  X3M4159*  -  6* 


3-14159* 


to  be  v/9*875* r  =  s/ 

_  30-43749^ 
3'Hi59' 

Then,   by  problem    8  feAion   i,  we  fhall  have 

3rg75'  +  3$'87S  X  23'g7S  +  33*875*  ^  30-43749  ^  3-14159 

3-14159-  3*Hi59  i* 

_  287*4-287x191  +  191*  ^  30-43749  _  170667  ^  30-43749 
B*x  3-14159*  la  768         3'i4i59* 

=  685-3263  cubic  inches,  the  content  required. 

QJJ  E  S  T  I  O  N      XI. 

It  is  required  to  find  the  area  of  the  feftipn  of 
any  fpheroid,  formed  by  a  plane  paffing  through  the 
extremities  of  the  two  axes,  the  one  axe  being  80, 
and  the  other  6o, 


By  prop.  I  fed:.  4,  the  feftion 
AKB  will  be  an  ellipfe,  whofe 
axes  are  AB  and  2Hk^  h  being 
the  middle  of  ab. 

But 
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But    AB  =  y^AE*  +  EB*    =  v/40*  +  30*    =   50. 

And,  having  drawn  fghi  parallel  to  db,  by 
the  naaire  of  the  ellipfe,  ae*  :  eb*  : :  ae*  —  gl* 
=    AE*  —  ^AE*    zz    4a£*    :    gi*    z=    ^eb*  ;     and 

hence,  by  the  nature  of  the  circle,  2v/fh  x  hi  = 

the  other  axe  2hk. 

Confequently  ab  X  2HK  X  -785398  =  50  X 
30V/2  X  '785398  zz  i666'o8iioi8o7,  the  area 
of  the  feftion,  when  the  fpheroid  is  oblong.  And 
50  X  40v^2  X  •785398  =  222i'44i469076,  the 
area  when  it  is  oblate. 


O.U  E  S  T  I  O  N      XII. 

There  is  a  panch  bowl  in  form  of  the  fegment  of 
an  oblong  fpheroid,  whofe  axes  are  to  each  other 
in  the  proportion  of  3  to  4,  the  depth  of  the  bowl 
being  one-fourth  of  the  whole  tranfverfe  axe,  and 
the  diameter  of  its  top  20  inches  :  it  is  required  to 
determine  what  number  of  rounds  a  company  of  lo 
men  may  drink  out  of  it,  when  filled  with  iFquor, 
ufing  a  conical  glafs,  whofe  depth  is  2  inches,  and 
the  diameter  of  its  top  an  inch  and  a  half. 

The  fegment,  whofe  altitude  is  i ,  of  the  fpheroid, 
whofe  axes  are  3  and  4,  is  fimilar  to  the  propofed 

one;  and,by  the  nature  of  the  ellipfe,  4  :  3  ::  2\/^  X  1 
:  2x3  the  diameter  of  its  top;    but   by  prob.    14 

feft.  5,  its  content  is  — ^^   X   3*   X   3-14159  r= 

^ —^—  i    and  fimilar  folids  are   as  the  cubes 

4 

of  their  like  dimenfions ;   therefore  C^^Y  :  20'  :: 

15 
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IS  x/785398  _  80000/3 
•  3^x^3   ^4  ~       81 


•785398,  the  content  of  the  )30wl. 

But   1-5*   x'2  X  lZ!i39!=l    X  -785398,   the 
content  pf  the  glafs,  and  15  X  -785398  =  each  round. 

— ,       ^       8ooooi/3  X  -785398  16000^/3    _ 

114-0444976  is  the  number  of  rounds  required.  . 

<^U  E  S  T  I  ON      XIII. 

Two  perfons  would  divide  between  them,  by  a 
plane  perpendicular  to  the  bafe,  a  hay-rick,  in  the 
form  of  a  paraboloid,  whofe  altitude  is  40,  and  the 
diameter  of  its  bafe  30  feet;  it  is  required  to  find 
the  difference  between  the  folidities  of  the  parts, 
fuppofing  the  altitude  of  the  fe6tion  to  be  28  feet. 


Here  dh  =  40,  ea  z=  30,  and  bc  =1  hl  =  28. 

Hence  dl  =  dh  —  hl  z:  40  —  28  z:  12 ;  and, 
by  prob.  3  feft.  6,  as  v/dh  :  \/dl  ; :  ha  :  lc  n  hb 

=  -^T — zz-^^-;  hencec/HA*— HB*=:y^ic*  — ^— ^ 
=  v/^  =  BG,  and  ^  =  llnh^  =  liHV^  = 

2  EA  •  30  20 

•226 1387  the  tabular  verfed  fine  fimilar  to  ab  ;  whofe 
tabular  area  is  -13322474;  which  taken  from 
•39269908,  the  tabular  fcmi-circle,  leaves  '25947434 

the 


! 
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the  tabular  area  fimilar  to  double  the  area  hbgk; 
confequently  4.  x  30*  x  -25947434  =1 16*763453 
is  the  area  hbgk. 

Then,  by  cor.  4  to  prob.  14  fed.  6,  we  (hall  have 

1 16-763453  X  40  X  2  +  i-^^l- =9341-07624  + 

420\/2I      =     9341-07624    +     1924-681794      = 

11265-75803,  the  di'flference  required. 

• 

QJJ  E  9  T  I  O  N      XIV. 

The  curve  furface  of  a  paraboloid  being 
(109V/109  — 27)  X  2  X  3;i4i59  =.6980-57746, 
it  is  required  to  find  its  altitude,  and  the  diameter 
of  its  bafe,  fuppofing  them  in  proportion  as  5  to  6. 

Byprob.7fea.  6,^|l±i|^^  x  3  xi  X3-14159 
— .  i_2^LL2_li/   X    2    X    q-i4ico  is  the  furface  of 

100  ^      -T    j:? 

a  paraboloid  whofe  altitude  is  5  and  bafe  dia- 
meter 6,  which  is  fimilar  to  the  propofed  parabo- 
loid ;  but  the  furfaces  of  fimilar  bodies  are  as  the 
fquares  of  their  lineal  dimenfion$,  or  the  dimen- 
fions  are  as  the   roots  of  the  furfaces ;    therefore 

as  v/ — '— — 2 — L  X  2  X  ^•141  'JQ  IS  to  w — - — ' — t. 

100  o   ^    jy  '^  I 

X  2  X  3-14155,  or  as  I  :  10  : :  5  :  50  the  altitude, 
and  : :  6  :  60,  the  bafe-diameta-  required. 

(^U  E  S  T  I  o  N      XV. 

If  a  cubical  foot  of  brafs  were  to  be  drawn  into 
wire,  of  one-fortieth  of  an  inch  in  diameter,  it  is 
required  to  determine  the  length  of  the,  faid  wire, 
allowing  no  lofs  in  the  metal. 

Here  i  x  12^  in  1728  is  the  folidity  of  the  wire 
in  inches  ;  and  (^J  X  785398  =  7^  X  785398 

the 
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the  area  of  its  end  ;  confequently 

1728  1728  X  1600  ^ 

.      ,  „  =    .785398    =  35^0252-69329 

inches  =:  55^  miles,  is  the  length  required. 

Q^U  E  S  T  I  O  N      XVI. 

A  gentleman  having  a  bowling  green,  300  feet 
long  and  200  feet  broad,  which  he  would  raife  one 
foot  higher  by  means  of  the  earth  to  be  dug  out  of 
jSL  ditch  around  it ;  it  is  required  to  find  to  what 
depth  the  ditch  muft  be  dug,  its  breadth  being  every 
where  8  feet. 

Here  the  ditch  is  a  kind  of  ring  whofe  breadth  is  8, 
^d length  =  300 X  2  +  200X2  +  8X4  =  516x2 
=  1032,  and  confequently  the  area  of  its  bottom  zi 
8  X  1032  =:  8256 ;    but  300  X  200  X  I  =  60000 

is  its  content ;  confequently-g — r-  —  714  ^^^^  ^^  ^^^ 
d^pch  required. 

Q^U  E  S  T  I  O  N      XVII. 

Required  the  weight  of  a  bomb-fliell,  or  hollow 
fphere  of  caft  iron,  whofe  outfide  diameter  is  15, 
and  the  thicknefs  of  the  metal  24.  inches ;  the  gra- 
vity of  water  being  to  that  of  caft  iron,  as  i  to  7, 
and  a  cubic  inch  of  water  weighing  "5787  ounces 
avoirdupois. 

Here  15^  x  3'H^59  x  4  =  15'  x  -5^36  is  the 
folidity  of  the  whole  fphere,,  fuppofing  it  all  foUd  ; 
and,  fince  15—24.  x  2  z:  15  —  5  =  10  is  the  dia- 
meter of  the  cavity,  10^  x  '5236  will  be  the  con- 
tent of  the  cavity;  confequently  their  difference 
(15*-  10^)  X  -5236  =  (f  --  2')  X  5'  X  -5236 
=  19  X  125  X  '5236  is  the  folidity  of  the  metal  in 
inches. 

But 
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But  1:7::  •5785  \  4*0509  ounces^  the  weight 
of  a  cubic  inch  of  the'  metal. 

I 

Confequently  4*0509  x  19  x  la^  x  '5236  = 
5037*4849 1 52  ounces  =  314*8428072  pounds 
avoirdupois  is  the  weight  required. 

Q^UESTION       XVm.' 

Of  what  diameter  muft  the  bore  of  a  cannon  be 
caft  for  a  ball  of  24  pound  weight,  fo  that  the  dia- 
meter of  the  bore  may  be  one  tenth  of  an  inch 
more  than  that  of  the  ball  ? 

By  the  laft,  the  weight  of  a  cubic  inch  of  caft 

iron  is  4*0509  ounces,  confequently  as  4*0509  ounces 

,              |,           ^            r           24  X  16          128 
:  I  inch  ::  241b.  or  24  x  16  oz.  :  -^ = ^ 

inches,  the  folidity  of  the  ball ;  but  the  folidity  is 
equal  to  the  cube  of  thediam.  multiplied  by  •5236; 

therefore  i/ ^^ 7  =    ?*657oq8   inches,  the 

1*3503  X -5236  D    Di   y  » 

diameter  of  the  ball ;    to   which  adding .  •  i  makes 
5*757098  inches,  the  diameter  required. 


PART 


"k 
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PART        IV. 

,  Having  given  the  menfuration  of  all  figures  which 
are  ufually  thought  to  be  met  with  in  real  praftice, 
viz.  the  figures  formed  by  right  or  circular  lines,  or 
by  the  coaic  feftions ;  I  (hall,  under  this  part,  give 
a  very  brief,  treatife  of  other  things  relating  to  men- 
,  furation  in  general;  fuch  as  the  quadrature  and 
cubature  of  figures,  from  general  equations  expref- 
fing  their  nature  or  property  ;  the  method  of  equi- 
difbmt  ordinates ;  and  the  relation  between  the  areas 
or  foKdities  of  figures,  and  their  centers  of  gravity. 


sxiAx 


SECTION        I. 

Ot     THE    TRUE  '  QUADRATURE     AND    CUBA- 
TURE   OF    CURVES    IN    GENERAL. 

PROPOSITION      I. 

TF  z  be  the  ahjcijs  of  any  curves  and  the  ordinate  y  be 

equal  to  z^'^x  (o5+/3r«+y2**+X23''4-52;4*+f5?r.)^'* 

X(tf +  ^2«+r2;»''  +  ^2;3''+^2;4«&c);  andif^  be  put 

equal  to  r^r-^-qziz  Sy  s  +  q  rz  t,  t  -^  q  zz  Vy  v  +  q  :=w, 
fcfr.  I/ay  the  area  will  be  equal  to 

drawn  into  the  Jeries 

+ 
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+  — 

+  JL z» 

«  (r  4-  2) 

J-  i! 2J» 

^C^'  +  S) 
i_^ew_jBS(v+i)_fy(/+2)_D/3(j+3) 

+  f 24» 

« (r  +  4) 
+  &c. 

Where  jf,  B,  C,  &c,  are  the  whole  coefficients  of 
the  preceding  terms,    with  their  figns  +  or  —  ; 

viz.  jf  =  — ,  5  :r  ^!! ,  &c. 


DEMONSTRATION. 

The  fluxion  of  the  area  is  yz  :=  zf-^  z  X 
(a  +  /32»  +  72*"  &c)7-«  X  (a  +  ^2"  +  f 2"'+  &c). 

Let  the  fluent  of  this  expreflion,  or  the  area  re- 
quired, be  reprefented  by  z/^  (a  -|-  jS  2"  -f-  y  z  * « + &c)f 
X  (a  -f-  B^»  +  cz**  +  &c);  where  a,  b,  c,  &c, 
are  not  fuppofed  to  reprefent  the  fame  quantities  as 
in  the  propofition,  but  other  quantities  yet  to  be 
determined/ 

Thea 
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Then  let  the  fluxbn  of  this  laft  aflumed  area  or 
fluent  be  taken,  and  compared  with  the  given  flux- 
ion, fo  (hall  we  have  equations  for  determining 
the  values  of  the  afTumed  letters  a,  b,  c,  &c. 

Thus  the  fluxion  of  the  aflumed  arfca  being 
:i'^z  X  (c»j  +  iS2« + 7%*"  +  &c)^  X  ( Ap  +  (;>  +  »)  bz"  + 

Or,  by  proper  multiplication,  &c, 

vt^x  X  (of  +  ^z  +  yz""  +  &c)^''  drawn  into 
^e^A+(/)+y»)i3A2''+(p+2y«)yA2''+(j>+3?»)SA2^''+&c, 

+  (p  +  2»)  a  C  2*'' +  (/>  +  y»  +  2«)i8cZ^* 

+  (;p  +  3«)aDz3» 

&C. 

If  the  feveral  terms  of  this  feries  be  compared 
with  the  correfponding  terms  of  the  feries  in  the 
given  fluxion,  we  fliall  obtain  thefe  equations,  viz* 

^  =  (/>  + ^  »)/3  A +  (;>  +  »)«  B, 

C  =  (P  +  2?K)yA  +  (/>  +  <^»+»)5B  +  (/>  +  2»)«C, 

</=  (/'+3y»)5A+(/»+2y«+»)yB  +  (/+y»+i«)/3c 

t  =^+4^«)sA4-(/+3y«+»)SB4-(p+2y«+2»)7C 

+  (/'  +  ?«  +  3»)/3i>  +  (i>  +  4»)*E> 
&c.  &c. 

H  h  From 
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From  whence  we  obtain 

a  ' 

A  =  — • 

^—        «(/  +  «)      ' 

^f  — (/+2^«)yA  —  (/  +  ^/f +  «)gB 

""  ^        «(/  +  3«)  ^ 

a  (/  +  4«)  * 

&c.  &c. 

Where  now  the  letters  a,  b,  c,  &c,  in  the  terms 
on  the  right  hand  fide  of  thefe  equations,  denote  the 
preceding  terms,  as  fpecified  in  the  propofition. 

And  if  ^  be  put  zzr,  r  +  qzzs,  s  +  ^  =  /, 
t  +  q  zz  V,  &c,  thefe  kft  equations  will  become 

a 
n 

An  — 9 

ccr 

r—  Ay/-.B/3(j+i)^ 


n 

c  z: 


a  (r  +  2) 


-  — aJ^;— By(/+ 1)  — c/3(j  +  2) 

^  (^  +  3) 

-— A5W—  bSCi^+i)  — cy(/+2)— d^(j4-3) 

&c.  &c. 

Which 


E~2 
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Which  values  of  a,  b,  c,  &c,  being ,  fubftituted 
for  them  in  the  affumed  fluent  or  area,  will  give 
the  area  as  in  the  propofition.     ^  E.  D. 

And  much  after  the  fame  manner  we  may  find 
the  area  of  the  curve  whofe  abfcifs  is  z,  and  ordinate 

X  (a  +  B  z»  +  c  2*"  +  D  z'"  +  gcc)"*  X  &c,  what- 
ever be  the  number  of  the  ferics. 

When,  after  fome  of  the  firft  terms,  the  nume- 
rators  of  each  of  the  following  terms  of  the  feries 

A0S 

—   +      .         .z^  +  &c,  become  equal  to  nothing, 

the  feries  will  break  off,  and  terminate ;  and  then  the 
curve  is  faid  to  be  quadrable.      If  otherwife,  it  is 

faid  to  be  non-quadrable. If  r  be  either  nothings 

or  a  negative  integer  number,  it  is  evident  that  the 
denominator  of  one  of  the  terms  of  the  above  feries 
will  become  equal  to  nothing,  and  then  that  term 
will  be  infinite ;  and  if  this  happen  before  the  feries 
terminate,  by  means  of  the  numerators  becoming 
equal  to  nothing,  the  value  of  the  area  will  come 
out  infinite ;  in  which  cafe  the  feries  is  faid  to  fail. 

"  The  curve  is  denominated  from  the  number  of 
terms  contained  in  the  quantity 

(a  +  P2«+y2:*''  +  52^''+  &c)^     So,  If  it  contain  - 
only  one  term  a,  it  is  a  fimple  nomial ;  if  it  contain 

two  terms  (oc  +  jSz")^,  it  is  a  binomial ;  if  three 
{(» +  0z*  +  yz^^^y  it  is  a  trinomial;  and  fo  on. 

H  h  2  But 
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But  in  what  follows  I  (hall  confider  none  beyond  the 
trinomial. 

The  area  might  be  exprefled  by  a  defcending 
feries,  and  from  thence  other  cafes  of  the  termina- 
tion of  the  feries  might  be  pointed  out ;  but  this  I 
(hall  do  in  the  particular  forms,  as  in  them  it  will 
be  done  with  greater  eafe. 

Nor  (hould  it  be  wondered  at  that  the  area  ad- 
mits of  two  different  values ;  for  when  an  ordinate 
flows,  the  area  on  one  fide  of  it  will  increafe  as  faft 
as  that  on  the  other  decreafes;  confequently  the 
fluxions  of  thofe  two  areas  will  be  equal  to  each 
other,  that  is,  the  fluxions  of  the  areas  are  both 
exprcfTed  by  the  fame  quantity  ;  and  it  is  therefore 
but  right  that  the  fluxion  fhould  admit  of  two  dif- 
ferent fluents,  ^nfwering  to  the  two  areas  on  the 
oppofite  fides  of  the  ordinate.  When  the  expreflion 
comes  out  affirmative,  it  denotes  the  area  lying  on 
that  fide  of  the  ordinate  from  which  it  is  fuppofed 
to  move;  but  when  it  comes  out  negative,  it  de- 
notes the  area  on  the  other  fide  of  the  ordinate. 
When  it  comes  out  infinite,  it  denotes  die  area  lying  ' 
along  the  abfcifs  infinitely  produced. 

If  all  the  terms  of  the  feries  ^  -|-  ^2"  +  rz' »  -(-  &c, 
after  the  firfl,  vanifh,  and  by  that  means  ^he  ex- 
preflion for  the  ordinate  become  only 
az^'"-  X  («  -h  iSz"  +  yz*"  +  &c)^"',  the  curve  or  area 
is  faid  to  be  fimple;  but  if  there  be  more  term.s 
than  one,  it  is  faid  to  be  compound. 

In  what  follows  I  fhall  confider  chiefly  thofe 
cafes  in  which  the  curve  is  faid  to  be  fimple  j  not 
only  bccaufe  thofe  are  the  cafes  that   commonly 

happen 
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happen  in  praftice,  but  becaufe  every  compound 
cafe  may  be  refolved  into  as  many  fimple  ones, .  as 
there  are  terms  in  the  feries  a  +  Az^  +  cz*^  +  &c); 
and  then,  by  finding  the  area  for  every  fimple  cafe, 
the  aggregate  of  thofe  will  be  the  area  for  the  whole 
compound  one. 

In  the  quantity  expreffing  any  area,  write  that 
particular  value  of  the  abfcifs  which  it  is  fuppofed 
to  have  where  the  area  commences,  or  when  it  is 
equal  to  nothing,  and  the  value  of  the  area  refult- 
ing  from  that  fubftitution,  will  be  equal  to  nothing, 
if  the  firft  area  be  rightly  afligned,  and  then  it 
needs  no  correftion  ;  but  if  the  area,  by  this  fubfti- 
tution, come  out  of  fome  value,  then  by  juft  fo  much 
will  the  firft  area  differ  from  the  truth,  and  it  muft 
be  corrected  by  fubtradting  the  faid  value  from  it. 

It  may  alfo  be  obferved,  that  when  the  ordinate 
is  oblique  to  the  abfcifs,  the  area,  as  found  by  the 
feries,  muft  be  drawn  into  the  fine  of  the  angle  of 
inclination  of  the  ordinate  to  the  abfcifs. 


EXAMPLE. 


If  an  ordinate  jr  be  *= 


zzs/az  —  6z^  +  cz* 

To  have  this  in  the  fame  form  with  the  general 
feries,  we  muft  exprefs  it  thus 
y  =^2'"'  X  (3^  —  32  2)  X  (tf  -  iz*  +  cz')^^; 
'  or  it  may  be  exprefled  thus 
y  =  z""  X  (  -  *  +  saz*)  X  (c^iz'  +  az'^Y'^, 

Now  by    comparing   the    firft    of   thefe    fprms 
with  the  general  expreflion  of  the  area,  we  obtain 

H  b  3  a  z;. 
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Hence  r  =  ^  =  -J,  j  =  r  +  y  =  —  i,/z=j  + 

J  =  -"^>  ^  =  /  +  y=:o,  wiz-y  +  jTzz  1,  &c. 

Then,  by  fubllituting  thefe  values  in  the  general 
feries,  we  have 

z'^   X   (a  ^   If   z^   +  c  z^y  X    —  2  —    z  x/ 


«5 


all  the  reft  of  the  terms  after  the  firft  vanifhing. 
And  becaufe  this  expreflion  is  negative,  it  denotes 
the  area  on  the  other  fide  of  the  ordinate. 

Again,  by  comparing  the  latter  form  with  the 
general  feries,  we  obtain  a  zz  —  ^,  ^  =  0,^  r:  3^; 
azz  Cyfizz-^b^y  =  0,  5  =  ^?;^=:  — !,»  =  — i,  yn^* 

Hence  r  =  ^=  1,^=1  r  +  y  = -,/  =  j+y=:2,&c. 

Then  fubftituting  thefe  values  in  the  general  fe- 
ries,  we  obtain  \/ X 

for  the  area  in  this  cafe ;  where  the  law  of  the  pro- 
greflipn  is  manifeft,  and  where  a,  b,  c,  &c,  denote 
the  whole  poefficients  of  the  firft,  fecond,  third,  &c> 
fermsy 

COROLLARY      !• 

When  by  r,  dy  &c,  are  each  equal  to  nothing,  the 
f  urve  will  be  fimple,  and  the  general  expreflion  for  Am- 
ple 
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pleareas  becomes—  X  (a +182''+ 72**+ 5z^*  +  &c)^x 


as 


I 
+  - 

r 


•2» 


(r+i)* 

/yA  +  (j+i)gB 


&c. 

COROLLARY      II. 

If  the  curve  be  only  a  trinomial,  ^s  j^  r:  a  2     X 

(a  +  jSz"  +  yz  )    »  that  is,  S,  e,  &c,  each  eqiial  to 
nothing,  the  area  in  the  laft  corollary  will  become 

an     ^  '       '       ^r      (r+i)<»  (r  +  a)  • 

But  to  find  anither  expreffion  of  the  area  in  a 
defcending  feries,  we  have  the  ordinate  y  or  az^^  X 

(u+^z'+yzy"-  d2^"+''''"''x  (y+dz'+uzy"., 
then,  by  comparing  this  with  the  original  feries, 

the  area  w  ill  come  out  "-^ —  X(a+ fiz" + y?**)^  X  (-^ 

(s^2)$A        (j-3)j3B+(r-2)«A         (^-4)igc-t-(r-3)«B 
-  &C). 

H  h  4  Whcft 
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When  any  particular  example  is  propofed,  if^ 
after  having  fubftituted  in  the  former  or  afcending 
form,  it  come  out  an  infinite  feries,  let  the  latter 
or  defcending  form  be  tried ;  for  fometimes  an  area 
is  quadrable  by  the  one  feries,  when  it  is  not  fo  by 
the  other. 

E  X  A  MP  LEI. 

Let  the  ordinate  ^  be  =  ^  ;  which 

reduced  to  form  is  az'^'^  X  (1  —  22  +  32*)^'^ 
Here  then  we  have  a  — a;  a=i,e  =  —  2yyii:7; 

Whencer  =  ^  =  ^2,  s=  r  +  q  =^41, /z=j 

And  by  fubftituting  thefe  values  in  the  afcending 
feries,  we  obtain  az'^  X  (i —22:  +  32*)^ x  (—  i_3.2) 

all  the  reft  of  the  terms  vanifliing,  =  L±Jf  x 
°  22s 

—  tfv^i  —22  +  322  for  the  area  required;   and 
■which  therefore  is  quadrable. 

But  if  the  fame  values  be  fubftituted  in  the  de- 
fcending feries,  we  get  the  area  expreffed  by  the  in- 
finite feries 

at/l  —  iZ  +  jz*  7A         9B-4A  UC-CB   _      ^ 

c^i-2»  +  iz-        I  4.  J. _ 21+4:4  ,ii(9:7±4.4)+i:5 
9»*  ^  ^4«         4-S2*    ■*"  4.5.6^3 

, ^c)  = 

9**  "^  ^4«      4.S«*^  4.5.62' ""^'^^^ 
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EXAMPLE     II. 


/ 
I 


Suppofe  y  =  — -;   which  reduced  to 


Si 


the  proper  form  is  as^'^  X  (2  +  3Z  +  32*)     . 
Here«  =  <?5«=:2,e=3»y=3»/'=3>«=i>?  =  T- 
Then  r  =  ^  =  3,  J  =  34,  /  =  3^,  v  =  4,  &c. 

And,  by  the  afcending  feries,  the  area  will  be  ex> 
preffed  by  the  infinite  feries  4.^2*^2  +  3%  +  32* 

^3        8  10  12  14  ^ 

=i»2V^+3Z+3g*X(i-i^+-|i-+-/'°     &c); 

^        ■  .3      •  J  ^6      5.8  •  6.8.10  *  6.8. 10;  I  a       ^' 

and  therefore  it  is  not  quadrable  by  this  method. 
But  by  the  defcending  feries  the  area  is  quadrable. 


z  —  2 


and  comes  out  —j—  x  a\/2  +32.  +  32,%  all  the 
terms  after  the  fecond  vaniftiing. 

So  that  fometimes  the  area  is  quadrable  by  the 
one  feries,  and  fometimes  by  the  other ;  but  it  is 
alfo  fometimes  quadrable  by  neither,  and  fometimes 
by  both  of  them. 

COROLLARY       III. 


In  the  cafe  of  a  binomial  j  zz  az^^  X  a  -f-  jSz^l^'S 
befide  the  letters  which  in  the  laft  corollary  were 
equal  to  nothing,  y  alfo  will  be  nothing;  and  by 
fuppofing  it  to  vanifli  in  the  afcending  feries  in  the 


arf        /       ^     n      sH 


laft  corollary,  there  will  refult  —  X  (^  +  jSz")   X 

^r      (r+i)«  (r+2)«  (r  +  3)a  (r+4)* 

&c,  for  the  afcending  feries  to  be  ufed  in  this  cafe ; 

wher« 
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where  the  feveral  letters  have  the  fame  value  as  be- 
fore. And  this  feries,  it  is  evident,  will  always  ter- 
minate when  s  is  either  nothing  or  a  negative  inte- 
ger, and  the  number  of  terms  will  be  one  more  thaa 
the  number  of  units  in  i. 

But  the  fame  ordinate  y  zz  az^'^  x  («  -|-  ^z^y'^  is  =r 
^^-«+?»-*  X  (13  +  ocz'^y".  Then  by  writing,  in  the 
above  afcending  feries,  ec  for  ^,  /3  for  a,  ^  +  j»  —  w 

ioTpy  and  —  n  for  +  »,  we  (hall  have  -n— ^  (««+i32;")^ 

y  /_! (^-0«A  _    (r-2)«B   ^   (r--3Vc    g^  . 

^S-i  (i-2)gz'^  (j-3)^js*"  (j-4)^z^«  ^ 
for  the  area  exprelfed  by  a  defcending  feries ;  and 
which,  it  is  evident,  will  terminate,  aad  be  qua- 
drable,  when  r  is  any  affirmative  integer  number. 


EXAMPLE      I. 


If  the  ordmate  be  j  r: 


zzazz{b  +  cz^)    zzaz     (b  +  cz^) 

We Ihall  have  <?  n:  a;  o^n^,  jS  ::z  c;  p  :=:  3,»  =  3, 

and  5;  IT  —  K     Hence  r  =: ^ n  i,  and i  =:  r  +  y  = 

I  —  I  iz  b  ;  fo  that  the  curve  is  quadrable  by  both 
forms  of  the  feries.     Thus, 

By  fubftituting  in  the  afcending  feries,  we  (hall 
have  —  (b  +  cz^)^  X  r  =  "nr- — rr  for  the  area 

3f  '  ^  I  3b  {b  -^  cz^) 

on  the  one  fide  of  the  ordinate. 

And  by  ufing  the  defcending  feries,  we  obtain 

— 7-  (^  +  ^2  )    X  -^ — 77-. — rr  for  the  area 

on  the  other  fide  of  the  ordinate. 

EX- 
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EX  AM  P  L  E     II. 


azi 


Suppofe    the    ordinate    be  y     =  ^^^  = 

az'  X  (^  +  cz')''  -  az"^  X  (^  +  cz^f"". 

Hence  r  zz  ^  zz  Zy  and  j  =  r  +  j  =  24..     So  that 

ft 

it  appears  that  the  defcending  feries  will  bring  out 
a  terminate,  but  the  afcending  one  an  interminate> 
area.     Thus, 

By  fubftituting  in  the  afcending  feries,  we  have 


•*  «y.4  f  -  n  -  f\r%  w^ 


2^        ^2       2.3.2^      2.3.4.2*^*     2.3.4.5.23^3  / 

for  the  area.     Or  by  writing  d  ibr  2  ^,  it  will  be 

lygyl+TT^  y  /i  _  5££  _  5'7^*«^  _  S'7'9^'^^  _  f^^\ 
"1      3  ^2       2.3^        2.3.4//*       2-3-4-S'^^  /* 

But  by  fubftituting  m  the  defcending  feries,  the 
area  is  quadrable,  and  comes  out  ^ 


EXAMPLE      III 


If  the  ordinate  j  be  =  \/a{b  +  x)zz  y/a i  +  ax  = 

a^x'^ib  +  xy  =  Jx''\b  +  x)^"' ;  which  exprefTes 
the  common  parabola,  a  being  the  parameter,  and 
^  +  ^  the  whole  abfcifs,  or  diftance  of  the  ordinate 
from  the  vertex  of  the  curve. 

J  =  4^    Hence  r=:^  =  i,  ands  zz  r  +  q  =  ^, 

So  that  the  curve  is  quadrable  by  .the  defcending 

feries, 
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feries,  but  not  by  the  afcending  one.     Thus, 

By  fubftituting  in  the  defcending  feries,  we  ob- 
tain tf^V  {b  +  ;v)^  X  *  =  \y/(i{h  +  ;c)*  for  the 

area. And   firice  this  area  vanifhes  only   when 

i  +  Af  or  the  whole  abfcifs  is  equal  to  nothings  it' 
denotes  the  area  of  the  whole  parabola.     But  when 

flf  is  =:  o,  this  area  becomes  \\/a  X  b^  for  the  area  to 

the  abfcifs  b :  hence  2  y/a  X  -^ — will  be  the 

3 
area  of  the  fruftum  included  by  the  two  ordinates 

anfwering  to  the  two  abfciffes  b  and  ^  +  x.     And, 

after  tlie  fame  manner,   z\/a  X  -^ ^ ^ 

3. 
will  be  found  to  denote  the  fhiftum   contained  by 

the  two  ordinates  whofe  abfciffes  are  ^  +  ^  and  ^  —  x. 

But,  by  fubftituting  in  the  afcending  feries,  the 
area  will  come  out  the  infinite  feries 

As  this  feries  vanifhes  when  x  is  put  equal  to 
nothing,  it  exprefTes  the  area  beginning  where  x 
begins,  viz.  the  fruftum  included  by  the  two  ordi- 
nates whofe  abfciffes  are  b  and^  +  x ;  and  therefore 

this  feries  is  equal  to  z\/ a  X ,  which  was 

found  above  to  exprefs  the  fame  area.     Then,  by 
making  this  quantit)^  equal  to  the  faid  feries,  and  re- 

ducini^,  we  obtain  —  X  fi  —  (rr— )  1  for  the  value 
of  the  infinite  feries  1  -*  i^  +  ^1^^  —  ^'J'^f    +  &c, 

\o        4.0^^        4.6.8^^     ' 

And  by  fuppofing  b  and  x  in  thefe  laft  expr^flions 

to 
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to  be  equal  to  each   other,  there   will  refult 

ixAZLl  —  Ir"^^  for  the  fum  of  the  infinite  ferics 
3\/*  6 

I  -  1  +  5:2  -  iiZ:?  +  kl±L'  _  &c . 

4  4,6  4.6.8  4.6.8.10  ' 

3^/2  6  4       4.6       4.6.8       4.6.8.10 

Now  by  the  binomial  theorem  the  quantity 

/>  .  ^  26    '    2.4^*        2.4.6^5        2.4.6.8^*  ^' 

therefore  the  above  quantity 

_  ^    A  (^1  -r  ^^        4.6^t  ^4.6.8^^       4.6.8.10^*^  ^^^' 
and  confequently  the  area  becomes 

^  ^  ^^  vi  -t-^^  — 4,6^.  -t- ^5.8^3      4.6.8.10^*  +  ^^J' 

which  muft  be  =  *tf ^'  X  [(^  +  ;v7  —  ^^J ; 
fo  that,  in  general, 

■^'^       ^i^         *"    ^4^     4.63*^4.6.8^^      4.6.8.10^     ^>'" 

If,  in  this  equation,  we  take  x  ::z  +  b  and  —  ^, 
we  (hall  have 

»(^2i/2  — i")—  14-' ^  4--^  —  -illli-  -i.  See 

T^2t^2       i;  —  I  +^      ^^^  ^  ^^^  g        4.6.8.10  ^  ^^• 

and  4.   =  I  —  '  — -^ ^  -^  -if^^ 1-  &c. 

*  *      4.6       4.6.8       4.6.8.10 

And  by  adding  and  fubtrafting  thefe  two,  we  have 

•  '   —  '  4-  —  4.  -^'3     .      ^'3>S      ,       ^'3W        .    c,^ 
^  ""  ^  ^  4-6  ^  4-6.8  "^  4.6.8.10  "^  4.6.8.10.12  "*"      ^^ 

^■^  4.6         4.6.8.10  4.6. 8. 10.12. 14  * 

"  *    4.0.8    4.6.8.10.12  '  4.6.8.10.11.14.16^ 

And, 
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And,  further,  if  i  be  taken  =  «^,  then,  in  general, 

^.  n  '    4        4.6       4.6.8      4.6.8.10 

COROLLARY      IV, 

In  the  cafe  of  a  fimple  nomial 

y  zz  az     X  a      zz  ace    z    ^  fuppofing  /3  in  the  laft 
corollary   to  become  nothing,    the    area   wilt   be 

— - —  zi  — ,  putting  m  zz  ao^'^. 

Or  if  inftead  oi  tnT^'^  be  written  its  value  j^,  the 

area  will  be  — . 

P 

And  the  curve  in  this  cafe  is  always  quadrable ; 
except  when  p  is  iz:  o ;  for  then  the  area  —  be- 


wz^ 


m 


comes  —  if  - ,  viz.  infinitely  great. 

To  this  cafe  of  areas  belong  all  fimple  parabolic 
fpaces,  and  the  fpaces  lying  between  the  curves  and 
afymptotes  of  all  hyperbolas.  And  all  fuch  are, 
evidently,  to  the  parallelograms  of  the  fame  bafc 
and  altitude,  as  i  to  ^.  ' 

EXAMPLE      I. 

The. general  equation  to  parabolas  is 


m 


f^z"  zzy"^-^"^  or y  zz /)*"+"  2."+*;    where  y  is  the 
ordinate,  z  the'abfcifs,  and  p  a  given  quantity. 


m 


Here  then  m  —  p'"'^",  and  p  =  — ^  +  i  zz^'V*  ; 

which  value  of^  being  of  fome  magnitude,  we  con- 
clude that  all  parabolas  are  quadrable,  and  the  area 
I  will 
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will  be,   by  fubftituting  in  the  two  forms  above, 
cither  -2L±1  X  ^-+'  z^-+^,  or  ^^,x  yz. 


m  +  in 


m  +  2n 


So  that  the  area  of  any  parabola  is  to  that  of  its 
circumfcribing  parallelogram,  as  fn+  n  h  to  m  +  m* 

In  the  common  parabola,  m  and  n  are  each  equal 
to  I,  or  pz  '=^yyy  and  the  general  area  becomes  \yz 
or  \  of  the  circumfcribing*  parallelogram, 

EXAMPLE      II. 

The   general   equation    to 
hyperbolas  is 

where  z  is  one  afymptote  go, 
and  y  an  ordinate  cd  drawn 
parallel  to  the  other  gp. 

Here  then  m  zn  p  "   y  and 

^  =  I = ;  lo  that 

the  fpace  will  always  be  quadrable,  except  when  n 
and  in  are  equal  to  each  other,  as  in  the  cafe  of  the 
common  or. conic  hyperbola;  and  by  fubftituting 
in  the  two  forms  above,  we  obtain  either 

M  Jk         ^  y         'w  ^  ^  0^ 

-^ or  — —  for  the  area  gp//dc. 

«  —  «  n  —  m 

So  that'  hyperbolic  fpaces  are  to  their  infcribed 

parallelograms,  as  ~ —  to  i,  or  as  »  to  ;?  —  «?;  and 

lince  when  n  is  ^i  nty  as  in  the  conic  hyperbola,  this 
ratio  becomes  that  of  »  to  o  ;  it  appears  that  the  faid 
hyperbolic  fpacc   ofdoc  is  in  this  cafe  infinitely 

great ; 
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great ;  but  in  any  other,  of  a  finite  magnitude,  not- 
withftanding.it  is  of  an  infinite  length  towards  p. 


COROLLARY      V. 


If  in  the  original  feries,  in  the  propofition,  oiily 
j8,  y,  S,  &c,  vanifh,  by  becoming  equal  to  nothmg, 
the  feries  for  the  area  will  become 


ct 


i-I  r,P 


2^  X   (r    + 


^Z» 


+ 


cz 


in 


c% 


m 


+  &c). 


And  if  here  agaip  p  and  n  be  fuppofed  each  equal 

to  I ,  and  u^'^  be  adlually  drawn  into  the  feries,  and 
then  the  literal  coefficients  of  the  feveral  terms 
be  reprefented  by  a,  b,  c,  &c,  we  ftiall  obtain 
A.V  +  ^BX*  +  ^c^'  +  ^Dx^  +  &c,  for  the  area 
correfponding  to  the  ordinate  y  zz  a  +  hx  +  ex* 
+  jyx^  +  &c,  putting  x  for  z. 

» 

And  by  this  feries  we 
might  find  a  great  va- 
riety of  areas.  But  to 
reduce  it  to  another  fe- 
ries, converging  quick- 
er; if  ^  be  iz  ACyy  n  cd, 
as  the  above  feries  will 
reprefent  the  area  abdc  of  the  curve  ^bd;  fo  like- 
wife  ify  flow  back  from  a  to  cd,  making  the  ordi- 
nate ^  iz  A  —  b;i^  -I-  ex*  —  Dx^  -}-  &c,  X  being 
now  negative,  the  area  AB^r  will  be 

A^  —  ^BX*  +  ^cx^  —  ^DX^  +  &c. 

Then,  fuppofing  the  former  x  or  ac,  to  be  equal 
to  this  latter  x  or  at,  and  adding  the  two  feries  to- 
gether, there  will  refult 

2  A  a;  +  ^cx^  -h  -^E^*  +  &c,  for  the  area  cdoc.     Or 
if  now  z  be  put  zz  cc  :=z  zx,  this  area  will  be  equal  to 

+  &c,  where  c  may  either 


AZ  H h 

3-4 


be  at  the  vertex  of  the  curve,  or  not. 


When 
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When  ;if  is  =  o,  then  j^  n  a  z=  ab  ;  fo  that  aB  is 
always  the  value  of  a,  or  a  denotes  the  middle  or- 
dinate of  the  area  cdDc. 

If  FBE  be  drawn  parallel  to  cc,  and  meet  cd  and 
cd  in  E  and  f  ;  the  redtangle  ^pec  will  be  equal  to 
^CXABZZAZ,  and  confequently  the  difference  be- 

t,ween  cdDc  and  tfec  will  be 1 ^  +  &€• 

EXAMPLE     I. 

If  ^BD  be  a  right  line;  its  equation  will  be 
yzzA-\^BXy  B  here  denoting  the  ratio  of  the  fine 
of  the  angle  ^ba  to  its  cofine.  Then,  fince  the 
value  of  each  of  the  Idtters  c,  d,  e,  &c,  in  the  general 

formvda,  is  nothing,  the  general  area  a  2  H h  &c, 

will  be  only  az  =  the  reitangle  cp  =  ab  X  cc 

zz   ^"^^^  X  cc  for  the  area  dvcc,  as  in  rule   6 

prob,  3  feft.  I  part  2.  • 

EXAMPLE    II. 

If  dBD  be  a  parabola,  its  equation  will  be  ^  r: 

6  8^  "^  ^^^  ^y  extrafting  the  root* 

Here  a  =^at,  c  = ^,  e  — tt^j  ^^9 

^  2,4^*'  2/4t6«8^         ' 

and,    by  fubftituting,   the   area  r^Dc   will  be  rr 

=  A2  X  (I  ^  -^. Z^^^'-T  -  &0- 

And  therefore  the  redangle  az  or  ba  X  ^c,  exceeds 

the  parabolic  area,  by  all  the  terms  of  the  feries 

after  the  firft 

li  '  But; 


482  THE    QJCTADRATURB  [Part  4. 

But  by    example  3   to   corollary   3,   the  fame 

^      Jr.    '             /    w  (*  +  *)*-(*  -  *)^  r 

area  cdoc  iszz  %^a  X  ^^ ^;  confeq. 

—      ''3'5'7'9'y       g^^'^^     y^jj^  when    b  and  ;?  are 
4.6.8. 10.12.14^^       -^ 

equal  to  eacb'other  in   this  equation^   we  obtain 

W^  =  i--k — 7%^ ^^#^^-  -&c; 

'  4.6         4.6.8.10        4.6.8.IO.I2.I4  ' 

the  fame  as  was  founds  by  a  different  method,  in 
ex.  3  cor.  3. 

When  c  is  the   vertex   of  the  curve,  then  b  is 
=  Xy   and  the    feries    for  the  area  ci>c   becomes 

A2  X  (i \ ^^ &c);  which  alfo,  by 

^         4.6       4.6.8.10  ^'  '    *' 

fubftituting  for  this  laft  feries  its  value  4-v^2,  as  found 
above,  will  be  =  \^zkz  =  4/2  X  the  redlanglc 

^FEC. 

EXAMPLE     III. 

If  the  curve  be  a  circle,  and  a  were  any  point 
between  the  circumference  and  the  center,  the  fe- 
ries would  be  very  complex ;  but  if  a  be  the  cen- 
ter, and  r  the  radius,  then  will 

and  confequently  the  area  will  be 

2r;rX(i ; -. ^—3 7-^ — 5  — &c); 

^        3.3r*     a.4.5r*     a.4.6.7f*     3.4.6.8.9r*  ^^ 

which  feries  converges  very  faft  when  x  is  fmall  in 
refpeft  of  r. 

When  X  becomes  equal  to  r,  we  obtain 

Arr  X  r  I  —  —  — —  — 7 —  —  — /  o  "  ■"  cic^ 

^  >  2.3        1.4.5        ^•4«6.7        2.4.D.0.9 

for  the  whole  circle. 

X  Hence 


Seft.  I.] 


op     CURVtS. 


4dj 


Hence  i  —  ^S^joS&c,  =  —  +  -^  +  -^4- 
4-  &c^  as  in  pa.  io4« 


EXAMPLE.     iv« 

If  </b  d  be  an  hvperbola;  put 
its  femi-tranfverie  ab  =  /,  fe- 
mi-conjugate  ag  =  r,  abfcifs 
AC  zr  ;v,  and  ordinate  cd  =:^; 
then  its  equation  will  be  yy 

zz  ti  y^    ,  oxy  zzt  X 


cc 


CO- 


v^i+if= 


H — =:/x(i4— 


!■  '*3*^_J*3'5-^', 


J.4C*  ■  2.4.6c*     2.4.6.8^*^^5* 
and  by  fubftituring  m  the  general  feries,  the  area 


2.3c*      2.4.5c^ "^ 2.4.6.7c*  "^  ^^^' 


r^Dcwillbe2/;cX(i  4— -  — 

the  fame  with  the  feries  in  the  laft  example  for  the 
area  of  a  circle,  differing  only  in  the  figns  of  the  fc- 
cond,  fourth,  fixth,  &c,  terms. 

"    When  ^  is  =  r,  the  feries  becomes 

2/.X  (r  +  Jj-^-^  +  -±2_  «  &c)    for  the 

area  GPop. 

« 

The    reftangle    a  beg    is   r=   /Af,    which 
from    the    area  abdc,    will    leave   ab  X 

(i:i7^"~j:^  +  li6:^  -"-^Oforthe  area  bde. 

So  that  the  reftangle  ab  eg  is  to  the  trilineal  bde,  as 

I  is  to  the  feries  -^ fl-  +     '*3-^^  ■■  _   &c. 

a.3c»        2.4.5c*  ^  2.4.6.7c*  • 

And  when  x  or  ac  is  =  ^  or  ag,  the  redtangle 
AB^G  will   be  to   the  trilineal    b^q^,   as   i    is    to 

-«-  &c. 


taken 
be   X 


I 


1.+  ±1^ 

1.4*5        2.4.6.7 


IIZ 


Parallel 
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Parallel  to  one  afymptote 
G  p  of  an  hyperbola,  draw  or- 
dinates  ba,  cd,  to  the  other 
GG ;  B  being  the  vertex  of  the 
curve  :  And  put  ga  =  ^,  ab 
=  ^,  AC  zi  Xy  and  cd  zz  jf. 


Then  a  +  x  \  a  ::  b  :jf 

ah    f  w  /  *    I    ** 


a+x 
a^ 


—  ^  &c.)  1=  the  ordinate. 


And  by  comparing  this  with 
the  general  feries,  we  obtain 

2^^  X  (I  +  ^/+  ^  +  ^l  +  &c),  for  the  area 

cJvCy  taking  a^  =  ac. 

And  when  x  zz  a,  or  ac  z:  ag,  the  above  ex- 
preffion  will  become 

2GA  X  AB  x(i  +4.  +  ^  +  4.  +  4.  &c)  for  the 
area  gpbqg.  ' 


P^ROPOSriTlON      !!• 

If  there  he  Any  Solid y  in  which  all  the  Parallel 
Se^ionSy  either  Right  or  Oblique  to  the  Axey  are  Like 
and  Similar  Figures ;  and  //,  when  the  Abjcijsy  or  Fart 
of  the  Axe  drawn  through  the  Centers  of  the  FaralUl 
SeSlionSy  is  reprefented  by  z,  the  Value  of  the  Seilion 
be  exprejfed  by  Any  Series  of  ^erms  involving  z,  and 
known  quantities  y  after  the  fame  manner  as  the  Ordi- 
nate  is  exprejfed  in  the  laft  Fropofition :  Then  will 
the  Solidity  be  exprejfed  by  the  fame  ^antity  as  the 
Area  in  the  lafi  Fropofition :  That  isy  fuppofing  the  re^ 
lation  between  the  Abjcijs  and  SeSlion  to  be  exprejfed 
by  Any  Equation  of  which  one  Jide  is  the  Seffion,  after 
the  manner  of  the  relation  between  the  Abfcifs  and 
Ordinate  in  the  lajl  Fropofition ;  whenever  the  value 

of 
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of  the  Ordinate  agrees  with  that  of  the  SeSliotty  then 
will  the  value  of  the  Solidity  he  the  fame  with  that 
of  the  Area  as  found  by  the  f aid  Propofition. 

DEMONSTRATION, 

For,  the  fluxion  of  the  folid  being  equal  to  the 
fe£lion  drawn  into  the  fluxion  of  the  ahfcifs,  and 
the  fluxion  of  the  area  equal  to  the  ordinate  drawn 
into  the  fame  fluxion  or  the  abfcifs,  whenever  the 
ordinate  and  fedtion  agree,  the  area  and  folidity 
mull  likewife  agree,  fince  equal  fluxions  have  equal 
fluents.     ^  £•  D. 

SCHOLIUM. 

» 
All  die  examples  that  have  been  given  to  the 

corollaries  of  the  laft  propofition,  may  be  confi* 
dered  as  examples  to  this,  the  quadrature  in  thofe 
being  confidercd  as  the  cubature  here;  and  it  is 
evident  that  curves  will  be  cubable  not  only  when- 
ever they  are  quadrable,  but  they  will  often  be  cuba* 
ble  when  the  area  cannot  be  expreflfed  except  in  an 
infinite  feries,  becaufe  the  fedion  of  a  folid,  uiing 
the  area  of  a  given  circle  as  a  given  number,  is  often 
a  terminate  expreflion,  when  the  ordinate,  is  denoted 
by  an  infinite  feries;  and  this  is  the  cafe  in  the 
conic  feftions ;  for  thofe  curves,  the  parabola  ex- 
cepted, are  not  quadrable,  yet  all  the  folids  genera- 
ted by  their  revolution  have  finite  expreflions,  as 
we  have  already  found  in  the  foregoing  part  of  this 
work,  and  as  will  more  generally  appear  in  what 
follows ;  which  I  have  fet  down  not  merely  to  flievr 
that  the  fame  conclufions  may  be  brought  out  by 
different  means,  but  chiefly  for  the  fake  of  fome  eafy, 
curious,  and  general  rules,  with  which  this  method 
of  inveftigation  fo  readily  fupplies  us* 
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COROLt-ART. 

Thus,  by  applying  here  what  is  done  in  the  laft 
corollary  of  the  laft  propofition,  to  the  curves  of  the 
fecond  kind,  we  (hall  obtain  general  and  terminato 
expreffions  for  their  folidities.     For,  by  prop.  2 
feft.  4  part  3,  the  flowing  feftion  being  always  as 
A  4-  B/f  4.  cxx^  if  p    denote   a   given   quantity, 
^  X  (tf  +  B  Ji?  4-  cxx)  will  denote  the  fedion  itfelf ; 
and  confequently  ^;^  X  (a  -f  ^b;^  +  4^'^*)  or^  X 
{kz  +  ^  C2:')  will  de- 
note the  folidity  cdvc, 
generated  by  the  feflion 
of  a  folid,    in    flowing 
from   the    place    cd    to 
the  place   cd,   z  being 
;=  re. 

Since  pA  reprefents  the  middle  feftion  ab,  the 
firft  term  pj^z  in  the  above  expreflion  will  be  equal 
.  to  the  cylinder  rFB EC,  whofe  bafe  is  equal  to  th^ 
middle  fedUon  ab,  and  altitude  cc  zz  z;  and  con- 
fequently -^pcz*  will  always  be  the  difference  be-^ 
jtween  the  folid  cJbdc  and  the  Cylinder  rpBEc. 

Or  if  there  be  taken  cg  :  cr  : :  %/c  ;  i,  ^d  the 
three  ;gireas,  viz.  the  curve  cdsDC,  the  redangle 
^FBEG,  and  the  right-angled  triangle  f  gc,  be  fup- 
pofed  to  revolve  together  about  the  common  axe 
f  c ;  then  will  the  difference  between  the  folid  gene-? 
rated  by  t/Zbdc,  and  the  cylinder  generated  by 
<FBEc,  be  conftantly  ecjual  tppne-foufth  of  the  cone 
genierated  by  /C gc, 

{greater  than 
equal  to 
or  lefs  than 
jjie  cylinder  generated  by  ^fbeg  accord uig  as  the 

fan  hyperbola 
a  parabola 
or  an  ellipfe.. 


value  of 


^affirmative!  thatis, accord- 
nothing       >  ing  as  the 
or  negative  J  curve  ^3  d  is 
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In  the  parabola  c  is  zz  o,  the  equation  to  the 
curve  being yy  :^  a  +  bx;  and  therefore  the  para- 
bolic conoid,  or  any  fruftum  of  it,  is  equal  to  a 
cylinder  of  the  fame  height  with  it,  and  whofe  end 
is  equal  to  the  middle  feftion  of  the  conoid,  viz. 
the  fedion  parallel  to  and  equally,  diftant  from  its 
two  ends. 

In  the  hyperbola  \/c  is  =  -,  putting  m  for  the 

whole  axe  of  which  cc  is  the  continuation,  and 
n  for  its  conjugate  axe ;  and  therefore  the  hyper- 
bolic conoid,  or  its  fruftum  exceeds  the  cylinder  by 
one-fourth  of  a  cone  of  which  the  radius  of  the  bafc 
is  to  the  common  altitude  ^c  of  all  the  three  folids, 
as  n  is  to  m. 

But  in  the  ellipfe  the  value  of  c  is  —  — .  m  and 

n  being  the  axes  as  above ;  and  therefore  the  femi- 
fpheroid,  or  its  fruftum,  is  lefs  than  the  cylinder  by 
one-fouith  of  the  faid  cone,  of  which  the  radius  of 
the  bafe  is  to  the  common  altitude,  as  n  is  to  m. 

When  the  ellipfe  becomes  a  circle,  m  will  be 
equal  to  H ;  and  confequendy  the  femi-fphere,  or 
its  fruftum,  will  be  lefs  than  the  cylinder  by  one- 
fourth  of  the  cone,  of  which  the  radius  of  the  bafe 
is  equal  to  the  common  altitude  of  ail  the  folids. 

When  ^BD  is   a  right 
line,  or  the  folid  a  cone, 

then  the  value  of  \/c  or  — 


DC 


will  be  equal  to  — ,   pro- 
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ducing  the  right  lines~D//, 
c^  tp  meet  in  h  ;  confe- 
quently  the  triangles  dhc,  g^c  are  fimilar,  and  the 
conic  fruftum  exceeds  the  cylinder  by  one-fourth  of 
a  fimilar  cone ;  the  folids  being  ftill  all  of  the  fame 
altitude.     The  radius  cg  of  the  bafe  of  the  faid  fimi- 

I  i  4  lar, 
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lar  cone,  will  evidently  be  = ,    a  fourth  pro- 


CH 


portional  to  ch,  cd  and  c^:  Or,  if  di  be  drawn 
parallel  to  fc,  the  triangle  dij>  will  be  equal  to  the 
triangle  ccg  in  all  refpefts,  or  co  =r  id  =  dc  —  cd^ 
that  is,  the  radius  cg  of  the  bafe  of  the  fimilar  cone, 
is  equal  to  the  diiference  between  the  greateft  cd  and 
leaft  (d  radius  of  the  fruftum.— When  the  fruftum 
becomes  a  complete  cone,  it  is  evident  that  it  will 
exceed  the  cylinder  by  one-fourth  of  itfelf,  or  the 
cone  will  be  to  the  cylinder  as  4  to  3, 

From  the  general  manner  of  confidering  the  ge- 
neration of  the  fruftum,  in  the  beginning  of  thig 
corollary,  by  the  parallel  motion  of  a  flowing  fee  - 
tion,  it  is  evident  that  the  above  properties  will 
obtain  in  the  fame  fplids,  whether  die  ends  ar^  per- 
pendicular or  oblique  to  the  axe ;  and  alfo  that 
the  general  method  will  include  the  frufl:um  of  any 
pyramid,  whether  right  or  oblique;  and  fuch  a 
fruftum  will  exceed  the  prifm,  of  the  fame  altitude 
and  whofe  bafe  is  equal  to  the  middle  feAion  erf" 
the  fruft:um,  by  one-fourth  of  a  cone  of  the  fame 
altitude  alfo,  and  of  which  the  radius  of  the  bafe 

DC  X  cr 


IS 


CH 

It  may  farther  be  obferved,  in  general,  that  in 
the  fame  or  in  fimilar  folids,  when  the  altitude  and 
the  inclination  of  the  ends  to  the  axe  are  the  fame, 
fhe  cone,  or  the  difference  between  the  frufturn 
of  the  folid  and  tl>e  cylinder  or  prifm,  will  be  con- 
ftantly  the  fame  quantity,  whatever  the  magnitude 
of  the  ends  may  be.  When  the  altitude  is  con- 
flBnt,  and  the  inclinations  of  the  ends  vary,  the 
faid  difference  is  reciprocally  as  the  cube  or  the 
diameter  of  the  generating  plane  which  is  conju- 
gate to  cc  the  axe  of  the  fruftum,  or  diameter  con- 
nedting  thp  centers  qf  its  ends.  When  both  the 
altitude  and  inclination  vary,  the  difference  is  as 
file  cube  of  the  altitude  diredly,  and  cube  of  the 

faid 
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faid  conjugate  diameter  reciprocally;  but  when 
they  vary  fo  as  that  the  altitude  is  always  reciprocally 
as  that  diameter,  then  the  difference  is  a  conftant 
quantity. 

PROPOSITION     IJI. 

in  the  Fruftum  of  any  Solidy  generated  by  the  Revo-^ 
lution  of  Any  Conic  SeSion  about  its  Axe^  if  to  the  Sum 
of  the  two  Ends  be  added  four  times  the  Middle  Se^iouy 
or  JeStion  parallel  to  and  equally  dift ant  from  the  two 
EndSy  one-ftxth  of  the  Laft  Sum  will  be  a  Mean  Area^ 
and  being  drawn  into  the  Altitude  of  the  Solid j  will  pro- 
duce the  Content. 

DEMONSTRATION. 

By  the  corollary  to  the  laft:  prop,  the  content  is 

;)Ar  X  (a  +  \^x  +  :^cx^)  =  px  X    2— ; 

but  by  prop.  2  fed.  2  part  3,  the  one  end  /d*  is  =  ^ 
J<  (a  +  B^  4-  c**)  5  then  by  writing  ix  for  x,  the 
middle  fedlion  will  be  />S*  =:  ^  x  ( a  +  iBX  +  ^c;^) ; 
and  by  writing  o  for  x,  the  other  end  will  be  ^  ^*  = 
pA  ;  now  it  is  evident  that  the  fum  of  the  two  ends 
with  four  times  the  middle  feftion,  is  equal  to  the 
numerator  of  the  quantity  expreffing  the  content; 

gonfequentlyjp  x  x  —    \     —  =pxx  — ■  ^  ^  

will  be  the  folidity  of  the  fruftum.     ^  E.  D. 

COROLLARY      I. 

When  the  fruftinn  becomes  the  complete  folid, 
the  lefs  end  vanilhes,   and  the   content  is  barely 

px  X  —7 . 
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COROLLARY     II. 

This  propofition,  it  is  evident,  includes  all  fruf- 
tums,  as  well  as  the  complete  folids,  whether  right 
or  oblique,  not  only  of  the  folids  generated  from  the 
revolution  of  the  conic  feftions,  but  alfo  of  all  pyra- 
mids, cones,  and  in  fliort  of  any  folid  whofe  parallel 
feddons  are  fimilar  figures.  The  fame  theorem  may 
alfo  be  applied  to  the  areas  of  all  curves,  whofe  equa- 
tion is  of  this  form^  zza+bx+  c^*,  calling  i>  and  J 
the  extreme  ordinates,  and  S  the  middle  one. 

And  of  this  form  is  the  equation  to  the  parabola 
i/bd  (figure  to  corollary  5  to  prop,  i)  cd  twcing  the 
axe  of  the  curve,  and  putting  ca  n:  x^  and  ab  zzy  ; 
and  confequendy  any  parabolic  portion  cds  a  bound- 
ed by  the  curve  </b,  the  two  lines  ab,  cd  being  pa- 
rallel to  the  axe  cd,  and  the  line  a^  perpendicular  to 

the  fame,  is  truly  expreffed  by  ^ ~ — ^  X  Ar,  kl 

being  the  middle  ordinate. 


SECTION     II. 

OF     THE    APPROXIMATE    QUADRATURE    AND 

CUBATURE  OF  CURVES  BY  MEANS  OF 

EQUIDISTANT  ORDINATES 

OR  SECTIONS. 

PROPOSITION     I. 

/'F  a  Right  Line  a^  be  divided  into  any  Even  Num^ 
her  of  Equal  Parts  ac,  ce,  eg,  6?r;  and  at  the 
points  ofdivijion  be  ere£led  Perpendicular  Ordinates  ab, 
CD,  itF,  ^Cy  terminated  by  Any  Curve  bdfS^c;  and 

if 
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if  A  he  fut  for  the  f urn  of  the  Extreme  or  Firft  and  Laft 
Ordinates  ab,  no  ;  b  for  the  fum  of  the  Even  Ordinates 

CD,  GH,  LM,  iScy  viz.  the  fecondy  fourth,  fixth,  6f^; 
mid  c  for  the  fum  of  all  the  reft,  zt,  ik,  6*r,  viz.  the 
thirdyfifthy  &?r,  or  the  Odd  Ordinates  ^  wanting  the  firft 
and  laji:    Then  I  fay  that  the  Common  Diftance  Ad  or 

CE,  6f^,  of  the  Ordinates f  being  drawn  into  the  fum 
arifingfrom  the  addition  of  Aj  ^  times  b,  and  2  times 
c,  one -third  of  the  Produif  will  be  the  Area  abon  ^very 
nearly. 

That  is  ^  +  ^»  +  ^^  XV  =  the  Area,  putting  D  =:  ac 

3 
the  Common  Diftance  of  the  Ordinates. 


demonstration* 

If  through  the  firft  three 
points  B,  D,  F,  of  the  prb- 
pofed  curve,  a  parabola  be 
conceived  to  be  drawn, 
having  its  axe  parallel  to 
the  ordinates ;    the  para- 


N" 


bolic  area,  by  the  fecond  A.  O  E  &  I  L 
corollary  of  the  laft  propofition,  will  be  (ab  +  4CD  + 
ef)  X  4.  ae  =:  (ab  +  4CD  +  ef)  X  j-AC  ;  but  when 
the  points  b,  d,  f,  are  at  no  great  dillance  from  each 
other,  the  parabolic  curve  will  nearly  coincide  with 
the  curve  propofed,  and  confequently  the  area  of  the 
one  will  be  equal  to  the  area  of  the  other,  very  nearly ; 
hence  (ab  +  4CD  +  ef)  X  ^ac  will  be  equal  tp  the 
area  abfe,  very  nearly.  After  the  fame  manner 
(ef  +  4GH  +  ik)  X  \  AC,  or  EG,  will  be  equal  to 
the  areaEFKx;  and  (ik  +4LM  +  no)  x^- ac  nthe 
area  ikon  ;  and  fo  on. 

Wherefore,  by  taking  the  fum  of  thefe  areas,  we 
Ihall  have  (ab  +  4CD  4-  2ef  -f  40 h -f  21K  -f 

4LM  +  no)    X    ^AC   =    (a  4-  4B  +  2C)  X   ^AC    foF 

the  whole  area  abon,  very  nearly,    ^ £.Z). 
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COROLLARY^ 

The  fame  theorem  will  alfo  obtain  for  the  contents 
of  all  folids,  by  ufing  the  fe6tions  perpendicular  to 
the  axe,  inflead  of  the  ordinates,  as  will  appear  from 
the  laft  propofition  of  the  laft  feftion ;  for  the  fruf- 
tum  of  the  folid  there  may  be  fuppofed  to  coincide 
in  the  extremes  and  middle  with  any  other  fruftum, 
after  the  fame  manner  as  the  parabola  with  any  other 
curve*  The  propofition  is  accurately  tnie  for  all  pa- 
rabolic and  right-lined  areas,  as  alfo  for  all  folids  ge- 
nerated from  the  revolution  of  conic  feftions  or  right 
lines,  with  all  kinds  of  pyramids ;  and  for  all  other 
kinds  of  areas,  and  folidities,  it  is  a  very  good  ap- 
proximation. 

SCHOLIUM. 

It  is  evident  that  the  greater  the  number  of  ordi- 
nates or  fcftions  arc  ufed,  the  more  accurately  will 
the  area  or  folidity  be  determined ;  but  in  a  cafe  of 
real  praftice,  fuch  as  cafk-gauging,  three  feftions  are 
fufficient ;  and  becaufe  of  the  Simplicity  and  accuracy 
of  this  method,  it  is  by  far  the  moft  proper  for  prac- 
tical gaugers  of  any  thing  that  can  well  be  devifed  ; 
for  by  only  taking  the  bung  and  head  diameters,  and 
a  diameter  in  the  middle  between  them,  the  fum  of 
the  bung,  head,  and  4  times  the  middle  circle, 
drawn  into  half  the  length  of  the  cafk,  will  be  fix 
times  the  content,  very  nearly.  And  the  fame  me- 
thod may  be  ufed  to  good  purpofe  in  all  cafes  of 
ullaging  either  Handing  or  lying  cafks,  by  taking 
the  area  at  the  top,  bottom,  and  middle  of  the 
liquor. 

EXAMPLE      I. 

Let  it  be  required  to  find  the  area  of  the  quadrant 

of  a  circle  whofe  radius  is  i . 

Let 
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Let  the  radius  be  divided  into  lo  equal  parts  by 
II  ordinates,  the  firft  being  nothing,  and  the  laft 
equal  to  the  radius^  and  the  intermediate  9  ordinates 
the  fines  of  the  arcs  whofe  verfed  fines  are  refpeftively 

TTTJ  Xtf-l  TO  TO  TC">  T0">  TO   T^9  ^"*^   T5- 

Now,  by  the  property  of  the  circle*  we  fhall  have 
v/i'9X'i  =  \/' 19  =  •4358899  the fecond ordinate, 
v/i*8x-2  =  \/^36ir'6  the  3d  ordinate, 
v/i;7  X'3=:  v/ •51  =7141428  the  4th, 
'\/ 1  '6  X  '4  =  \/'64  =  •8000000  the  5th, 
\/i\^x*jzz  -\/'75  =  •8660254  the  6th, 
\/i-4X*6=:  %/'84'=: '9 1 65 1 51  the  7th, 
v/i'3X^7=:  v/-9 1  =-953939^ ^he  8th, 
\/ 1  -2  X  -8  iz  v^*96  =:  '9797959  the  9th, 
\/x-i  X  '9  r:%/'99::r '9949874  the  tenth, 
the  1 1  th,  bfeing  =  i  the  radius,  as  was  before  ob- 
ferved. 

Hence  a  zz  o  +  i  =  i, 

3  =  the  2d  +  4th  +  6th  +  8th  +  loth  =  3*9649847, 
c  =  the  3d  +  5th  4-  7th  -jr  9th  n  3-2963 1 1, 
and  D  =:  •!. 

Confequently  (a+  4B  +  2c)  X  ^d  =r  23*45256  x 
^  =  •78175  =  the  area,  pretty  near  the  truth. 

This  area  diiFers  from  the  truth  by  more  than  in 
curves  in  general,  on  account  of  the  obliquity  of  the 
curve  to  the  ordinates  near  the  beginning  of  the  arc  ; 
but  if  by  the  fame  rule  we  find  the  arc  belonging  to 
the  9  greateft  ordinates,  which  will  be  '70363,  and  to 
it  add  the  area  of-  die  femi-fegment  whofe  altitude  is 
•2  and  bafe  -6,  confidering  it  as  a  parabola,  viz. 
•6  X  -2  X  4^  z:  -08,  the  fum  '7836  will  be  nearer  the 

true  area;  and  if  •08175  ^^^  ^^^  ^^^^  ^^  ^^^^  f^g" 
ment  had  been  added,  we  ftiould  have  had  '78538 
the  area  very  exa<St. 
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EXAMPLE      II. 

Taking  example  i  to  prob.  5  of  the  parabola,  in 
which  the  abfcifs  of  a  parabola  is  2,  an(i  the  bafe  or 
double  ordinate  1 2,  to  find  the  area  of  the  parabola. 

Here,  by  taking  three  ordinatcs,  of  which  the  firft 
and  lafl  are  each  nothing,  and  the  middle  one  =  2, 
their  common  diftance  being  6  ;  we  (hall  have 
A  =  o,  B  =1  2,  c  n  o,  and  d  zz  6. 

Confequendy  (a  +  4B  +  2c)  x  4i>  =  8  X  2=16, 
the  true  area  as  before. 

EX  AM  P  L  E     III. 

Given  the  lengths  of  five  eqiiidiftant  ordinates  of 
an  area,  or  the  feftions  of  a  folid,  10,  11,  14,  16, 16, 
and  die  length  of  the  whole  bafe  20 ;  to  find  the  area 
or  the  folidity. 

Here  a  =  10  +  16  =  26,  b  =  n  +  16  =  27, 

c  =z  14,  and  D  =z  —  =  5. 

Therefore  (a  +  43  +  2c)  x  ^d  =  (26  +  108 
+  28)  X  4.  =  il2  X  5  =  54  X  5  !=  270,  die  area 

or  folidity  required. 

EXAMPLE     IV. 

Given  eleven  ordinates  to  an  hyperbola  between 
the  afymptotes,  to  find  the  area.  Thus,  taking 
the  equation  at  the  end  of  example  4  to  corollary  5 
to  prop.  I   fed.  I',  in  which  any  ordinate  y  is  zz 

=  — --  ;  then  fuppofinor  the  firft  value  o(x  to  be 

nothing,  and  the  laft  value  equal  to  i,  and  confe- 
quendy 
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quently  the  commpa  diftance  of  the  ordinatcs  •!  or 
V  ;  we  (hall  have  for  the  ordinates 


TTT 
I 


1+0  I>^*I   I+*2    ' 


^^  10  10  10  10  10  10  10  10  10  10   J  10 

or  — ,  — ,  — ,  — ,  — ,  — ,  --,  — ^  —,  — ^  and  — • 
10*  ir  iz^  ly  14'  15'  16'  -17'  18'  19'         20 


Here  then  a=44  +  |4.=  i+4.=  1*5, 
B=:4^+-  +  -+-^  +  4^=  3-4595393. 

and  D  =  *i 

Therefore  (a  +  4B  +  2c)  X  7i>  =  •69315021 
is  the  area  required.  ^  ^ 

PROPOSITION      II* 

Given  Any  Equidifiant  Ordinates  of  a  Curve^  or 
Se£lions  of  a  Solid,  as  a,  by  Cy  dy  Oy  /,  (Sc;  to  find 
nearly  a  General  Expreffion  for  the  Area  or  Solidity 
by  the  Tierms  a,  by  Cy  (^Cy  and  the  Bafe  upon  which 
they  injifi. 

INVESTIGATION. 

The  firft  differences  of  the  terms  ay  by  Cy  dy  eyfy  &c,  arc 

b'^ay    C-^by    d-^Cy    ^  —  ^, /^  ^,     fcC, 

The  dif.  of  thefe  are 
c^ib  +  ay  d—2c  +  by  e  -^  zd  +  Cy  f-^  2e  +  dy  &c. 

The  dif.  of  thefe  are 
^— 3^  +  3*  — ^^^—3^+3^  — V— 3^—3^— ^>&c. 

The  dif.  of  thefe  are 
r— 4//+6r  — 4^  +  tf,/— 4^  +  6^— 4^  +  ^,  &c. 

The  dif.  of  thefe  are  ' 
/—  5^+  10^—  10^  +  5^  —  ay  &c. 

Then  by  putting  «,  j3,  y,  S,  e,  &c,  for  the  firft 
term  of  thefe  differences  refpeftivcly,  and  tranfpof- 
ing,  we  (hall  have 

b  = 
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b  =  +a  4.    u 
c  zn  -^  a  +  lb  +      fS 

i/zz+tf—  3^+  $c  +      y 

^=:— a  +  4^—  6c  +    4^/45 

/"=!  4^  —  5^+  lor  — 10^45^  +  f 
&c.              &c. 

Hence,  by  fubftituting  the  value  of  b  in  that  of  r ; 
and  the  values  of  ^  and  c  in  that  of  // ;  and  thofc  of 
3,  f ,  and  ^  in  that  of  e ;  and  thofe  of  ^,  r,  ^,  and  e  in 
that  of/;  and  fo  on ;  we  (hall  obtain 

a  zz  a 

i  :z:  a  +     cc 

c  ;=z  a  +  2cc  +      fi 

d=  tf  +  3«J  +    3/3  +       7 
^  zi  a  4  4a  +     6^3  4    47  4    5 
f  =  a  +  5^  +  10)8  4  107  4  5J  4  f 
&c.  &c. 

Where  if  is-  evident  that  the  coefficients  in  the  value 
of  any  term,  are  the  fame  with  thofe  of  a  binomial 
raifed  to  the  power  denoted  by  the  place  or  number 
of  the  term,  and  confequently  the  x  term  z  will  be 

xa  +  x. fi+x. . y+x. . . — ^d+ 

&c.  Which,:  by  adually  multiplying  the  fadtors  to- 
gether, &c,  becomes  z  =  ^ 

OCX  +  -^x*  +  —y-^  +  &c> 

«       1(2^^  l±^x^^  i±i±3Xx3_&c, 

^•s'^  f:3:4; 2.3.4.5 

5.3-4  2-3-4-S 
,    I.2.3.4  ^ 

H ^€X  &c 

^•3'4S 

&c 
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OT2  =  tf+    UX+    i(2x*+    iyX^  +  T^^  +  Th^&CC 

—  4/3Ar—  iy^*—    45^— xSe«^      &c 
+  47^  +  4^*+^^     &c 

—  ^S;(?_^;C*        &C 
+  ^iX        &C 
&C 

And  by  cor.  5  prop,  i  fefti  i,  the  area  will  be 

+  tV«^       &C 
&C 

Where  h  reprefents  the  length  of  the  bafe^ 

Which  area  will  be  had  accurately  true  when  the 
differences  are  continued  till  one  order  of  them  be- 
come equal  to  nothing,  for  then  the  feries  will 
break  off  and  tex'minate ;  that  is,  an  area  is  quadra- 
ble  whenever  one  of  the  orders  of  the  differences  of 
its  equidiftant  ordinates  conlifts  of  a  feries  of  nothings, 
or  any  other  equals,  or  of  a  feries  of  arithmeticals  ; 
but  if  an  order  of  the  differences  never  become  equal 
to  nothing,  the  area  will  be  expreffed  by  an  infinite 
feries. 

When  the  terms  or  ordinates  are  taken  near  to 
one  another,  the  differences  will  the  fooner  become 
equal  to  nothing,  or  nearly  fo ;  and  if  any  order  of 
differences,  and  confequendy  its  fucceeding,  ones, 
be  rejefted  as  inconfiderable,  we  (hall  have  an  ap- 
proximate value  of  the  area,  and  that  the  nearer  to 
the  truth  as  the  more  of  the  differences  a,  jS,  y,  3,  €, 
&c,  are  ufed. 

Thus,  if  there  be  only  one  ordinate,  or  if  a,  (S^  yy 
&c,  be  rejefted)  the  area  will  be  jl. 

Kk  If 
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If  there  be  two  ordinates,  or  (S,  y,  J,  &c,  be  rc- 
jefted,  X  will  be  z:  i ,  and  the  area  will  be 

If  there  be  three  ordinates,  or  y,  J,  f,  &c,   be 
rejedled,   x  will  be    =   2,    and  the    area  will   be 
(^'+  «  +  1)8  -  iiS)  X  L  z=  (^1  +  «  +  4^)  X  L  = 
.  {a  +  ^b  +  c)  X  4-L. 

If  there  be  four  ordinates-,  or  S,  f ,  &c,  be  rejeftcd, 
X  will  be  1=  3,  and  the  area  will  be 

^+i«+|g+|y1  XL  =  (^  + 1^  +  1/3 +  4y)XL 
"""^   +ljj        =:(^ +3^  +  3^  +  ^xfL. 

'  And  thus  by  putting  x  equal  to  every  number  fuc- 
ceffively,  we  (hall  have  the  following  table  of  areas, 
anfwering  to  the  rcfpeftive  number  of  ordinates  fet 
pppofite  to  them  ;  of  which  every  expreffion  is 
more  accurate  than  the  preceding  ones,  and  in 
which  A  reprefents  the  fum  of  the  firft  and  laft 
terms,  b  the  fum  of  the  fecond  and  laft  but  one, 
'  c  the  fum  of  the  third  and  laft  but  two,  &c,  and  the 
kft  of  the  letters  denotes  the  double  of  the  middle 
term  when  the  number  of  terms  is  odd,  alfo  l  de- 
notes the  length  of  the  whole  bafe,  or  the  diftance 
between  the  fiiil  and  laft  terms. 


N^ 
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I 

2 

3 
4 

5 
6 

7 
8 

9 
&c 


2 

A  +  2B 


6 
A+3B 


8 


XL 


XL 


Ii±3il±^XL 
90 

i9A+_75  B4J2S  V  T 

41  A  +  2i6b  +  27c  +  I36D 
840 


XL 


X  L 


751  A  +  3577B  +  1323c  +  2989D 

17280 

989  A  +  $888b  —  928c  +  104.960  —  2270E 


&C 


28350 


£  X  AM  E  L  £. 

Taking  the  third  example  to  the  laft  propofition, 
in  which  are  given  the  five  perpendiculars  10^  1 1,  i4» 
16,  1 6,  and  the  diftance  between  the  firft  and  laft 
=  20 ;  we  (hall  have  a  =:  10  +  16  =  26,  b  =  n 
+  16  =  27,  c  =r  14  X  2  —  28,  and  L  =:  20. 

Hence  by  the  rule  for  five  ordinates  5L — ^t  ^ 

'  ^  182  +8644-   168    ,,  1214^ A^7     *.u^ 

X  L  =:  — - — i^ —  X  20  zr  — -  X  2  =  269^  the 

90  9  -^^ 

area  as  before,  nearly. 

SCHOLIUM. 

When  there  are  many  ordinates  given,  the  cafe 
may  be  reduced  to  fewer,  by  adding  together  the 
firft  and  laft  ordinates,  the  fecond  and  laft  but  one, 
the  third  and  laft  but  two,  and  fo  on,  and  confidering 
the  fiuns  as  a  new  fee  of  terms  upon  a  bafe  equal  to 
'         .  Kka  half 
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half  that  of  the  former.  Or  there  may  be  added  to- 
gether the  two  firft  and  two  laft  terms  into  one  fum, 
then  the  four  terms  next  to  thefe,  and  fo  on ;  or  we 
may  add  three  at  the  beginning  to  three  at  the  cnd^ 
then  the  next  flx,  and  fo  on  ;  always  diminifhing  the 
bafe  in  proportion  to  the  number  of  terms  that  are 
added  into  each  fum.  And  the  content  will  be 
nearly  the  fame  in  each  cafe. 

EXAMPLE. 

Taking  the  fourth  example  to  the  laft  propofition, 
in,  which  are  given  the  eleven  ordinates 

lo       lo       lo       xo       xo       xo       10        to       xe       t«       xo      nr\A 
I'C-*    TTTJ    TX^    TT>    TT>    TT^    TT'     TT>    TT*     TV    TB->    *"*'^ 

the  diftance  of  the  firft  and  laft  =:  i  ;  we  fliall  have 

44  +  4-2  =  1-5. 1^  +  44  =  1-4354069,  4-^  +  44 
=  i-3888889,*44  +  44=  1-357466,  44  +  44  = 
^1-3392857,  and 44x2=  14. 

Hence  A  =  1-5+ 14=1^'^, 
B  n  1*4354069  +  I '3392857  =  2-7746926, 
c  =  1-3888889  +  1-357466     =  2-7463549, 
and  L  =  4. 

Then,  by  the  rule  for  fix  ordinates,  we  (hall  have 

^|g — ^  X   L  =  '6931476,   which  is  much 

nearer  to  the  truth  than  the  number  found  by  the 
former  rule,  the  true  number  being  -69314718,  and 
is  the  hyperbolic  logarithm  of  2. 


SEC^ 
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SECTION    Ul. 


OF    THE    RELATION    BETWEEN    THE    AREAS 

AND    SOLIDITIES    OF    FIGURES    AND    THE* 

CENTERS      OF     GRAVITY      OF     THEIR 

GENERATING  LINES  ANB  PLANES. 


PROPOSITION     I. 

JF  any  LinCy  Right  or  Curved^  or  Any  Plane  Figure^ 
whether  it  be  bounded  by  Right  Lines  or  Curves y  re^ 
volve  about  an  Ax0  in  the  Plane  of  the  Figure  j  the  Sur- 
face or  Solid  generated  will  be  refpeSlively  equal  to  Jhe 
Surface  or  Solid  whofe  bafe  is  the  Given  Line  or  Figure y 
and  its  Height  equal  to  the  Arc  defcribed  by  the  Center  of 
Gravity  of  the  f aid  Generating  Une  or  Figure;  and 
confequentfy  the  Content  will  be  found  by  drawing  the 
Generating  Line  or  Figure  into  the  Arc  defcribed  by  its 
Center  of  Gravity. 

« 

DEMONSTRATION. 

Let  AFHD  be  the  figure 
generated  by  the  given  line 
or  plane  ab  d  ;  through  c 
the  center  of  gravity  of 
which  draw  dca^  per- 
pendicular to  the  axe  of 
revolution,  and  meeting 
HGFE  in  E  ;  and  let  every 
point  of  the  bafe  be  reduced 
to  AD  by  means  of  perpen- 
diculars to  it. 

The  figure  afhd  gene- 
rated, is  equal  to  all  the  af, 
CO,  DH,  &c.  But,  by  fimi- 
]fix  figures,  all  the  af,  cg,  dh,  &c,  are  as  all  the 

K  k  3  BA, 
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£A,  ECy  ED^  &c ;  and,  by  mechanics,  the  fum  of  all 
the  £A,  EC,  £D,  &c,  is  equal  to  as  many  times  eg  ; 
therefore  the  fum  of  all  the  af,  cg,  dh,  ice,  is  equal 
to  as  many  times  cg,  or  equal  to  ad  X  cg  ;  that  is, 
the  figure  afhd  is  equal  to  abd  X  cg,  the  bafe 
drawn  into  the  line  defcribed  by  its  center  of  gra- 
vity.    ^  E.  D. 

COROLLARY      I. 

From  e  draw  eikl  cut- 
ting the  upright  prifma. 
tic  figure  ereAed  upon  the 
given  bafe  abd,  fo  as  that 
any  perpendicular  a  i  may 
be  equal  to  itscorrefpond- 
ingarcAF.  Then  will  the 
figure  AiLD  be  equal  to 
the  figure  afhd. 

For,  by  fimilar  figures, 
all  the  AF,  cG,  DH,  &c,  are 
as  all  the  ai,  ck,  dl,  &c, 
each  to  each ;  and  as  one 
of  each  are  equal,  there- 
fore they  are  all  equal,  each  to  each  ;  viz.  all  the  ai, 
CK,  dl, '&c,  equal  to  all  the  af,  cg,  dh,  &Ci  that 
is,  the  figure  aild  equal  to  the  figure  afhd. 


corollary      II. 


Through  k  draw  mkno  ;  and  the  figure  anmd 
will  be  eqi^il  to  the  figure  aikld,  or  equal  to  the 
figure  AFHD. 

For,  by  the  laft  corollary,  anmd  is  equal  to  the 
figure  defcribed  by  the  bafe  ad  revolving  about 
o,  till'the  arc  defcribed  by  c  be  equal  to  ck  ;  which, 
ty  the  propofition,  is  equal  to  ad  X  ck  or  ad  X  cg. 


c  oRo  hr 
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Hence  all  the  upright  figures  ac^krd,  aikld, 
ANKMD,  AKPD,  &c,  of  the  fame  bafe,  and  bounded 
at  the  top  by  lines  or  planes  cutting  the  upright  fides,' 
and  paffing  through  the  extremity  k  of  the  line  ck 
drefted  upon  the  center  of  gravity  of  the  bafe,  are 
equal  to  one  another ;  and  the  value  of  each  will  be 
equal  to  the  bafe  drawn  into  the  line  c  k  . 

Hence  alfo  all  figures,  defcribed  by  the  revolution 
of  the  fame  line  or  plane  about  different  centers  or 
axes,  will  be  equal  to  one  another,  when  the  arcs  de- 
fcribed by  the  center  of  gravity  are  equal.  But  if 
thofe  arcs  be  not  equal,  the  figures  generated  will  be 
as  the  arcs.  And  in  general,  the  figures  generated, 
will  be  to  one  another,  as  the  revolving  lines  or  planes 
drawn  into  the  arcs  defcribed  by  their  refpedtivo 
centers  of  gravity. 

COROLLARY      IV. 

Moreover,  the  oppofite  parts  nik,  mlk,  of  any 
two  of  thefe  figures,  are  equal  to  each  other. 

COROLLARY      V, 

*  ■  t 

1 

The  figure  aspd  is  to  the  figure  apd,  as  as  to 
CK  ;   or,  by  fimilar  triangles,  they  will  be  as  a o 

to  AC 

Fdr  ASPD  is  equal  to  ad  X  as,  and  apd  is  equal 

to  AD  X  CK. 

COROLLARY      VI. 

If  the  line  or  plane  be  fuppofed  to  be  at  an  infinite 
diftance  from  the  center  about  which  it  revolves,  the 
figure  generated  will  be  an  upright  furface  or  prifm, 
tlie  altitude  being  the  line  defcribed  by  the  center  of 
gravity  j  fo  that  the  bafe  drawn  into  the  faid  line  will 

K  k  4  be. 
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be  eqiial  to  the  bafe  drawn  into  the  altitude,  as  it 
ought  for  all  upright  figures,  whofe  fedions  parallel 
to  the  bafe  are  all  equal  to  each  other. 

EXAMPLE     I. 

If  a  right  line,  or  a  parallelogram,  revolve  about 
a  line  perpendicular  to  the  length,  there  will  be  de- 
fcribed  a  ring  either  fuperficial  or  folid ;  and  as  the 
center  of  gravity  of  the  defcribing  line,  or  parallelo- 
gram, is  in  the  middle  of  them,  the  general  rule  will 
become  the  fame  with  rule  3  fe6k,  i  part  3,  and  the 
rule  at  prob.  2  fed.  3  part  3. 

When  the  center  of  revolution  is  in  the  end  of  the 
line,  the  line  will  dcfcribe  a  circle  whofe  radius  is  the 
faid  defcribing  line,  and  whofe  circumference  is 
double  the  circumference  defcribed  by  the  center  of 
gravity  ;  confequently  the  radius  drawn  into  half  the 
pircumferenge,  will  be  the  area  of  the  circle* 

£  X  A  M  P  L  E     II. 

If  the  right-angled  triangle  abc 
revolve  about  the  perpendicular 
Bc,  and  defcribe  the  cone  abd. 

Draw  BE  to  bifedt  ac,  and  take 
EF  equal  to  one-third  of  be  ;  and 
F  will  be  the  center  of  gravity  of  the  triangle  abc, 
as  is  well  known.  Draw  fg  parallel  to  ac— — Then 
the  line  defcribed  by  f  will  be  the  circumference  of  a 
circle  whofe  radius  is  fg;  and,  by  the  general  rule, 
the  cone  will  be  equal  to  the  triangle  abc  X  gf  x  8)ir, 
'puttings  =  -785398&c,  or  =  AC  X^cbX^cexS)! 

=  AC  Xi-CB  X^-CA  X  in=  AC*X-J.CB  X  4«  =  AD* 

X  4.CB  X  »  =  the  bafe  drawn  into  one-third  of  the 
altitude,  as  it  ought. 

Again, 
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Again>  from  H,  the  middle  of  ab,  draw  hi  pa- 
rallel to  AC  ;  then  is  h  the  center  of  gravity  of  ab, 
and  confequently  the  furface  defcribed,  by  ab  will  be 
AB  X  circumference  whofe  radius  is  hi  r:  ab  X  half 
the  circumference  whofe  radius  is  ac  =  the  fide 
drawn  into  half  the  circumference  of  the  bafe  =  thp 
furface  of  the  cone,  as  it  ought. 

EXAMPLE     III. 

Let  the  femi-circle  dca  revolve  about  the  dia- 
jneter  ad,  and  defcribe  the  furface  of  a  fphere. 


C 

r 

j/ 

r 

7 

f, 

D 

f 

v/ 

/ 

F        1 

7 

K 

-^ 

/ 

r 

If  there  betaken  Dc  :  fc  : :  fc  :  fh  =  —  =  i^. 

DC  c 

putting  r  for  the  radius,'  and  c  for  the  whole  circum- . 
ference ;  h  will  be  the  center  of  gravity  of  the  arc  oca, 
and  confequently  r  :  c : :  fh  :  4r  =  the  line  or  cir- 
cumference defcribed  by  h  the  center  of  gravity ;  and, 
by  the  general  rule,  dca  X  ^rzz-^cX  ^r—  irc  = 
the  furface  of  the  fphere  =:  the  circumference  into  the 
diameter,  as  it  ought. 

And  for  the  folidity  of  the  fphere,  we  (hall  have 

Q 

firft  4r  :  2r  : :  *r  :  —    =  the  diftance  fh  of  the 

center  of  gravity  of  the  femi-circle  dcad  from  the 
diameter  ad,  which  is  two*thirds  of  the  diftance  of 

the 
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the  centef  of  gravity  of  the  arc  dca  from  the  fame 
diameter  da,  in  the  former  cafe ;  confequently  the 
Hne  defcribed  by  the  center  of  gravity  in  this  cafe 
will  be  two-  thirds  of  that  in  the  former ;  but  the  de- 
fcribing  line  in  the  former  cafe  is  to  the  defcribing 
fpace  in  this,  as  i  is  to  ^r,  therefore  i  :  ^X  Jr  : :  fur- 
face  of  the  fphere  :  folidity  =:  ^r  X  furfece. 

COROLLARY. 

.  The  circumference  of  the  circle,  whofe  radiusr  is 
the  diftance  of  the  center  of  gravity  of  the  fcmi-cir- 
ciimference  of  any  circle  from  its  center,  is  equal  to 
four  times  the  radius  of  that  circle. 

EXAMPLE     IV. 

For  the  folidity  of  the  parabolic  fpindle,  putting 
i  =:  the  bafe  and  a  zz  the  altitude  or  axe  of  the  gene- 
rating parabola,  and  n  zz  '785398,  as  before. 

Jt  is  known  that  ^a  is  the  diftance  of  the  center 
of  gravity  from  the  bafe,  and  confequently  \^a  zz 
the  hne  defcribed  by  the  center  of  gravity ;  but  \ab 
is  =r  the  revolving  area;  therefore  ^^a  X  4^^  = 
^  aab  will  be  the  content,  which  is 4r  of  ^^^  ^^^ 
cumfcribed  cy Under. 

EXAMPLE         V. 

< 
For  the  paraboloid.  Making  the  notation  as  in 
the  laft  example,  \b  will  be  the  diftance  of  the 
center  of  gravity  of  the  femi-parabola  from  the  axe, 
confequently  1^  X  8»  X  \.ab  z=-  labbn  =;  the  folidity 
;=  half  the  circumfcribed  cylinder. 


PART 


V 
/ 
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PART      V. 


>c:<r.<x>o<x>oc»o<:>« 


SECTION    I. 


OF    LAND    SURVEYING. 

IT  is  fupppfed  that  land-meafuring  firft  gave  rife 
to  geometry,  which  has  fince  been  gradually 
rifing  to  the  height  at  which  we  at  prefent  view  it. 
Since  the  divifion  of  common  grounds  has  become 
fo  frequent  in  England,  furveying  has  been  univer- 
fally  taught  and  praftifed  throughout  the  nation.  I 
fhall  here  give  a  (hort  account  of  two  or  three  of  the 
moft  ufeflil  inftruments,  before  we  enter  upon  the 
meafurcments  theihfelves. 


CHAPTER      I. 


The  Defcrlption  and  Ufe  of  the  moft  ufeful  Inftruments 

for  Surveying. 


I.     OF    THE    CHAIN. 


Land  is  meafured  witH  a  chain,  called  Gunter's 
chain,  of  4  poles  or  22  yards  in  length,  which  con- 
lifts  of  100  equal  links^  each  link  being  ^^  of  a  yard, 
or  T?^  of  a  foot,  or  7*92  inches  long,  that  is  nearly  8 
inches  or  4-  of  a  foot. 

An  acre  of  land,  is  equal  to  lo  fquare  chains,  that 
is,  i.o  chains  in  length  and  i  chain  m  breadth.  Or  it 
is  220  X  22  or  4840  fquare  yards.  Or  it  is  40  X  4 
or  160  fquare  poles.  Or  it  is  1000  X  100  or  1 00000 
fquare  hnks.     Thefe  being  all  the  fanle  quantity. 

Alfo,  an  acre  is  divided  into  4  parts  called  roods, 
^  and 
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and  a  rood  into  40  parts  called  perches,  which  arc 
fquare  polds,  or  the  fquare  of  a  pole  of  5^  yards  long, 
or  the  fquare  of  ^  of  a  chain^  or  of  25  links^  which 
is  625  Iquare  links.  So  that  the  diviiions  of  land 
mtrafure  will  be  thus  : 

625  fq.  links  =  i  pole  or  perch 
40  perches   =  i  rood 
4  roods       zz  I  acre 

The  length  of  lines,  meafured  with  a  chain^  are  fct 
down,  in  links  as  integers,  every  chain  in  length  being 
100  links ;  and  not  in  chains  and  decimals.  Therefore 
after  the  content  is  found,  it  will  be  in  fquare  links  ; 
then  cut  off  five  of  the  figures  on  the  right-hand  for 
decimals,  and  the  refl  will  be  acres.  Thofe  decimals 
are  then  multiplied  by  4  for  roods^  and  the  decimals  of 
thefe  again  by  40  for  perches, 

EXAMPLES. 

Suppofe  the  length  of  a  reftangular  piece  of  ground 
be  792  links,  and  its  breadth  38  j  ;  to  find  the  area  ia 
acres>  roods^  and  perches. 

792 

385 


3960 
6336 
2376 

— — —  ac   It)   p 

3*04920    Anf.  307 


•19680 
40 

7*87200 
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2.   OF  TH£  PLAIN  TABLE. 

This  inftruihent  confifts  of  a  plain  reftangular  board 
of  any  convenient  fizc,  the  center  of  which,  when  ufed, 
is  fixed  by  means  of  fcrews  to  a  three-legged  ftand, 
having  a  ball  and  focket,  or  joint,  at  the  top,  \yf 
means  of  which,  when  the  legs  are  fixed  on  the 
ground,  the  table  is  inclined  in  any  diredtion. 

To  the  table  belongs, 

1 .  A  frame  of  wood,  made  to  fit  round  its  edges, 
and  to  be  taken  off,  for  the  convenience  of  putting  a 
(heet  of  paper  upon  the  table.  The  one  fide  of  this 
frame  is  ulually  divided  into  equal  parts,  for  drawing 
lines  acrofs  the  table,  parallel  or  perpendicular  to  the 
fides ;  and  the  other  fide  of  the  frame  is  divided  into 
360  degrees  from  a  center  which  is  in  the  middle  of 
the  table ;  by  means  of  which  the  table  is  to  be  ufed 
as  a  theodolite,  &c. 

2.  A  needle  and  compafs  fcrewed  into  the  fide  of 
the  table,  to  point  out  the  directions,  and  to  be  a 
check  upon  the  fights. 

3.  An  index,  which  is  a  brafs  two-foot  fcale,  with 
cither  a  fmall  telefcope^  or  open  fights  erefted  per- 
pendicularly upon  the  ends.  Thefe  fights,  and  one 
edge  of  the  index  are  in  the  fame  plane,  and  that 
edge  is  called  the  fiducial  edge  of  the  index. 

Before  you  ufe  this  inflrument,  take  a  fheet  of  paper 
which  will  cover  it,  and  wet  it  to  make  it  expand ; 
then  fprcad  it  flat  upon  the  table,  preffing  down  the  • 
frame  upon  the  edges,  to  ftretch  it  and  keep  it  fixed 
there ;  and  when  the  paper  is  become  dry,  it  will  by 
contracting  again,  ftretch  itfelf  fmooth  and  flat  from 
any  cramps  or  unevennefs.  Upon  this  paper  is  to  be 
drawn  the  plan  or  form  of  the  thing  meafured. 

In  ufing  this  inflrument,  begin  at  any  part  of  the 
ground  you  think  the  moft  proper,  and  make  a  point 
upon  a  convenient  part  of  the  paper  or  table,  to  repre- 
fent  that  point  of  the  ground ;  then  fix  in  that  point 

one 
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one  leg  of  the  compaffes,  or  a  fine  fteel  pin,  and  apply- 
to  it  the  fiducial  edge  of  the  index,  moving  it  round 
till  through  the  fights  you  perceive  fome  remarkable 
obje6t,  as  the  corner  of  a  field,  &c,  and  firom  the 
ftation  point  draw  a  line  with  the  point  of  the  com* 
paifes  along  the  fiducial  edge  of  the  index  ;  then  fet 
"another  objedt  or  corner,  and  draw  its  line ;  do  the 
feme  by  another,  and  fo  on  till  as  many  objects  are  fet 
as  may  be  thought  neceflary.  Then  meafure  from 
your  ftation  towards  as  many  of  the  objefts^as  may  be 
neceflary,  and' no  more,  taking  the  requifite  offsets  to 
corners  or  crooks  in  the  hedges^  &c,  and  lay  the 
meafures  down  upon  their  refpeftive  lines  upon  the 
table.  Then,  at  any  convenient  place,  meafured  to, 
fix  the  table  in  the  fame  pofition,  and  fet  the  objeds 
which  appear  from  thence,  &c,  as  before ;  and  thus 
continue  till  your  work  is  finiflied,  meafuring  fuch 
lines  as  are  neceflary,  and  determining  as  many  as  you 
can  by  interfefting  lines  of  direftion  drawn  from  diffe- 
rent ftations. 

And  in  thefe  operations  obferve  the  following  par- 
ticular cautions  and  direftions. 

1 .  Let  the  lines  upon  which  you  make  fliations  be 
'direfted  towards  objefts  as  far  diflant  as  poflible ;  and 
when  you  have  fet  any  fuch  objedt,  go  round  the  table 
and  look  through  the  fights  from  the  other  end  of  the 
index,  to  fee  if  any  other  remarkable  objeft  liedireftly 
oppofite  ;  if  there  be  not  fuch  an  one,  endeavour  to 
find  another  forward  objeft,  fuch  as  '(hall  have  a  re- 
markable backward  oppofite  one,  and  make  ufe  of  it 
rather  than  the  other ;  becaufe  the  back  objeft  will  be 
of  ufe  in  fixing  the  table  in  the  original  pofition  either 
when  ypu  have  meafyred  too  near  to  the  forward  ob- 

jedt,  or  when  it  may  be  hid  from  your  fight  at  any 
neceffary  flation  by  intervening  hedges,  &c. 

2.  Let  the  faid  Unes  upon  which  the  Actions  arc 
takeii,  be  purfued  as  far  as  you  conveniently  can ;  for 

that 
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that  will  be  the  means  of  preferving  more  accuracy  in 
the  work. 

3 .  At  each  ftation  it  will  be  neceffary  to  prove  the 
truth  of  it ;  that  is,  whether  the  table  be  ftraight  in 
the  line  towards  the  objeft,  and  alfo  whether  the  dif- 
tance  be  rightly  meafUred  and  laid  down  on  the  paper, 
— To  know  if  the  table  be  fet  down  flxaight  in  the 
line ;  lay  the  index  upon  the  table  in  any  manner,  and 
move  the  table  about  till  through  the  jfights  you 
perceive  either  the  fore  or  back  objeft ;  then,  without 
moving  the  table,  go  round  it  and  look  through  the 
fights  by  the  other  end  of  the  index,  to  fee  if  the  other 
objedt  can  be.  perceived ;  if  it  be,  the  table  is  in  the 
line  ;  if  not,  it  muft  be  flxifted  to  one  fide,  according 
to  your  judgment,  till  through  the  fights  both  objedts 
can  be  feen. — The  aforefaid  operation  only  informs 
you  if  the  ftation  be  ftraight  in  the  line  ;  but  to  know 
if  it  be  in  the  right  part  of  the  line,  that  is,  if  the 
diftance  has  been  rightly  laid  down ;  fix  the  table  in 
the  original  pofition,  by  laying  the  index  along  the 
ftation  line,  and  turning  the  table  about  till  the  fore 
and  back  objefts  appear  through  the  fights,  and  then 
al(b  will  the  needle  point  at  the  fame  degree  as  at 
firft ;  then  lay  the  index  over  the  ftation  point  and  any ' 
other  point  on  the  paper  reprefendng  an  objedt  which 
can  be  feen  from  the  ftation ;  and  if  the  faid  objedt 
appear  ftraight  through  the  fights,  the  ftation  may  be  . 
depended  on  as  right;  if  not,  the  diftance  fliould  be 
examined  and  corrected  till  th6  objedt  cjLti  be  fo  feen. 
And  for  this  very  ufeful  purpofe,  it  is  advifable  to 
have  fome  high  objedt  or  two,  which  can  be  feen  from 
the  moft  part  of  the  ground,  accurately  laid  down 
on  the  paper  from  the  beginning  of  the  furvey,  to 
Terve  continually  as  proof  objedts. 

When,  from  any  ftation,  the  fore  and  back  objedts 
cannot  both  be  feen,  the  agreement  of  the  needle  with 
one  of  them  may  be  depended  on  for  placing  the  table 

ftraight 
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ftraight  on  the  line, .  and  for  fixing  it  in  the  original 
poOtion. 

Of  Jbifiing  the  Paper  on  the  Plain  Table. 

AVhen  one  paper  is  full,  and  you  have  occafion  for 
more ;  draw  a  line  in  any  manner  through  the  fartheft 
point  of  the  laft  ftation  line,  to  which  the  work  can  be 
conveniently  laid  down ;  then  take  the  (heet  off  the 
table,  and  fix  another  on,  drawing  a  line  upon  it,  in  a 
part  the  moft  convenient  for  the  reft  of  the  work  i  then 
fold  or  cut  the  old  ftieet  by  the  line  drawn  on  it,  apply 
the  edge  to  the  line  on  the  new  (heet,  and,  as  they  lie 
in  that  pofition,  continue  the  laft  ftation  line  upon  the 
new  paper,  placing  upon  it  the  reft  of  the  meafure, 
beginning  at  where  the  old  ftieet  left  off.  And  fo  otx 
from  flieet  to  ftieet. 

When  the  work  is  done,  and  you  would  faften  all  the 
flieets  together  into  one  piece,  or  rough  plan,  the 
aforefaid  lines  are  to  be  accurately  joined  together,  as 
when  the  lines  were  transferred  from  the  old  flieets  to 
the  new  ones. 

But  it  is  to  be  noted,  that  if  the  faid  joining  lines, 
upon  the  old  and  new  flieet,  have  not  the  fame  inclina- 
tion to  the  fide  of  the  table>  the  needle  will  not  point  to 
the  original  degree  when  the  table  is  reftified ;  and  if 
the  needle  be  required  to  refpeft  flill  the  fame  degree 
of  the  compafs,  the  eafieft  way  of  drawing  the  lines  in 
the  fame  pofition,  .is  to  draw  them  bodi  parallel  to 
the  fame  fides  of  the  table,  by  means  of  the  equal 
divifions  marked  on  the  other  two  fides. 

3.     OF      THE     THEODOLITE. 

The  theodolite  is  a  brazen  circular  ring,  divided  in- 
to 360  degrees,  and  having  an  index  with  fights,  or  a 
telefcope,  placed  upon  the  center,  about  which  the  in- 
dex is  moveable ;  alfo  a  compafs  fixed  to  the  center^ 
to  point  out  courfes  and  check  the  fights  s  the  whole 

4  being 
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being  fixed  by  the  center  upon  a  ftand  of  a  con-* 
venient  height  for  ufe.. 

In  ufingthis  inftrument,  an  exaft  account,  or  field- 
book,  of  all  meafures  and  things  neceflary  to  be^  re- 
marked in 'the  plan,  muft  be  kept,  from  which  to  make 
out  the  plan  upon  your  return  home  from  the  ground* 

'  Begin  at  fuch  part  of  the  ground,  and  meafure  in 
fuch  diredtions,  as  you  judge  moil  convenient ;  taking 
angles  or  direftions  to  objeds,  and  meafuring  fugh 
diftances  as  appear  neceflary,  under'the  fame  reftric- 
tions  as  in  the  ufe  of  the  plain  table.  And  it  is  fafeft 
to  fix  the  theodolite  in  the  original  pofition  at  every 
flation  by  means  of  fore  and  back  objefts,  and  the 
compafs,  exaftly  as  in  ufing  the  plain  table ;  regiftering 
the  number  of  degrees  cut  off  by  the  index  when 
direded  to  each  objeft ;  and,  at  any  ftation,  placing; 
the  index  at  the  fame  degree  as  when  the  direction 
towards  that  ftation-  was  taken  from  the  laft  preceding 
one,  to  fix  the  theodolite  there  in  the  original  pofition, 
after  the  fame  manner  as  the  plain  table  is  fixed  in  the 
original  pofitibn,  by  laying  its  index  along  the  line  of 
the  laft  direftion. 

The  beft  method  of  laying  down  the  aforefaid  lines 
of  diredionji^is  to  defcribe  a  pretty  large  circle,  quarter' 
it,  and  lay  upon  it  the  feveral  numbers  of  degrees  cut 
off  by  the  index  in  each  diredtion ;  then,  by  means  of 
a  parallel  ruler,  draw,  from  ftation  to  ftation,  lines 
,  parallel  to  lines  drawn  from  the  center  to  the  refpec- 
tive  points  in  the  circumference. 

•  • 

4.0F^H£CR0SS. 
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The  crofs  confifts  of  two  pair  of  fights  fet  at  right 
angles  to  each  other,  upon  a  ftaff  having  a  (harp  point 
at  the  bottom  to  ftick  in  the  ground. 

The  crofs  is  very  ufeful  to  meafure  fmall  and 
crooked  pieces  of  ground.  The  method  is  to  meafure 
a  bafe  or  chief  line,  ufually  in  the  longeft  diredion  of 
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the  piece  from  corner  to  corner ;  and  while  meafuring 
it,  finding  the  places  where  perpendiculars  would  fall 
upon  this  line  from  the  fcveral  corners  and  bends  ia 
the  boundary  of  the  piece,  with  the  crofs,  by  fixing  it, 
by  trials,  upon  fuch  parts  of  the  line  as  that  through 
one  pair  of  the  fights  both  ends  of  the  line  m^y  appear, 
and  through  the  other  pair  you  can  perceive  the  cor- 
refponding  bends  or  corners ;  and  then  meafuring  the 
lengths  of  the  faid  perpendiculars. 

REMARKS. 

Befides  the  fore-mentioned  inftruments,  which  arc 
moft  commonly  ufed,  there  are  fome  others ;  as  the 
circumferentor,  which  refembles  the  theodolite  in 
fliape  and  ufe  ;  and  the  femi-circle,  for  taking  angles, 
&c.     But  of  all  the  inftruments  for  meafuring,  the 
plain  table  is  certainly  the  beft ;  not  only  becaufe  it 
may  be  ufcd  as  a  theodolite  or  femi-circle,  by  turning 
uppermoft  that  fide  of  the  frame  which  has  the  360 
degrees  upon  it ;  but  becaufe  it  is,  in  its  own  proper 
ufe,  by  much  the  eafieft,  fafeft,  and  moft  accurate  for 
the  purpofe ;  for  by  planning  every  part  immediately 
upon  the  fpot,  as  foon  as  meafured,  there  is  not  only 
faved  a  great  deal  of  writing  in  the  field-book,  but 
every  thing  can  alfo  be  planned  more  cafily  and  ac- 
curately while  it  is  in  view,  than  it  can  be  afterwards 
from  a  field-book,  in  which  many  little  things  muft  be 
either  neglefted  or  miftaken ;  and  befides,  the  oppor- 
tunities which  the  plain  table  afford  of  corredling  your 
work,  or  proving  if  it  be  right,  at  every  fiction,  are 
fuch  advantages  as  can  never  be  balanced  by  any  other 
method.     But  although  the  plain  table  be  the  moft 
generally  ufeful  inftniment,  it  is  not  always  fo ;  there 
being  many  cafes  in  which  fometimes  one  inftrument 
is  the  propereft,  and  fometimes  another  ;  nor  is  that 
furveyor  mafter  of  his  bufinefs  who  cannot  in  any  cafe 
diftinguifti  which  is  the  fitteft  inftrument  or  method, 

and 
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and  ufe  it  accordingly  :  nay,  fometimes  no  inftrument 
at  all,  but  barely  the  chain  itfelf,  is  the  beft  method, 
particularly  in  regular  open  fields  lying  together ;  and 
even  when  you  are  ufing  the  plain  table,  it  is  often  of 
advantage  to  meafure  fuch  large  open  parts  with  the 
chain  only,  and  from  thofe  meafures  lay  them  down 
upon  the  table. 

The  perambulator  is  ufed  for  meafuring  roads,  and 
other  great  diftances  on  level  ground,  and  by  the  fides 
of  rivers.  It  has  a  wheel  of  84-  feet,  or  half  a  pol^,  in 
ciraimference,  upon  which  the  machine  turns ;  and 
the  diftance  meafured  is  pointed  out  by  an  index, 
which  is  moved  round  by  clock  work. 

Levels,  with  telefcopic  or  other  fights,  are  ufed  to 
find  the  level  between  place  and  place,  or  how  much 
one  place  is  higher  or  lower  than  another. 

An  offset- ftafF  is  a  very  ufeful  and  neceflary  inftru- 
ment, for  meafuring  the  offsets  and  other  fhort  dif- 
tances. It  is  10  links  in  length,,  being  divided  and 
marked  at  each  of  the  10  links. 

Ten  fmall  arrows,  or  rods  of  iron  or  wood,  are  ufed 
to  mark  the  end  of  every  chain  length,  in  meafuring 
'  lines.     And  fometimes  pickets,  or  ftaves  with  flags, 
are  fet  lip  as  marks  or  objefts  of  direftion. 

Various  fcales  are  alfo  ufed  in  protrading  and  mea- 
furing on  the  plan  or  paper ;  fuch  as  plane  fcales,  line 
of  chords,  protraftor,  compaflTes,  reducing  fcales,  pa- 
rallel and  perpendicular  rulers,  &c.  Of  plane  fcales, 
there  ftiould  be  feveral  fizes,  as  a  chain  in  i  inch,  a 
chain  in  ^  of  an  inch,  a  chain  in  4-  an  inch,  &c.  And 
of  thefe,  die  beft  for  ufe,  are  thofe  that  are  laid  on  the 
very  edges  of  the  ivory  fcale,  to  prick  olBT  diftances  by, 
without  compaffes. 

THE      FIELD      BOOK. 

In  furveying  with  the  plain  table,  a  field-book  is  not 
ufed,  as  every  thing  is  drawn  on  the  table  immediately 
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when  it  is  meafured.  But  in  furveying  with  the  theo- 
dolite, or  any  other  inflxument,  fome  fort  of  a  field- 
book  muft  be  ufed,  to  write  down  in  it  a  regifter  or 
account  of  all  that  is  done  and  occurs  relative  to  the 
furvey  in  hand. 

This  book  every  one  contrives  and  rules  as  he 
thinks  fitted  for  himfelf.  The  following  is  a  fpecimen 
of  a  form  very  generally  ufed.  It  is  ruled  into  3 
columns  :  the  middle,  or  principal  column,  is  for  the 
(lations,  angles,  bearings,  diftances  meafured,  &c; 
and  thofe  on  the  right  and  left  are  for  the  offsets  on 
the  right  and  left,  which  are  fet  againft  their  corre- 
fponding  diftances  in  the  middle  column ;  as  alfo  for 
fuch  remarks  as  may  occur,  and  be  proper  to  note  in 
drawing  the  plan,  &c. 

Here  ©  i  is  the  firft  flation,  where  the  angle  or  bear- 
ing is  105®  25'-  On  the  left,  at  73  links  in  the  diftance 
or  principal  line,  is  an  offset  of  92 ;  and  at  610  an 
offset  of  24  to  a  crofs  hedge.  On  the  right,  at  o,  or 
the  beginning,  an  offset  25  to  the  corner  of  the  field; 
at  248  Brown's  boundary  hedge  commences;  ^t  610 
an  offset  35  ;  and  at  954,  the  end  of  the  firft  line,  the 
o  denotes  its  terminating  in  the  hedge.  And  fb  on 
for  the  other  ftations. 

Draw  a  line  under  the  work,  at  die  end  of  every 
ftation  line,  to  prevent  conftiiion. 
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'  Form 

i?/  the  Field-hook. 

Stations, 

Offsets  and  Remarks 

Bearings, 

Offsets  and  Remarks 

on  the  left. 

and    V 

on  the  right. 

» 

Diftances. 

4^ 

01 

io5«  25' 

t 

00 

25  corner 

92 

73 

« 

248 

Brown's  hedge 

crofs  a  hedge  24 

610 

954 

00 

02 

k 

• 

53"  10' 

00 

00  ' 

houfe  comer  5 1 

•     ^S 

21 

1 20 

29  a  tree 

34 

734 

4oaftile 

0 

03 

/ 

' 

67*  20' 

61 

35 

a  brook  30 

248 

639 

1 6  a  fpring 

foot  path  1 6 

810 

crofs  hedge  iS 

973 

20  a  pond 

But  in  fmaller  furveys  and  meafurements,  a  very 
good  way  of  fetting  down  the  work,  is,  to  draw,  by 
the  ey?  on  a  piece  of  paper,  a  figure  refembling  thai 

.  1  i  3  which 
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which  is  to  be  meafvired ;  and  fo  write  the  dimen- 
lions,  as  they  are  found,  againft  the  correfponding 
parts  of  the  figure.  And  this  method  may  be  prac- 
tifed  to  a  confiderable  extent,  even  in  the  larger  fur- 

veys. 


CHAPTER      II< 


H     B 


PRACTICE    OF    SURVEYING. 

^W^  HIS  part  contains  the  feveral  works  proper  to 
J^     be  done  in  the  field,  or  the  ways  of  meafuring 
by  all  the  inftruttiencs,  and  in  all  fituations. 

PROBLEM     I. 

To  Meafure  a  Une  or  J^iftance* 

To  meafure  a  line  on  the  ground  with  the  chain  : 
Having  provided  a  chain,  with  lo  fmall  arrows,  or 
rods,  to  ftick  one  into  the  ground,  ^  a  mark,  at  the 
end  of  every  chain ;  two  perfons  take  hold  of  the 
chain,  one  at  each  end  of  it,  and  all  the  lo  arrows 
are  taken  by  one  of  them,  who  is  to  go  foremoft,  and 
is  called  the  leader  ;  the  other  being  called  the  fol- 
lower, for  diftinftion's  fake. 

A  picket,  or  ftation  ftafF,  being  fet  up  in  the  direc- 
tion of  the  line  to  be  meafured,  if  there  do  not  ap- 
pear fome  marks  naturally  in  that  direftion  ;  the  fol- 
lower ftands  at  the  beginning  of  the  line,  holding 
the  ring  at  the  end  of  the  chain  in  his  hand,  while  the 
leader  drags  forward  the  chain  by  the  other  end  of  it, 

till 
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till  it  is  ftretched  ftraight,  and  laid  or  held  level,  and 
the  leader  diredled,  by  the  follower  waving  his  hand, 
to  the  right  or  left,  till  the  follower  fee  him  exadlly  in 
a  line  with  the  mark  or  direction  to  be  meafured  to  ; 
there  both  of  them  ftietching  the  chain  ftraight,  and 
{looping  and  holding  it  level,  the  leader  havii^g  the 
head  of  one  of  his  arrows  in  the  fame  hand  by  which 
he  holds  the  end  of  the  chain,  let  him  there  ftick  one 
of  them '  down  with  it  while  he  holds  the  chain 
ftretched.  This  done,  he  leaves  the  arrow  in  the 
ground,  as  a  mark  for  the  follower  to  come  to,  and 
advances  another  diain  forward,  behig  direfted 
in  his  pofition  by  the  follower  ftanding  at  the  arrow, 
as  before;  as  alfo  by  himfelf  now,  and  at  every 
fucceeding  chain's  length,  by  moving  himfelf  from 
fide  to  fide,  till  he  brings  the  follower  and  the  back 
mark  into  a  line.  Having  then  ftretched  the  chain, 
and  ftuck  down  an  arrow,  as  before,  the  follower  takes 
up  his  arrow,  and  they  advance  again  in  the  fame 
manner  another  chain-length.-  And  thus  they  proceed 
till  all  the  1 0  arrows  are  employed,  and  are  in  the  hands 
of  the  follower ;  and  tffe  leader,  without  an  arrow,  is 
arrived  at  the  end  of  the  nth  chain-length.  The 
follower  then  fends  or  brings  the  i  o  arrows  to  the 
leader,  who. puts  one  of  them  down  at  the  end  of  his 
diain,  and  advances  with  vthe  chain  as  before.  And 
thus  the  arrows  are  changed  from  the  one  to  the  other 
at  every  10  chains  length,  till  the  whole  line  is 
finifhed ;  when  the  number  of  changes  of  the  arrows 
(hews  the  number  of  tens,  to  which  the  follower  adds 
the  arrows  he  holds  in  his  hand,  and  the  number  of 
links  of  another  chain  over  to  the  mark  or  end  of  the 
line.  So  if  there  have  been  3  changes  of  the  arrows, 
and  the  follower  hold  6  arrows,  and  the  end  of  the 
line  cut  off  45  links  more,  the  whole  length  of  the 
line  is  fet  down  in  links  thus  3645. 


L  1  4  PRO- 
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PROBLEM    II. 


^0  take  Angles  and  Bearings. 

Let  B  and  c  be  two  objefts,  or 
two  pickets  fet  up  perpendicular ; 
and  let  it  be  required  to  take  their 
bearings,  or  the  angle  formed 
between  them  at  any  ftation  a. 

I.  With  the  Plain  Tables 

The  table  being  covered  with  a  paper,  and  fixed  on 
its  (land  ;  plant  it  at  the  flation  a,  and  fix  a  fine  pin^ 
or  a  point  of  the  compaffes,  in  a  proper  part  of  the 
paper,  to  reprefent  the  point  a  i  Clofe  by  the  fide  of 
tl\is  pin  lay  the  fiducial  edge  of  the  index,  and  turn  it 
about,  dill  touching  the  pin,  till  one  objed  b  can  be 
feen  through  the  fights  :  then  by  the  fiducial  edge  of 
the  index  draw  ahne.  In  the  very  fame  manner  draw 
another  line  in  the  diredtfon  of  the  other  objedt  c. 
And  it  is  done. 

a.  With  the  Theodolite,  i^e. 

Dired  the  fixed  fights  along  one  of  the  lines,  as  ab, 
by  turning  the  inftrument  about  till  you  fee  the  mark 
B  through  thefe  fights;  and  there  fcrew  the  inftru- 
ment faft.  Then  turn  the  moveable  index  about 
till,  through  its  fights,  you  fee  the  other  mark  c. 
Then  the  degrees  cut  by  the  index,  upon  the 
graduated  limb  or  ring  of  the  inflxument,  ihe\ys  th? 
quantity  of  the  angle. 

3.  With  the  Magnetic  Needle  and  Compafs^ 

Turn  the  inftrument,  or  compafs,  fo,  that  the  north 
fnd  of  the  needle  point  to  the  flower-de-luce.  Then 
flireft  the  fights  to  one  mark,  as  b,  and  note  the  degrees 

cut 
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cut  by  the  needle.  Then  dired  the  fights  to  the  other 
mark  c,  and  note  again  the  degrees  cut  by  the  needle. 
Then  their  fum  or  difference,  as  the  cafe  is,  ^ill  give 
the  quantity  of  the  angle  bac. 

4.  By  Meqfurement  with  the  Chain,  £5? r. 

Meafiire  one  chain  length,  or  any  other  length, 
along  both  directions,  as  to  b  and  c.  Then  meafure 
the  diflance  b  c,  and  it  is  done. — This  is  eafily  trans- 
ferred to  paper,  by  making  a  triangle  Abe  withthefc 
three  lengths^  and  then  meafuring  the  angle  a  as  in 
Praftical  Geometr)%  prob.  xi. 

PROBLEM     III. 

^0  Meafure  the  Offsets. 

A  h  i  k  1  m  n  being  a  crooked  hedge,  or  river,  &c« 
From  A  meafure  in  a  ftraight  direftion  along  the  fide 
bfitto  B.  And  in  meahiring  along  this  line  a  a 
obferve  when  you  are  direftly  oppofite  any  bends  or 
corners  of  the  hedge,  as  at  c  d,  e,  Stc ;  and  from  theAce 
meafure  the  perpendicular  offsets  c,  h,  d  i,  &c,  with  the 
oflset-flaff,  if^  they  are  not  very  large,  otherwife  with 
the  chain  itfelf ;  and  the  work  is  done.  And  (he 
regifler,  or  field-book,  may  be  as  follows  ; 


Offs.  left. 

Bafe  line  ab. 

0 
ch     62 
di    84 
ek    70 

n    98 

gm  57 
Bn   91 

0     A 

45     AC 
220     Ad 

340      AC 
J 10      Af 

634      Ag 
785      AB 

A  c   d   e      f     g    B 


Note.    When  the  offsets  are  not  very  large,  their 

places 
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plates  €,  d,  e,  &c,  on  the  bafe  line,  can  be  very  well 
determined  by  the  eye,  efpecially  when  affifted  by  lay- 
ing down  the  ofFset-ffaiff  in  a  crofs  or  perpendicular 
direction.  But  when  thefe  perpendiculars  ai*e  very 
large,  find  their  pofitions  by  the  crofs,  or  by  the  in- 
fti'ument  which  you  happen  to  be  ufing,  in  this  man- 
ner :  As  you  meafure  along  ab,  when  you  come  about 
c,  where  you  judge  a  perpendicular  will  ftand,  plant 
your  inftrument  in  the  line,  and  turn  the  index  till 
the  marks  a  and  b  can  be  feen  through  both  the 
fights,  looking  both  backward  and  forward ;  tlien  look 
along  the  crofs  fights,  or  the  crofs  line  on  the  index ; 
and  2"  it  point  diredlly  to  the  corner  or  bend  h,  the 
place  of  c  is  right.  Otherwife,  move  the  inftrument 
backward  or  forward  on  the  line  ab,  till  the  crofs  line 
points  ftraight  to  h.  This  being  found,  fet  down  the 
diftance  meafured  from  a  to  c ;  then  meafure  the 
offset  c  h,  and  fet  it  down  oppofite  the  former,  and 
on  the  left  hand  fide. 

Then  proceed  forward  in  the  line  ab,  till  you  ar- 
rive oppofite  another  corner,  and  determine  the  place 
d  of  the  perpendicular  as  befcwre.  And  fo  on  through* 
out  the  whole  length.  \ 


PROBLEM     IV. 

I 
I  . 


To  Survey  a  Triangular  Field  abc* 
I.  By  f be  Chain. 


ap  794 
ab  1321 
PC      826 


w 

Having  fet  up  marks  at  the  corners,  which  is  to  be 
done  in  ail  cafes  where  there  are  not  marks  naturally  ; 

meafure 
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meafure  with  the  chain  from  a  to  p,  where  a  perpendi- 
cular would  fall  from  the  angle  c^  and  fet  up  a  mark 
at  P3  noting  down  the  diftance  ap.  Then  complete 
the  diftance  ab  by  meafuring  from  p  to  b.  Having 
fet  down  this  meafure,  return  to  p,  and  meafure  the 
perpendicular  pc.  And  thus,  having  the  bafe  and 
perpendicular,  the  area  from  them  is  eafily  found. 
Or  having  the  place  p  of  the  perpendicular,  the 
triangle  is  eafily  conftnifted. 

Or,  meafure  all  the  three  fides  with  the  chain,  and 
note  them-  down.  From  which  the  content  is  eafily 
found,  or  the  figure  conftrufted, 

2.  By  faking  one  or  more  of  the  Angles. 

Meafure  two  fides  ab,  ac,  and  the  angle  a  between 
them.  Or  meafure  one  fide  ab >  and  the  two  adjacent 
angles  a  and  b.  From  either  of  thefe  ways  the  figure 
is  eafily  planned;  then  by  meafuring  the  perpen- 
dicular cp  on  the  plan,  and  multiplying  it  by  half 
AB,  you  have  the  content. 


problem     V, 

To  meafure  a  Fotir-ftded  Field. 

I .  By  the  Chain. 


AE 

214 

210  DE 

AF 

362 

306  BF 

AC 

592 

Meafure  along  either  of  the  diagonals,  as  ac  ;  and 
cither  the  two  perpendiculars  de,  bf,  as  in  the  laft 
problem;  or  elfe  the  fides  ab,  bc,  cd,  da.  From 
either  of  which  the  figure  may  be  planned  and  com- 
puted as  before  direfted. 

Qther.'- 
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AP        HO 

352    PC 

M 
f  1 

AQ.    745 

595  OP 

AB   mo 

V 

/  i 
/  • 

/I 

f     • 

/      • 
f       f 

AP  ^ 

Meafure  on  the  longed  fide,  the  diftances  ap,  aq^ 
AB  ;  an4  the  perpendiculars  pc,  qjj. 

2.  By  taking  one  or  more  of  the  Angles. 

Meafure  the  diagonal  ac  (fee  the  firft  fig.  above), 
and  the  angles  cab,  cad,  acb,  acd. — Or  meafure 
the  four  fides,  and  any  one  of  the  angles  as  bap. 


Thus 
AC  591     ^ 

CAB  37^20 
CAD  41  15 
ACB  72  25 
ACD   54  40 


Or  thus 

A3  486 

.BC    394 

CD  410 

DA  462 

,BAD  78^35' 


PJIOBLEM    VI, 

Ho  Survey  any  Field  by  the  Chain  only. 

Having  fet  up  marks  at  the  corners,  where  neceflary, 
of  the  propofcd  field  abcdefg.  Walk  over  the 
ground,  and  confider  how  it  can  beft  be  divided  into 
triangles  and  trapeziums;  and  meafure  them  fepa- 
rately  as  in  the  laft  two  problems.  And  in  this  way 
it  will  be  proper  to  divide  it  into  as  few  feparate 
triangles,  and  as  many  trapeziums  as  may  be,  by 
drawing  diagonals  from  corner  to  corner;  and  fo  as 
that  all  the  perpendiculars  may  fall  within  the  figure. 
Thus,  the  following  figure  is  divided  into  the  two 
trapeziums  abcg,gdef,  and  the  triangle  gcd.  Then, 
in  the  firft,  beginning  at  a,  meafure  the  diagonal  ac, 

aii4 
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and  the  two  perpendiculars  cnij  Bn.  Then  the  bafe 
GC,  and  the  perpendicular  Dq.  Laftly  the  diagonal 
DF,  and  the  two  perpendiculars  pE^^oo.  All  which 
meafures  write  againft  the  correfponding  parts  of  a 
rough  figure  drawn  to  refemble  the  figure  to  befur- 
Yeyed,  or  fet  them  down  in  any  other  form  you  choofe, 

B 


Am  135  1 

130 

mo 

An 

410 

180 

nlB 

AC 

550 
15a 

- 

cq 

230 

qo 

CG 

440 

FO 

206 

120 

06 

FP 

288 

go 

pE 

FD 

520  1 

Or  thus. 

Meafure  all  the  fides  ab,  bc,  cd^  de,  ef^  fg^  and 
GA  ;  and  the  diagonals  ac,  cg,  gp,  df. 

Otberwife. 

Many  pieces  of  land  may  be  very  well  furveyed, 
by  meafuring  any  bafe  line,  either  within  or  without 
them,  togetfier  with  the  perpendiculars  let  fall  upon 
it  from  every  corner  of  them.  For  they  are  by  thofc 
means  divided  into  feveral  triangles  and  trapezoids, 
all  whofe  parallel  fides  are  perpendicular  to  the  bafe 
line ;  and  the  fum  of  thefe  triangles  and  trapeziums 
will  be  equal  to  the  figure  propofed  if  the  bafe  line  fall 
within  it ;  if  not,  the  fum  of  die  parts  which  arc  with- 
out being  taken  from  the  fum  of  the  whole  which  arc 
both  within  and  without,  will  leave  the  area  of  the 
figure  propofed. 

In  pieces  that  are  not  very  large,  it  will  be  fuffi- 
cicntly  exad  to  find  the  points,  in  the  bafe  line,  where 

the. 
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the  fcvcral  perpendiculars  will  fall,  by  means  of  the 
crofsy  and  from  thence  meafuring  to  the  corners  for 
the  lengths  of  the  perpendiculars. — And  it  will  be 
moft  convenient  to  draw  the  line  fo  as  that  all  the  per- 
pendiculars may  fall  within  the  figure. 

Thus,  in  the  following  figure,  beginning  at  a,  and 
meafuring  along  the  line  ag  the  diftances  and  per- 
pendiculars, on  the  right  and  left,  are  as  below. 


Ab 

3'5 

350  bs- 

AC 

440 

70  cc 

Ad 

585 

320  dD 
50  eE       ^ 

Ae 

610 

Af 

990 

470  fp        ^ 

AG 

1020 

0 

PROBLEM  VII. 

^Q  Survey  any  Field  with  the  Plain  Table. 

I .  From  one  Station. 

Plant  the  table  at  any  an- 

§le,  as  c,  from  whence  all 
ic  other  angles,  or  marks 
fet  up,  can  be  feen ;  and  turn 
the  table  about  till  the  needle 
point  to  the  flower-de-luce ; 
and  there  fcrew  it  faft.  Make 
a  point  for  c  on  the  paper  on 
the  table,  and  lay  the  edge  of 

the  index  to  c,  turning  it  about  c  till  through  the 
lights  you  fee  the  mark  d  ;  and  by  tlie  edge  of  the 
index  draw  a  dry  or  obfcure  line  :  then  meafure  the 
dillance  cd,  and  lay  that  diftance  down  on  the  line 
CD.    Then  turn  the  index  about  tlie  point  c,  till  the 

mark 


^  SeA*  I.]  s  tr  R  V  E  Y  I  N  G.  527 

mark  e  be  feen  through  the  fights,  by  which  draw  a 
hne,  and  meafure  the  diftance  to  e,  laying  it  on  the 
line  from  c  to  e.  In  like  manner  determine  the 
pofitions  of  CA  and  cb,  by  turning  the  fights  fuc- 
ceflively  to  a  and  b  ;  and  lay  the  lengths  of  thofe 
lines  down.  Then  connedt  the  points  with  the 
boundaries  of  the  field,  by  drawing  the  black  lines 

CD^  D£^  EA,  AB^  BC. 

2.  From  a  Station  within  the  Fields 

When  all  the  other  parts  can-  'D 

not  be  feen  from   one   angle,  y^^^N. 

choofe  fome  place  o  within ;  or  X  ^  C 

even  without,  if  more  conveni-     E^ o  ' 

ent,  from  whence  the  other  parts        \ 
can  be  feen.     Plant  the  table  at  \    / 

o,  then  fix  it  with  the  needle  V \ 

north,  and  mark  the  point  o  on  ^  ^ 

it.  Apply  the  index  fucceffively  to  o,  turning  it 
round  with  the  fights  to  each  angle  a,  b,  c,  d,  e, 
drawing  dry  lines  to  them  by  the  edge  of  the  index^ 
then  meafuring  the  diftances  oa,  ob,  &c,  and  lay- 
ing them  down  upon  thofe  lines.  Laftly  draw  the 
boundaries  ab^  bc^  cd,  de^  ea. 

« 
3  •  -Sy  goi^g  round  the  Figure. 

When  the  figure  is  a  wood  or  water,  or  from  fome 
other  obftruftion  you  cannot  meafure  lines  acrofs  it ; 
begin  at  any  point  a,  and  meafure  round  it,  either 
within  or  without  the  figure,  and  draw  the  direftions 
of  all  the  fides  thus  :  Plant  the  table  at  a,  turn  it  with 
the  needle  to  the  nonh  or  flower-de-luce,  fix  it  and 
mark  the  point  a.  Apply  the  index  to  a,  turning  it 
till  you  can  fee  the  point  e,  there  draw  a  line ;  and 
then  the  point  b,  and  there  draw  a  line :  then  meafure 
thefe  lines^  and  lay  them  down  firom  a  to  £  and  b* 

4  Next 
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Next  move  the  table  to  b,  lay  the  index  along  the 
line  A  By  and  turn  the  table  about  till  you  can  fee  the 
mark  a^  and  fcrew  fail  the  table ;  in  which  pofition 
alfo  the  needle  will  again  point  to  the  flower-de-luce, 
as  it  will  do  indeed  at  every  ftation  when  the  table  is 
in  the  right  pofition.  Here  turn  the  index  about  b 
till  through  the  fights  you  fee  the  mark  c  ;  there  draw 
a  line,  meafure  bc,  and  lay  the  diftance  upon  that 
line  after  you  have  fet  down  the  table  at  c.  Turn  it 
then  again  into  its  proper  pofition,  and  in  like  manner 
find  the  next  line  cd.  And  fo  on  quite  round  by  £ 
to  A  again-  Then  the  proof  of  the  work  will  be  the 
joining  at  a  :  for  if  the  work  is  all  right,  the  laft 
direftion  ea  on  the  ground,  will  pafs  exactly  through 
the  point  a  on  the  paper;  and  the  meafiired  diftance 
will  alfo  reach  exaftly  to.  a.  If  thefe  do  not  coincide, 
or  nearly  fo,  fome  error  has  been  committed,  and  the 
work  muft  be  examined  over  again. 


PROBLEM     VIII. 

To  Survey  a  Field  with  the  Theodolite^  ^c. 

I .  From  one  Point  or  Station. 

When  all  the  angles  can  be  feen  from  one  point,  as 
the  angle  e  (firft  fig.  to  laft  prob.)  place  the  inftru- 
ment  at  e,  and  turn  it  about  till,  through  the  fixed 
fights,  you  fee  the  mark  b,  and  there  fix  it.  Then 
turn  the  moveable  index  about  till  the  mark  a  is  feen 
through  the  fights,  and  note  the  degrees  cut  on  the  in- 
ftrumerit.  Next  turn  the  index  fucceflively  to  e  and 
D,  noting  the  degrees  cut  off  at  each ;  which  gives  all 
the  angles  bca,  bce,  bcd.  Laftly,  meafijre  theJines 
CB,  CA,  cE,  CD;  and  enter  the  meafures  in  a  field* 
book,  or  rather  againft  the  correfponding  parts  of  a 
rough  figure  drawn  by  guefs  to  refemble  the  field. 

2.  From^ 
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2.  From  a  Point  within  or  without* 

Plan  the  inftrument  at  o,  (laflrfig.)  and  turn  it  about 
till  the  fixed  fights  point  to  any  objedt,  as  a  ;  and  there 
fcrew  it  feft.  Then  turn  the  moveable  index  round 
till  the  fights  point  fucceflively  to  the  other  points^  e, 
D,  c,  B,  noting  the  degrees  cut  off  at  each  of  them ; 
which  gives  all  the  angles  round  the  point  o.  Laftly, 
meafure  the  diftances  oa,  ob,  oc,  od,  oe>  noting 
them  down  as  before,  and  the  work  is  done. 

3  •  Sy  goi^g  round  the  Field. 

,  By  meafuring  round,  either 
within  or  without  the  field, 
proceed  thus.  Having  fet  up 
marks  at  b,  c,  Scc^  near  the 
corners  as  ufual,. plant  the  in- 
ftrument at  any  point  a,  and 
turn  it  till  the  fixed  index  be 
in  the  direction  ab>  and  there 
fcrew  it  faft :  then  turn  the  moveable  index  to  the 
diredion  af  ;  and  the  degrees  cut  off  will  be  the 
angle  a.  Meafure  the  line  ab,  and  plant  the  inftru- 
ment at  B,  and  there  in  the  fame  manner  obfcrve  the 
angle  a.  Then  meafure  bc,  and  obferve  the  angle 
c.  Then  meafure  the  diftance  cd,  and  take  the  angle 
D.  Then  meafure  de,  and  take  the  angle  e.  Then 
meafure  ef,  and  take  the  angle  f.  And  laftly  mea- 
fure the  diftance  Fa. 

To  prove  the  work ;  add  all  th^  inward  angles 
a,  b,  c,  &c,  together,  and  when  the  work  is  right, 
their  fum  will  be  equal  to  twice  as  many  right  angles 
as  the  figure  has  fides,  wanting  4  right  angles.  And 
when  there  is  an  angle,  as  f,  that  bends  inwards,  and 
you  meafi.irc  the  external  angle,  which  is  lefs  than  two 
right  angles^  fubtraA  it  from  4  right  angles,^or  360 

M  m  ,  degrees. 
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degrees,' to  give  the  internal  angle  greater  than  a 
femicircle  cr  r8o  degrees. 

Otberwije. 

Inftead  of  obferving  the  internal  angles,  you  may 
take  the  external  angles,  formed  without  the  figure  by 
producing  the  fides  further  out.  And  in  this  cafe, 
when  the  work  is  right,  their  fum  altogether  will  be 
equal  to  360  degrees.  But  when  one  of  them,  4s  f, 
runs  inwards,  fubtraft  it  from  the  fum  of  the  reft,  to 
leave  360  degrees. 

PROBLEM      IX. 

To  Survey  a  Field  with  Crooked  Hedges,  6?^. 

With  any  of  the  inftruments  jmeafure  the  lengths 
and  pofitions  of  imaginary  lines  running  as  near  the 
fides  of  the  field  as  you  can  ;  and  in  going  along 
thein  meafure  the  offsets  in  the  manner  before  taught ; 
and  you  will  have  the  plan  on  the  paper  in  ufing  the 
plain  table,  drawing  the  crooked  hedges  through  the 
ends  of  the  offsets ;  but  in  furveying  with  the  theodo- 
lite, or  other  infbrument,  fet  down  the  meafures  pror 
perly  in  a  field-book,  or  memorandum-book,  and 
plan  them  after  returning  from  the  field,  by  laying 
down  all  the  lines  and  angles. 


Sa 
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So,  in  furveying  the  piece  abcde^  fet  up  mark^ 

a,  b,  c,  d,  dividing  it  into  as  few  fides  as  may  b^. 
Then  begin  at  any  ftation  a,  and  meafure  the  lines  ab, 
be,  cd,  dk,  and  take  their  pofitidns,  or  the  angles  a, 

b,  c,  d  ;  and  in  going  along  the  Unes  meafure  all  the 
offsets,  as  at  rfa,  n,  o,  p,  &c,  along  every  ftation  line. 

And  this  is  done  either  within  the  field,  or  without, 
as  may  be  moft  convenient.  When  there  are  obftruc- 
tions  within,  as  wood,  water,  hills,  &c;  then  meafure 
without,  as  in  the  figure  here  below. 


PROBLEM    X* 

To  Survey  a  Field  or  any  other  Things  hy  Two  Stations. 

This  is  performed  by  choofing  two  ftations,  from 
whence  all  the  marks  and  pbjefts  can  be  feen,  then 
meafuring  the .  diftahCe  between  the  ftations,  and  at 
each  fl;ation  taking  the  angles  formed  by  every  objedl, 
from  the  ftation  line  or  diftance. 

The  two  ftations  may  be  taken  either  within  the 
bounds,  or  in  one  of  the  fides,  or  in  tlie  direftion  of 
two  of  the  objeds,  or  quite  at  a  diftance,  and  without 
the  bounds  of  the  objefts,  or  part  to  be  furveyed. 

In  this  manner,  not  only  grounds  may  be  furveyed, 
without  even  entering  them,  but  a  map  may  be  taken 
of  the  principal  parts  of  a  country,  or  the  chief  places 
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of  a  town,  or  any  part  of  a  xiver  or  coaft  furveyed,  or 
any  other  inacceffible  objeAs  ;•  by  taking  two  ltations> 
on  two  towers,  or  two  hills,  or  fuch  like. 


When  the  plain  table  is  ufed ;  plant  it  at  one  ftation 
m,  draw  a  line  m  n  on  it,  along  which  lay  the  edge 
of  the  index,  and  turn  the  table  about  till  the  fights 
point  diredly  to  the  other-ftation ;  and  there  fcrcw  it 
faft.  Then  turn  the  fights  round  m  fuccefllively  to  all 
the  objeds  abc,  &c,  drawing  a  dry  line  by  the  edge 
of  the  index  at  each,  as  mA,  ms,  mc,  &c.  Then 
meafure  the  diftance  to  the  other  ftation,  there  plant 
the  table,  and  lay  that  diftance  down  on  the  ftation 
line  from  m  to  n.  Next  lay  the  index  by  the  line 
nm,  and  turn  the  table  about  till  the  fights  point  to. 
the  other  ftation  m,  and  there  fcrew  it  faft.  Then 
direft  the  fights  fucceflively  to  all  the  objefts  a,  b,  c, 
&c,  as  before,  drawing  lines  each  time,  as  nA,  nn, 
nc,  &c ;  and  their  interfeftion  with  the  former  lines 
will  give  the  places  of  all  the  objefts,  or  corners, 
A,  B,  c,  &c. 

When  the  theodolite,  or  any  other  inftrument  for 
caking  angles,  is  ufed;  proceed  in  the  fame  way, 
meafuring  the  ftation  diftance  mn,  planting  the  in- 
ftrument firft  at  one  ftation,  and  then  at  another; 

then 
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then  placing  the  fixed  fights  in  the  dire6tion  mn^  and 
direfting  the  moveable  fights  to  every  objeft,  noting 
the  degrees  cut  off  at  each  time.  Then,  thefc  obfer* 
vations  being  planned^  the  interfedtions  of  the  lines 
will  give  the  objedts  as  before. 
'  When  all  the  objeAs,  to  be  furveyed,  cannot  be 
feen  from  two  flations ;  then  three  flations  may  be 
ufed,  or  foUr,  or  as  many  as  is  neceflary ;  meafuring 
always  the  diflance  from  one  flation  to  another; 
placing  the  inflrument  in  the  fame  pofition  at  every 
ftation,  by  means  defcribed  before ;  and  from  each 
flation  observing  or  fetting  every  objedt  that  can  be 
feen  from  it,  by  taking  its  direftion  or  angular  pofi- 
tion, till  every  objeft  be  determined  by  the  interfeftion 
of  two  or  more  lines  of  direftioh,  the  more  the  better. 
And  thus  may  very  extenfive  furveys  be. taken,  as  of 
large  commons,  riv«rs,  coafls,  countries,  hilly  grounds, 
and  fuch  like. 

PR03LEM    XI. 

To  Survey  a  Large  Eftate. 

If  the  eftate  be  very  large,  and  contain  a  great  num- 
ber of  fields,  it  cannot  well  be  done  by  furveying  all 
the  fields  fingly,  and  then  putting  them  together ;  nor 
can  it  be  done  by  taking  all  the  angles  and  boundaries 
that  inclofe  it.  ^For  in  thefe  cafes,  any  fmall  errors 
will  be  fo  multipli^,  as  to  render  it  very  much  dif- 
torted. 

I  •  Walk  over  the  efbtte  two  or  three  times,  in  order 

to  get  a  perfedt  idea  of  it,  and  till  you  can  carry  the 

map  of  it  tolerably  in  your  head.     And  to  help  your 

memory,  draw  an  eye  draught  of  it  on  paper,  or  ac 

,  leafl,  of  the  principal  parts  of  it,  to  guide  you. 

.2.  Choofe  two  or  more  eminent  places  in  the  eflate, 
for  yout*  flations,  from  whence  you  can  fee  all  the 
principal  parts  of  it :  and  let  thefe  flations  be  as  far . 
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diftant  from  one  another  as  poflible;  as  the  fewer 
ftations  you  have  to  command  the  whole,  the  mord 
cxad:  your  work  will  be  :  and  they  will  be  fitter  for 
your  purpofe,  if  thefe  ftation  lines  be  in  or  near  the 
boundaries  of  the  ground,  and  efpecially  if  two  lines 
or  more  proceed  from  one  ftation. 

3.  Take  what  angles,  between  the  ftations,  you 
think  neceflkry,  and  meafure  the  diftances  from  ftation 
to  ftation,  always  in  a  right  line  :  thefe  things  muft  be 
done,  till  you  get  as  many  angles  and  lines  as  are 
fuificient  for  determining  all  your  points  of  ftation. 
And  in  meafuring  any  of  thefe  ftation  diftances,  mark 
accurately  where  thefe  lines  meet  with  any  hedges, 
ditches,  roads,  lanes,  paths,  rivulets,  &c,  and  where 
any  remarkable  object  is  placed,  by  meafuring  its 
diftance  from  the 'ftation  line,  and  where  a  perpen- 
dicular from  it  cuts  that  line ;  and  always  mind,  in 
any  oAhefe  obfervations,  that  you  be  in  a  right  line, 
which  you  will  kno\y  by  taking  backfight  and  fore- 
fight,  along  your  ftation  line.     And  thus  as  you  go 
along  any  main  ftation  line,  take  offsets  to  the  ends  of 
all  hedges,  and  to  any  pond,  houfe,  mill,  bridge,  &c, 
omitting  nothing  that  is.  remarkable.     And  all  thefe 
things  muft  be  noted  down ;  for  thefe  are  your  data, 
by  which  the  places  of  fuch  objeAs  are  to  be  deter- 
niined  upon  your  plan.     And  be  fure  to  fet  marks  up 
at  the  interfections  of  all  hedges  with  the  ftation  line, 
that  you  may  know  where  to-  meafuije  from,  wKen  you 
come  to  furvey  thefe  particular  fields,  which  muft  im- 
mediately be  done,  as  foon  as  you  have  meafured  that 
ftation  line,  whilft  they  are  freOi  in  memory.     By  this 
means  all  your  ftation  lines  are  to  be  meafured,  and  the 
fitnation  of  all  places  adjoining  to  them  determined, 
which  is  the  firft  grand  point  to  be  obtained.     It  will 
be  proper  for  you  to  lay  down  your  work  upon  paper 
levery  night,  when  you  go  home,  that  you  may  fe^ 
hpw  you  go  on, 

4»  A« 
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4.  As  to  the  inner  parts  of  the  eflate,  they  niitft  b^c 
determined  in  like  manner,  by  newftation  lines  :  for, 
after  the  main  ftations  are  determined,  and  every  thing 
adjoining  to  them,  then  the  eftate  muft  be  fubdivided 
into,  two  or  three  parts  by  new  ftation  lines  ;  taking 
inner  ftations  at  proper  places,  where  you  can  have 
the  beft  view.     Meafure  thefe  ftation  lines  as  you  did 
the  firft,  and  all  their  interfeftions  with  hedges,  and 
all  offsets  tofuch  objefts  as  appear.     Then  you  may 
proceed  to  furvey  the  adjoining  fields,  by  taking  the 
angles  that  the  fides  make  v/ith  the  ftation  line,  at  the 
interfedtions,  and  meafuring  the  diftances  to  each 
corner,  from  the  interfeftions.     For  every  ftation  line 
will  be  a  bafis  to  all  the  future  operations  ;  the  fitua- 
tion  of  all  parts  being  entirely  dependant  upon  them ; 
and  therefore  they  {hould  be  taken  as  long  as  poflible  ; 
and  it  is  beft  for  them  to  run  along  fome  of  the  hedges 
or  boundaries  of  one  or  more  fields,  or  to  pafs  through 
fome  of  their  angles.     All  things  being  determined 
for  thefe  ftations,  you  muft  take  more  inner  ftations, 
and  continue  to  divide  and  fubdivide  till  at  laft  you 
come  to  fingle  fields ;  repeating  the  fame  work  for 
the  inner  ftations,  as  for  the  outer  ones,  till  all  be 
done  :  and  clofe  the  work  as  often  as  you  can,  and 
in  as  few  lines  as  poflible.     And  that  you  may  choofe 
ftations  the  moft  conveniently,  fo  as  to  caufe  the  leaft 
laSour,  let  the  ftation  lines  run  as  far  as  you  can 
along  fome  hedges,  and  through  as  many  corners  of 
the  fields,  and  other  remarkable  points,  as  you  can. 
And  take  notice  how  one  field  lies  by  another ;  that 
you  may  not  mifplace  them  in  the  draught. 

5.  An  eftate  may  be  fo  fituated,  that  the  whole  can- 
not be  furveyed  together ;  becaufe  one  part  of  the 
eftate  cannot  be  feen  firom  another.  -  In  this  cafe,  you 
may  divide  it  into  three  or  four  parts,  and  furvey  the 
parts  feparately,  as  if  they  were  lands  belonging  to 
different  perfons ;  and  at  laft  join  them  together. 
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6.  As  it  is  neceffary  to  protarft  or  lay  down  your 
work  as  you  proceed  in  it,  you  muft  have  a  fcale  of  a 
due  length  to  do  it  by.  To  get  fuch  a  fcale^^you  muft 
meafure  the  whole  length  of  the  eftate  in  chains;  then 
you  muft  confider  how  many  inches  long  the  map  is 
to  be ;  and  from  thefe  you  will  know  how  many 
chains  you  muft  have  in  an  inch  ;  then  make  your 
fcale,  or  choofe  one  already  made,  accordingly; 

7.  The  trees  in  every  hedge  row  ihuft  be  placed  in 
their  proper  fituation,  which  is  foon  done  by  the  plain 
table  ;  but  may  be  done  by  the  eye  without  an  inftru- 
ment ;  and  being  thus  taken  by  guefs,  in  a  rough 
draught,  they  will  be  exaft  enough,  being  only  to 
look  at ;  except  it  be  fuch  as  are  at  any  remarkable 
places,  as  at  the  ends  of  hedges,  at  ftiles,  gates,  &c, 
and  thefe  muft  be  meafured.  But  all  this  need  not 
be  done  till  the  draught  is  finifhed.  ^  And  obferve  in 
all  the  hedges,  what  fide  the  gutter  or  ditch  is  on,  and 
to  whom  the  fences  belong. 

8.  When  you  have  long  ftations,  you  ought  to  have 
a  good  inftrument  to  take  angles  with  ;  and  the  plain , 
table  may  very  properly  be  made  ufe  of,  to  take  the 
feveral  fmall  internal  parts,  and  fuch  as  cannot  be 
taken  from  the  main  ftations,  as  it  is  a  very  quick^ 
and  ready  inftrument. 

PROBLEM    :j<:xif 

^0  Survey  a  County y  or  Large  ^raSl  of  Land. 

I .  Choofe  two,  three,  or  four  eminent  places  for 
ftations  ;  fuch  as  the  tops  of  high  hills  or  mountains, 
towers,  or  church  ftecples,  which  may  be  feen  from 
one  another ;  and  from  which  moft  of  the  towns,  and 
other  places  of  note,  may  alfo  be  feen.  And  let  thena 
be  as  far  diftant  from  one  another  as  pofTible.  Upon 
f  Jiefe  places  raife  beacons,  or  long  pqles,  with  flags  of 

different 
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difTerent  colours  flying  at  them ;  fo  as  to  be  vifible 
from  all  the  other  flations. 

2*  At  all  the  places,  which  you  would  fet  down  in 
-the  map,  plant  long  poles  with  flags  at  them  of  feve- 
ral  colours,  to  diftinguifh  the  places  from  one  another; 
fixing  them  upon  the  tops  of  church  fteeples,  or  the 
tops  of  houfes,  or  in  the  centres  of  lefler  towns. 

But  you  need  not  have  thefe  marks  at  many  places 
it  once,  as  fuppofe  half  a  fcore  at  a  time.  For  when 
the  angles  have  been  taken,  at  the  two  flations,  to  all 
thefe  places,  the  marks  may  be  moved  to  new  ones  ; 
and  fo  fucceflively  to  all  the  places  you  want.  Thefe 
marks  then  being  fet  up  at  a  convenient  number  of 
places,  and  fuch  as  may  be  feen  from  both  ftations  ; 
go  to  one  of  thefe  ftations,  and  with  an  inftrument  to 
take  angles,  ftanding  at  that  ftation,  take  all  the  angles 
between  the  other  ftation,  and  each  of  thefe  marks, 
obferving  which  is  blue,  which  red,  &c,  and  which 
hand  they  lie  on ;  and  fet  all  down  with  their  colours. 
Then  go  to  the  other  ftation,  and  take  all  the  angles 
between  the  firft  ftation,  and  each  of  the  former  marks, 
and  fet  them  down  with  the  others,  each  againft  his 
fellow  with  the  fame  colour.  You  may,  if  you  can, 
alfo  take  the  angles  at  fome  third  ftation,  which  may 
ferve  to  prove  the  work,  if  the  three  lines  interfedt  in 
that  point,  where  any  mark  ftands.  The  marks  muft 
fland  till  the  obfervations  are  finilhed  at  both  ftations ; 
and  then  they  muft  be  taken  down,  and  fet  up  at  frelh 
places.  And  the  fame  operations  muft  be  performed, 
at  both  ftations,  for  thefe  frefli  places  ;  and  the  like 
for  others.  Your  inftrument  for  taking  angles  muft 
be  an  exceeding  good  one,  made  on  purpofe  with 
telefcopic  fights ;  and  of  three,  four,  or  five  feet 
radius.  A  circumferentor  is  reckoned  a  good  inftru- 
ment for  this  purpofe. 

3.  And  though  it  is  not  abfolutely  neceflary  to 
meafureany  diftance,  becaufe  any  ftationary  line  being 
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laid  down  from  any  fcale,  all  the  other  lines  will  be 
proportional  to  it ;  yet  it  is  better  to  meafure  fome  of 
the  lines  to  afcertain  the  diftaixces  of  places  in  miles ; 
and  to  know  how  many  geometrical  miles  there  are  in . 
any  length  ;  and  from  thence  to  make  a  fcale  to  mea- 
fure any  diftance  in  miles.  In  meafuring  any  diftance, 
it  will  not  be  exadl  enough  to  go  along  the  high  roads ; 
by  reafon  of  their  turnings  and  windings,  and  hardly 
ever  lying  in  a  right  line  between  the  ftations,  which 
muft  caufe  infinite  reduftions,  and  create  endlefs 
trouble  to  make  it  a  right  line ;  for  which  reafon  it 
can  never  be  exaft.  But  a  better  way  is  to  meafure 
in  a  right  line  with  a  chain,  between  ftation  and  fta- 
tion,  over  hills  and  dales  or  level  fields,  and  all 
cbftacles.  Only  in  cafe  of  water,  woods,  towns, 
rocks,  banks,  &c,  where  onecannot  pafs,  fuch  parts 
of  the  line  muft  be  meafured  by  the  methods  of 
inacceflible  diftances ;  and  befides,  allowing  for  afcents 
and  defccnts,  when  we  meet  with  them.  And  a  good 
compafs  that  (hews  the  bearing  of  the  two  ftations, 
will  always  direft  you  to  go  ftraight,  when  you  do  not 
fee  the  two  ftations  ;  and  in  your  progrefs,  if  you  can 
go  ftraight,  you  may  take  offsets  to  any  remarkable 
places,  likewife  note  the  interfeftion  of  your  ftation- 
ary  line  with  all  roads,  rivers,  &c. 

4.  A  nd  from  all  your  ftations,  and  in  your  whole 
progrefs,  be  very  particular  in  obferving  fea  coafts, 
river  mouths,  towns,  caflJes,  houfes,  churches,  wind- 
mills, watermills,  trees,  rocks,  fands,  roads,  bridges^ 
fords,  ferries,  woods,  hills,  mountains,  rills,  brooks, 
parks,  beacons,  fluices,  floodgates,  locks,  &c  ;  and  in 
general  all  things  that  are  remarkable. 

5.  After  you  have  done  with  your  firft  and  main 
ftation  lines,  which  command  the  whole  county ;  you 
muft  then  take  inner  ftations,  at  fome  places  already 
determined  :  which  will  divide  the  whole  into  feveral 
partitions :  and  from  thefc  ftations  youjBuft  determine 
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the  places  of  as  many  of  the  remaining  towns  as  you 
can.  And  if  any  remain  in  that  part,  you  muft  take 
more  ftations,  at  fome  places  already  determined; 
from  which  you  may  determine  the  reft.  And  thus 
we  muft  go  through  all  the  parts  of  the  county, 
taking  ftation  after  ftation,  till  we  have  determined  all 
we  want.  And  in  general  the  ftation  diftances  muft 
always  pafs  through  fuch  remarkable  points  as  have 
been  determined  before,  by  the  former  ftations. 

6.  Laftly,  the  pofition  of  the  ftation  line  you  mea- 
fure,  or  the  point  of  the  compafs  it  lies  on,  muft  be 
determined  by  aftronomical  obfervation.  Hang  up  a 
thread  and  plummet  in  the  fun,  over  fome  part  of  the 
ftation  line,  and  obferve  when  the  fhadow  runs  along 
that  line,  and -at  that  moment  take  the  fun's  altitude ; 
then  having  his  declination,  and  the  latitude,  the 
azimuth  will  be  found  by  fpherical  trigonometry. 
And  the  azimuth  is  the  angle  the  ftation  line  makes 
with  the  meridian  ;  and  therefore  a  meridian  may 
eafily  be  drawn  through  the  map.  Or  a  meridian  may 
be  drawn  through  it  by  hanging  up  two  threads  in  a 
line  with  the  pole  ftar,  when  he  is  juft  north,  which  may 
be  known  from  aftronomical  tables.  Or  thus ;  oblerve 
the  ftar  Alioth,  or  that  in  the  rump  of  the  great  bear, 
being  that  next  the  fquare ;  or  elfe  Caffiopeia*s  hip  ; 
I  fay,  obferve  by  a  line  and  plummet  when  either  of 
thefe  ftars  and  the  pole  ftar  come  into  a  perpendicu- 
lar ;  and  at  that  time  they  are  due  north.  Therefore 
two  perpendicular  lines  being  fixed  at  that  moment, 
towards  thefe  two  ft^s,  will  give  the  pofition  of  the 
meridian. 

PROBLEM    XIII. 

^0  Survey  a  Town  or  City. 

This  may  be  done  with  any  .of  the  inftruments  for 
taking  angles,  but  beft  of  all  with  the  plain  table, 

where 
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where  every  minute  part  is  drawn  while  in  fight.  It 
is  proper  alfo  to  have  a  chain  of  50  feet  long,  divided 
into  50  links,  and  an  offset-ftafFof  10  feet  long. 

Begin  at  the  meeting  of  two  or  more  of  the  princi- 
pal ftreets,  through  which  you  can  have  the  longelt 
profpedts,  to  get  the  longed  ftation  lines.  There 
having  fixed  the  inftniment,  draw  lines  of  diredtioa 
along  thofe  ftreets,  ufing  two  men  as  marks,  or  poles 
fet  in  wooden  pedeftals,  or  perhaps  fomc  remarkable 
places  in  the  houfes  at  the  further  ends,  as  windows, 
doors,  corners,  &c.  Meafure  thefe  lines  with  the 
chain,  taking  offsets  with  the  ftaff,  at  all  corners  of 
ftreets,  bendings,  or  windings,  and  to  all  remarkable 
things,  as  churches,  markets,  halls,  colleges,  eminent 
houfes,  &c.  Then  remove  the  inftrument  to  another 
ftation  along  one  of  thefe  lines ;  and  there  repeat  the 
fame  procefs  as  before.  And  fo  on  till  the  whole  is 
finiftied. 


Thus,  fix  the  inftaiment  at  a,  and  draw  lines  in 
the  direction  of  all  the  ftreets  meeting  there ;  and  mea- 
fure A  B,  noting  the  ftreet  on  the  left  at  m.  At  the 
fecond  ftation  b,  dr^w  the  direftions  of  the  ftreets 
meeting  there ;  meafure  from  b  to  c,  noting  the 
places  of  the-  ftreets  at  n  and  o  as  you  pafs  by  them. 
At  the  3d  ftation  c  take  the  direftion  of  all  the  ftreets 


mectmg 


Scft.  I.]  SURVEYING.  54X 

meeting  there,  and  meafure  cd.  At  d  do  the  fame, 
and  meafure  de,  noting  the  place  of  the  crofs  ftreets 
at  p.  And  in  this  manner  go  through  all  the  prin- 
cipal ftreets.  This  done,  proceed  to  the  fmaller  and 
intermediate  ftreets  j  and  laftly  to  the  lanes,  alleys, 
courts,  yards,  and  every  part  that  it  may  be  thought 
proper  to  reprcfent^ 


CHAPTER       III. 

Of  Planning,  Cajling-upj  and  Dividing. 

PROBLEM     !• 

To  Lay  down  the  Plan  of  any  Survey. 

IF  the  furvey  was  taken  with  a  plain  table,  you  have 
a  rough  plan  of  it  already  on  the  paper  which 
covered  the  table.  But  if  the  furvey  was  with  any 
other  inftrument,  a  plan  of  it  is  to  be  drawn  from  the 
meafures  that  were  taken  in  the  furvey,  and  firft  oi 
all  a  rough  plan  upon  paper. 

To  do  this,  you  muft  have  a  fet  of  proper  inftru- 
ments,  for  laying  down  both  lines  and  angles,  &c ;  as 
fcales  of  various  fizes,  the  more  of  them,  and  the  more 
accurate,  the  better;  fcales  of  chords,  protraAors,  per- 
pendicular and  parallel  rulers,  &c.  Diagonal  fcales  are 
beft  for  the  lines,  becaufe  they  extend  to  three  figures, 
or  chains  and  links,  which- are  hundredth  parts  of 
chains.  But  in  ufing  the  diagonal  fcale,  a  pair  of  com- 
paffes  muft  be  employed  to  take  off  the  lengths  of  the 
principal  lines  very  accurately.  But  a  fcale  with  a 
thin  edge  divided,  is  much  readier  for  laying  down  the 
perpendicular  offsets  to  crooked  hedges,  and  for  mar-k* 
ing  the  places  of  thofe  offsets  upon  the  ftation  line ; 
which  is  dbne  at  only  one  application  of  the  edge  of 

the 
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the  fcale  to  that,  line,  and  then  pricking  off  all  at 
6nce  the  diflances  along  it.  Angles  are  to  be  laid 
down  either  with  a  good  fcale  of  chords,  which  is 
perhaps  the  moil  accurate  way ;  or  with  a  large  pro- 
tradlor,  which  is  much  readier  when  many  angles  are 
to  be  laid  down  at  one  point,  as  they  are  pricked  off 
all  at  once  round  the  edge  of  the  protraftor. 

Very  particular  diredlions  for  laying  down  all  forts 
of  figures  cannot  be  nepeffary  in  this  place,  to  any 
perfon  who  has  learned  pradical  geometry,  and  the 
conflxu(5lion  of  figures,  and  the  ufe  of  his  inflxuments. 
it  may  therefore  be  fufficient  to  obferve,  that  all  lines 
and  angles  muft  be  laid  down  on  the  plan  inthe  fame 
order  in  which  they  were  meafured  in  the  field,  and 
in  which  they  are  written  in  the  field-book ;  laying 
down  firft  the  angles  for  the  pofition  of  lines,  then  the 
lengths  of  the  lines,  with  the  places  of  the  offsets,  and 
then  the  lengths  of  the  offsets  themfelves,  all  with 
dry  or  obfcure  lines ;  then  a  black  line  drawn  through 
the  extremities  of  all  the  offsets,  will  be  the  hedge  or 
bounding  line  of  the  field,  &c.  After  the  principal 
bounds  and  lines  are  laid  down,  and  made  to  fit  or 
clofe  properly,  proceed  next  to  the  fmaller  objefts, 
till  you  -have  entered  cvery^thing  that  ought  to  appear 
in  the  plan,  as  houfes,  brooks,  trees,  hills,  gates, 
ftiles,  roads,  lanes,  mills,  bridges,  woodlands,  &c, 
&c. 

The  north  fide  of  a  map  or  plan  is  commonly 
placed  uppermoft,  and  a  meridian  fomewhere  drawn, 
with  the  compafs  or  flower-de-luce  pointing  north. 
Alfo,  in  a  vacant  part,  a  fcale  of  equal  parts  or  chains 
muft  be  drawn,  and  the  title  of  the  map  in  con- 
fpicuous  characlers,  and  embelliflied  with  a  compart- 
ment. All  hills  muft  be  fliadowed,  to  diftinguifli 
them  in  the  map.  Colour  the  hedges  with  different 
colours ;  represent  hilly  grounds  by  broken  hills  and 
valleys ;  draw  fingle  dotted  lines  for  foot-paths,  and 

double 
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double  ones  for  horfe  or  carriage  roads.  Write  the 
name  of  each  field  and  remarkable  place  within  it, 
and,  if  you  choofe,  its  content  in  acres,  roods,  and 
perches. 

In  a  very  large  eftate,  or  a  county,  draw  vertical 
and  horizontal  lines  through  the  map,  denoting  the 
fpaces  between  them  by  letters,  placed  at  the  top,  and 
bottom,  and  fides,  for  readily  finding  any  field  or 
other  objeft,  mentioned  in  a  table. 

In  mapping  counties,  and  eftates  that  have  uneven 
grounds  of  hills  and  valleys,  reduce  all  oblique  lines, 
meafured  up  hill  and  down  hill,  to  horizontal  ftraight 
lines,  if  that  was  not  done  during  the  furvey,  before 
they  were  entered  in  the  field-book,  by  making  a  pro- 
per allowance  to  (horten  them.  For  which  purpofc 
there  is  commonly  a  fmall  table  ehgraven  on  fbme  of 
the  inftruments  for  furveying. 

PROBLEM.     II. 

To  Caft  up  the  Contents  of  Fields. 

1 .  Compute  the  contents  of  the  figures,  whether 
triangles,  or  trapeziums,  &c,  by  the  proper  rules  for 
the  feveral  figures  laid  down  in  meafuring ;  multiply- 
ing the  lengths  by  the  breadths,  both  in  links ;  the 
produdt  is  acres  after  you  have  cut  off  five  figures  on 
the  right,  for  decimals ;  then  bring  thefe  decimals  to 
roods  and  perches,  by  multiplying  firft  by  4,  and 
then  by  40.  An  example  of  which  is  given  in  the 
defcription  of  the  chain,  page  508. 

2.  In  fmall  and  feparate  pieces,  it  is  ufual  to  caft 
up  their  contents  firom  the  meafures  of  the  lines  taken 
in  furveying  them,  without  making  a  corred  plan  of 
them. 

Thus, 
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Thus,  in  the  triangle  in  prob-  iv,  page  522,  where 
wchadAP=:794,andAB=  1321 

?c=  826 

792^ 
.  2642 

10568 


2)10-91146 
5-45573 


ac  r  p 


4  Anf.  32  I  33  nearly 


1*82292 

^ 40 

32'9i68o 


Or  the  firft  example  to  prob.  v,  page  523,  thus : 


AE  214 
AF  362 

AC  592 


210  ED 
306  FB 

516  fum  of  perp, 
592  AC 


1032 
4644 
2580 

3:0547^ 

4  Anf. 

•21888 
40 

875520 


ac  r  p 
3  0.   8 


Or 
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Or  the  2d  example  to  the  fame  prob.  v,  thus  i 


AP     no 
AQ.  745 

AB    IIIO 

PC  352 
AP  no 


2APC  38720 


352      PC 

595    «y> 

PC  3Si, 
QJ>  595 
fum  947 
ffK,  635 

4735 
2841 

5682 
2PCD<i_6oi345 


OP  595 
QB365 

2975 

3570 
1785 

2I7I75  =  2QJ>B 

6oi345=2PCDQ^ 

38720  =  2APC 


2)  8*5724o:rdou,thewholc 
4*2862 

4 

'  ^         ac   r    p 

i'i448Anf.  415 

40 

57920 

3 .  In  pieces  bounded  by  very  crooked  and  wind- 
ing hedges,  meafured  by  offsets,  all  the  parts  between 
the  offsets  are  moft  accurately  meafured  feparately  as 
fmall  trapezoids.  Thus,  for -the  example  to  prob, 
III,  p.  521,  where 


AC 

45 

62  ch 

Ad 

220 

84 

di 

Ae 

340 

.70 

ek 

Af 

510 

98 

fl 

Ag 

634 

57 

gm 

AB 

785 

91 

Bn 

Nn 


Then 
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Then 


AC  45 
ch  62 

90 
270 

ch  62 
di  84 

146 
cd  a  75 

730 

IOZ2 
146 

di  84 
ek  .70 

154 
de  120 

2790 

18480 

^SSSo 

. 

ek  70 
fl   oR 

168 
ef  170 

1 1760 
168 

28560 

17980 


gm  57 
Bn     91 


fl     98 

gm    57      

145         148 
fg  124  gB  151 

580         148 
290        740 
145        148 

22348 


2790  « 

18480 
28560 
17980 
22348 

2)  1*15708  ac   r     p 

•57854  Content  o    2    12 


2'3i4i6 
40 

12*56640 


4-  Sometimes  fuch  pieces  as  that  above,  arc  com- 
puted by  finding  a  mean  breadth,  by  dividing  the 
lum  of  the  offsets  by  the  number  of  them,  accounting 
that  for  one  of  them  where  the  boundary  meets  the 
ftation  line,  as  at  a  ;  then  multiply  die  length  ab  by 
that  mean  breadch. 


Thu^r 
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Thus  : 

OO  785  AB 

62  66  mean  breadth 

84 


*hH^fa 


4710  ac    r   p 

'g      4710    Content- o    2    2  by  this  method, 
?^     S —  wMich  is  10  pe)rchcs  too  little. 


91  4 


7)  462    2*07240  And  this  method  is  always  errone- 

66  40    pus,  except  when  the  offsets  ftand 

•*-—    rTT —     at  equal  diftances  from  one  an- 
2-89600       ,;j 


other. 


5>.  'But  in  larger  pieces,  and  Whole  eftates,  confiding 
of  many  fields,  it  is  the  common  praAice  to  make  a 
rough  plan  of  the  whole,  and  from  it  compute  the 
contents  quite  independent  of  the  meafures  of  the  lines 
and  angles  that  were  taken  in  furveying.  For  then 
new  lines  are  drawn  in  the  fields  in  the  plan,  fo  as  to 
divide  them  into  trapeziums  and  triangles,  the  bifes 
and  perpendiculars  of  which  are  meafured  on  the  plan 
by  means  of  the  fcale  from  which  it  was  drawn,  and 
fo  multiplied  together  for  the  contents.  In  this  way 
the  work  is  very  expeditioufly  done,  and  fufficiently 
corredt ;  for  fuch  dimenfions  are  taken,  as  afford  th^ « 
moft  eafy  method  of  calculation ;  and,  among  a  num- 
ber of  parts,  thus  taken  and  applied  to  a  fcale,  it  is 
likely  that  fome  of  the  parts  will  be  taken  a  fmall 
matter  too  little,  and  others  too  great ;  fo  that  they 
will,  upon  the  whole,  in  all  probability,  very  nearly 
balance  one  another.  Afi:er  all  the  fields,  and  par- 
ticular parts,  are  thus  computed  feparately,  and  added 
all  together  into  one  fum,  calculate  the  whole  eftate 
independent  of  the  fields,  by  dividing  it  into  large 
and  arbitrary  trianglei?  and  trapeziums,  and  add  thefe 

N  n  2  alfo 
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alfo  together.  Then  if  this  fum  be  equal  to  the 
former,  or  nearly  fo,.  the  work  is  right;  but  if  the 
fums  have  any  confiderable  difference,  it  is. wrong, 
and  they  muft  be  examined,  and  recomputed,  till 
they  nearly  agree. 

A  fpecimen  of  dividing  into  one  triangle,  or  one 
trapezium,  which  will  do  for  moft  fmgle  fields,  may 
be  feen  in  the  examples  to  the  laft  problem ;  and 
a  fpecimen  of  dividing  a  large  tradi  into  feveral  fuch 
trapeziums  and  triangles,  in  prob.  v  i  of  chapter  1 1  of 
Surveying,  page  524,  w^here  a  piece  is  fo  divided, 
and  its  dimenfions  taken  and  fet  down  ;  and  again  at 
prob.  VI  of  Menfuration  of  Surfaces,  where  the  con- 
tents of  the  fame  piece  are  computed. 

6#  But  the  chief  fecret  in  calling  up,  confifts  in 
'finding  the  contents  of  pieces  bounded  by  curved,  or 
very  irregular  lines,  or  in  reducing  fuch  crooked  fides 
of  fields  or  boundaries  to  ftraight  lines,  that  Ihall  in- 
clofe  the  fame  or  equal  area  with  thofe  crooked  fides, 
and  fo  obtain  the  area  of  the  curved  figure  by  means 
of  the  right-lined  one,  which  will  commonly  be  a 
trapezium.  Now  this  reducing  the  crooked  fides  to 
fbaight  ones,  is  very  eafily  and  accurately  performed 
thus  :  Apply  the  ftraight  edge  of  a  thin,  clear  piece 
of  lanthorn-horn  to  the  crooked  line,  which  is  to  be 
reduced,  in  fuch  a  manner,  that  the  fmall  parts  cut 
^off  from  the  crooked  figiire  by  it,  maybe  equal  to 
thofe  which  are  taken  in  :  which  equality  of  the  parts 
included  and  excluded,  you  will  prefently  be  able  to 
judge  of  very  nicely  by  a  little  pradtice  :  then  with  a 
pencil  draw  .a  line  by  the  ftraight  edge  of  the  horn. 
Do  the  fame  by  the  pther  fides  of  the  field  or  figure. 
So  ftiall  you  have  a  ftraiglit  fided  figure  equal  to  the 
curved  one ;  the  content  of  which,  being  computed 
'as  before  directed,  will  be  the  content  of  the  curved 
figure  propofed. 

Or,  inftead  of  the  ftraight  edge  of  the  horn,  a  horfe- 

hair 
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hair  may  be  applied  acrofs  the  Crooked  fides  in  the 
fame  maimer ;  and  the  eafieft  way  of  ufing  the  hair, 
is  to  firing  a  fmall  flender  'bow  with  it,  either  of  wire, 
or  cane,  or  whale-bone,  or  fuch  like  flender  fpringy 
matter ;  for,  the  bow  keeping  it  always  ftretched,  it 
can  be  eafily  and  neatly  applied  with  one  hand,  while 
the  o.ther  is  at  liberty  to  make  two  marks  by  the  fide 
of  it,  to  draw  the  ftraight  line, by.     -  ' 


EXAMPLE. 


Thus,  let  it  be  required  to  find  the  contents  of  the 
ftme  figure  as  in  prob.  ix  of  the  laft  chapter,  page 
530,  to  a  fcale  of  4  chains  to  an  inch. 


r 


Draw  the  four  dotted  ftraight  lines  ab,  bc,  cd,  da, 
cutting  off  equal  quantities  on  both  fides  of  them, 
which  they  do  as  near  as  the  eye  can  judge :  fb  is  the 
crooked  figure  reduced  to  an  equivalent  right-lined 
one  of  four  fides  a  b  c  d.  Then  draw  the  diagonal  b  d, 
which  by  applying  a  proper  fcale  to  it,  meafures  1256. 
Alfo  the  perpendicular,  or  neareft  diflance,  from  a  to 
this  diagonal,  meafures  456 ;  and  the  diflance  of  c 
from  it,  is  428. 


>■  n  ^ 


Then 


/  ' 


55©  stTRvsYiNo.  f  Part  5. 

Thea    456 

428 

884 
1256 

/  " • 

5024 

10048 

10048 

?)  11-10304 

4 

2'2o6o8 

40 
-r^. — r-  ac  ro  p 

8-24320  Content  52    8 

And  thus  the  content  of  the  tr^^pezium,  and  confc- 
quently  of  the  irregular  figure,  to  which  it  is  equal,  ia 
cafily  found  to  be  5  acres,  2  roods,  8  perches, 

PROBLEM     III. 

iTo  Transfer  a  Plan  to  another  Paper y  6? f . 

After  the  rough  plan  is  completed,  and  a  fair  one  is 
wanted ;  this  m^y  be  done,  either  on  paper  or  vellum, 
by  any  of  the  following  methods. 

FIRST      METHOD. 

Lay  the  rough  plan  upon  the  dean  paper,  and  keep 
them  always  prelTed  flat  and  clofe  together,  by  weights 
laid  upon  them.  Then,  with  the  point  of  a  fine  pin 
or  prickier,  prick  through  all  the  comers  of  the  plan  to 
be  copie^.     Take  them  afunder,  and  conned  the 

pricked 
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pricked  points  oij  the  clean  paper,  with  lines ;  and  it 
is  done.     This  method  is  only  to  be  pra6tifed  in  plans  ^ 
of  fuch  figures  as  are  fmall  andtplerably  regular,  or 
bounded  by  right  hnes.     v 

SECOND       METHOP. 

Rub  the  back  of  the  rough  plan  over  with  black 
lead  powder ;  and  lay  the  faid  black  part  upon  the  - 
clean  paper,  upon  which  the  plan  is  to  be  copied,  and 
in  the  proper  pofition.  Then  with  the  blunt  point  of 
fome  hard  fubftance,  as  brafs,  or  fuch  like,  trace  over 
the  lines  of  the  whole  plan ;  prefiing  the  tracer  fo 
much  as  that  the  black  lead  under  the  lines  may  be 
transferred  to  the  clean  paper ;  after  which  take  off 
the  rough  plan,  and  trace  over  the  leaden  marks  with 
common  ink,  or  with  Indian  ink,  &c.— 'Or,  inftead  of 
blacking  the  rough  plan,  you  may  keep  conftantly  a 
blacked  paper  to  lay  between  the  plans. 

THIRD       METHOD. 

Another  way   of  copying  plans,  is  by  means  of 
fquares.     This  is  performed  by  dividing  bodi  ends* 
and  fides  of  the  plan,  which  is  to  be  copied,  into  any 
convenient  number  of  equal  parts,  and  connefting 
the  correfponding  points  of  divifion  with  lines;  which 
will  divide  the  plan  into  a  number  of  fmall  fquares. 
Then  divide  the  paper,  upon  which  the  plan  is  to  be 
copied,  into  the  fame  number  of  fquares,  each  equal 
to  the  former  when  the  plan  is  to  be  copied  of  the 
fame  fize,  but  greater  or  lefs  than  the  others,  in  the 
proportion  in  which  the  plan  is  to  be  increafed  or 
dimini(hed,  when  of  a  different  fize.     Laftly,  copy 
into  the  clean  fquares,  the  parts  contained  in  the  cor- 
refponding fquares,  of  the  old  plan ;  and  you  will 
have  the  copy  either  of  the  Tame  fize,  or  greater  or 
lefs  in  any  proportion. 

y  n  4  FOURTH 
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FOURTH       METHOD. 

A  fourth  way  is  by  the  inilrument  called  a 
pentagraph^  which  alfo  copies  the  plan  in  any  iize 
required. 

FIFTH     METHOD. 

But  the  neateft  method  of  any  is  this.     Procure  a 

copying  frame  or  glafs,  made  in  this  manner ;  namely, 

a  large  fquare  of  the  bed  window  glafs,  fet  in  a  broad 

frame  of  wood,  which  can  be  raifed  up  to  any  angle, 

when  the  lower  fide  of  it  refts  on  a  table.     Set  this 

frame  up  to  any  angle  before  you,  facing  a  ftrong 

light ;  fix  the  old  plaii  and  clean  paper  together  with 

feveral  pins  qiiice  around,  to  keep  them  together,  the 

clean  paper  being  laid  uppermoft,  and  upon  the  face 

of  the  plain  to  be  copied.     Lay  them,  with  the  back 

of  the  old  plan,  upon  the  glafs,  namely,  that  part 

which  you  intend  to  begin  at  to  copy  firli;  and,  by 

means  of  the  light  (hining  tlxrough  die  papers,  you 

will  very  diftinAly  perceive  every  line  of  the  plan 

through  the  clean  paper.     In  this  ftatc  then  trace  all 

tlie  lines  on  the  paper  with  a  pencil.     Having  drawn 

that  part  which  covers  the  glafs,  Aide  another  part 

over  the  glafs,  and  copy  it  in  the  fame  manner. 

And  then  another  part.     And  fo  on  till  the  whole 

be  copied. 

Then,  take  them  afunder,  and  trace  all  the  pencil- 
lines  over  with  a  fine  pen  and  Indian  ink,  or  with 
common  ink.    . 

And  thus  you  may  copy  the  fineft  plan,  without 
injuring  it  in  the  leaft. 

When  the  lines,  &c,  are  copied  upon  the  clean 
paper  or  vellum,  the  next  bufinefs  is  to  write  fuch 
names,  remarks,  or  explanations  as  may  be  judged 
neceflary ;  laying  down  the  fcale  for  taking  the  lengths 
of  any  parts,  a  flower-de-luce  to  point  out  the  direc- 
tion, 
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tion,  and  the  proper  title  ornamented  with  a  compart- 
ment J  and  illuftxating  or  colouring  every  part  in  fuch 
manner  as  (hall  feem  mod  natural,  fuch  as  (hading 
rivers  or  brooks  with  crooked  lines,  drawing  the 
reprefentations  of  trees,  bulhes,  hills,  woods,  hedges, 
houfes,  gates,  roads,  &c,  in  their  proper  places ; 
running  a  (ingle  dotted  line  for  a  foot  path,  and  a 
double  one  for  a  carriage  road ;  and  either  repre(cnt'» 
ing  the  bafes  or  the  elevations  of  buildings,  &c. 


PROBLEM      IV, 

To  change  a  Figure  from  One  Scale  /t?  Another. 

From  one  angle  y 

A  draw  lines  ac, 
AD,  AE,  &c,  to. all 
the  other  angles  of 
the  figure  given  ; 
then  augment  or 
diminifli  one  (ide 
AB  till  Kb  be  to  AB 
in  the  given  propor- 
tion of  the  fcales ;  and  by  means  of  a  parallel  ruler, 
draw  be  parallel  to  bc  and  meeting  ac  in  r,  and  in  the 
fame  manner  cd  parallel  to  cd,  de  parallel  to  lyz^  ef 
parallel  to  ef  ;  fo  Ihall  kbcdefh  be  the  figure  required. 


chapter    V. 

Of  the  Divifton  of  Lands. 

In  the  divifion  of  commons,  after  the  whole  is 
furveyed  and  caft  up,  and  the  proper  quantities  to  be 
allowed  for  roads,  &c,  dedufted,  divide  the  net 
quantity  remaining  among  the  feveral  proprietors,  by 
the  rule  of  Fellow(hip,  in  proportion  to   the  real 

\  value 
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value  of  their  eftates,  and  you  will  thereby  obtain 
their  proportional  quantities  of  the  land.  But  as  this 
divifion  fuppofes  the  land^  which  is  to  be  divided, 
to  be  all  of  an  equal  goodnefs,  you  muft  obferve 
that  if  the  part  in  which  any  one's  (hare  is  to  be 
marked  off,  be  better  or  worfe  than  the  general 
mean  quality  of  the  land,  then  you  muft  duninilh 
or  -augment  the  quantity  of  his  (hare  in  the  fame 
proportion*. 

PROBLEM      I. 

//  is  required  to  divide  any  given  quantity  of  ground^ 
or  its  value  J  into  any  given  number  of  farts  y  and  in  pro^ 
fortion  as  any  given  numbers. 

Divide  the  given  piece,  or  its  value,  as  in  the  rule 
of  Fellowlhip,  by  dividing  the  whole  content  or  value 
by  the  fum  of  the  numbers  exprefling  the  proportions 
of  the  feveral  (hares,  and  multiplying  the  quotient 
feverally  by  the  faid  proportional  numbers  for  the  re- 
fpeftive  Ihares  required,  when  the  land  is  all  of  the 
fame  quality.  But  if  the  {hares  be  of  different  qualities. 


•" 


*  Or,  which  comes  to  the  fame  thing,  divide  the  ground  among 
the  claimants  in  the  dired  ratio  of  the  value  of  their  claims,  and 
the  inverfe  ratio  of  the  quality  of  the  grpund  allotted  to  each ; 
that  is  in  proportion  to  the  Quotients  ariling  from  the  divifion  of 
the  value  of  each  pcrfon*s  eftate,  by  the  number  which  exprefles 
the  quality  of  the  ground  in  his  (hare. 

But  thefe  regular  methods  cannot  always  be  put  in  pracHcc  5 
fo  that,  in  the  divifion  of  commons,  the  ufuai  way  is,  to  meafure 
fcparately  all  the  land  that  is  of  different  values,  and  add  into  two 
fums  the'contcnts  and  the  values ;  then,  by  the  firft  part  of  the 
following  problem  i,  the  value  of  every  claimant's  (hare  is  com* 
puted,  by  dividing  the  whole  value  among  them  in  proportion  to 
their  eftates  ;  and,  laftly,  by  the  2d  problem,  a  quantity  is  laid 
out  for  each  perfon,  that  fliall  be  of  the  value  of  his  fliare  before 
found. 

z  then 
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then  divide  the  numbers  expreffing  the  proportions 
or  vaKies  of  the  (hares,  by  the  numbers  which  ex- 
prefs  the  qualities  of  the  land  in  each  (hare ;  and  ufe 
the  quotients  inftead  of  the  former  proportional  num* 
hers. 

EXAMPLE      I. 

If  the  total  value  of  a  common  be  2500  pounds,  it 
is  required  to  determine  the  values  of  the  (hares  of 
the  three  claimants  a,  b,  c,  whofe  eftates  are  of  thefe 
values  1 0000,  and  15000,  and  25000  pounds.    ^ 

The  eftates  being  in  proportion  as  the  numbers 
^y  39  5>  whofe  fum  is  10,  we  (ball  have  2500  -5-  10 
=  250 ;  which  being  feverally  multiplied  by  2, 3, 5, 
the  produfts  500,  750,  1250,  are  the  values  of  the 
(hares  required. 

EXAMPLE     II. 

It  is  required  to  divide  300  acres  of  land  among 
A,  B,  c,  D,  £,  Fy  G,  and  H,  whofe  claims  upon  it  are 
refpeftively  in  proportion  as  the  numbers  I9  i^  3>  5^ 
8,  10,  15,  20. 

The  fum  of  thefe  proportional  numbers  is  64,  by 
which  dividing  300,  the  quotient  is  4a  2r  30P,  which 
being  multiplied  by  each  of  the  numbers  i,  2,  3,  5, 
&c,  wc  obtain  for  the  feveral  (hares  as  below  ; 

A=r    4        a        30 


B  =   9 

I 

20 

c  =:  14 

0 

10 

D^=  23 

E  =  37 
F  z:  46 

'   G  =  70 

I 
2 

3 

I 

30 
00 

10 

10 

H=  93 

3 

00 

Sum  =:  300 

0 

,  r 

S  X- 
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EXAMPLE      III. 

It  is  required  to  divide  780  acres  among  a,  b,  and 
<,  whofe  eftates  are  1000,  3000,  and  4000  pounds  a 
year ;  the  ground  in  their  Ihares  being  worth  5,  8, 
and  10  {hillings  the  acre  refpedlively. 

Here  their  claims  are  as  i ,  3,  4 ;  and  the  qualities 
.  of  their  land  arc  as  5,  8,  10;  therefore  their  quantities 
muft  be  as  ^,  4-,  4^,  or,  by  reduftion,  as  8,  15^16. 
Now  the  fum  of  thefe  numbers  is  39  ;  by  which, 
dividing  the  780  acres,  the  quotient  is  20;  which 
being  multiplied  feverally  by  the  three  numbers  8, 
15,  16,  the  three  produfts  are  160,  300,  320,  for  the 
ihafes  of  a,  b,  c,  refpedtivcly. 


PROBLEM      II. 

To  Cut  off  from  a  Plan  a  Given  Number  of.  Acres  ^  £s?^,  hj 
a  Line  drawn  from  Any  Point  in  the  Side  of  it. 

•  Ilet  A  be  the  given  point-in  the  annexed  plan,  from 
which  a  line  is  to  be  drawn  cutting  off  fuppofd  530. 
XT.    i4p. 

Draw  AB  putting  off  the 
part  ABC. as  near  as  can  be 
judged  equal  to  tjie  quan- 
tity propofed  ;  and  let  the 
true  quantity  of  ABC,  when 
calculated,  be  only  4ac. 
3r.  2op.  whichis  lefs  than 
5ac.  2r.  i4p.  the  true 
quantity,  by  o  ac.  2r.  34p. 
or  71250  fquare  links. 
Then  meafure  ab,  which 
fuppofe  zr  1234  links, 
and  divide  7 1 250,  by  617 

the  half  of  it,  and  the  quotient  115  links  will  be  the 
altitude  of  the  triangle  to  be  added,  and  whole  bafe 

is 
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is  AB.  Therefore  if  upon  the  center  b,  with  the 
radius  1 1 5,  an  arc  be  delcribed  ;  and  a  line  be  drawn 
parallel  to  ab,  touching  the  arc,  and  cutting  b.d  in 
D  ;  and  if  ad  be  drawn,  it  will  be  the  line  cuttins: 
off  the  required  quantity  adca. 

Note.  If  the  firft  piece  had  b^en  too  much,  then 
D  muft  have  been  fet  below  b. 

In  this  manner  the  feveral  fhares  of  commons,  to  l^e 
divided,  may  be  laid  down  upon  the  plan,  and  trans- 
ferred from  thence  to  the  ground  itfelf. 

Alfo  for  the  greater  eafe  and  perfeftion  in  this 
bufmefs,  the  following  problems  may  be  added. 

* 

PROBLEM      III. 

From  an  Angk  in  a  Given  Triangle^  to  draw  Lines  to 

the  Oppofite  Side,  dividing  the  triangle  into  any 

Number  of  Parts  j  which  Jh all  be  in  any 

ajjigned  Proportion  to  each  other. 

Divide  the  bafe  into  the  fame  number  of  parts, 
and  in  the  fame  proportion,  by  problem  i ;  then  from 
the  feveral  points  of  divifion  draw  lines  to  the  pro- 
pofed  angle,  and  they  will  divide  the  triangle  as 
required*. 

EXAMPLE. 

Let  the  triangle  ABc,of  10  acres,  be  divided  into 
five  parts,  which  (hall  be  in  proportion  to  the  numbers 
i>  2,,  3,  5,  9  ;  the  lines  of  divifion  to  be  drawn  from 
A  to  CB,  whofe  length  is  1600  links.' 


*  Demonstration. 
For  the  feveral  parts  are  triangles  of  the  fame  altitude,  and 
which  therefore  are  as  their  bafes,  which  bafes  are  taken  in  the 
ailigned  proportion, 

Here 
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Here  i  +  2  +  3  +  5+9 
—  20,'  and  1600  -r-  20  n  80 ; 
which  being  multiplied  by  each 
of  the  proportional  numbers,  we 
have  8oy  160, 240, 400,  and  720. 
Therefore  I  make  ca  =  80,  ab  =z  Ca^  c     j        % 
160,  be  zz  240,  cd  =  400,  and  d%  zz'^zo  ;  then  by 
drawing  the  lines  a^,  a  by  ac,  a^,  the  triangle  is 
divided  as  required, 

PROBLEM      IV. 

B'om  Any  Tolnt  in  one  Side  of  a  Given  Triangle ^  to 

draw  Lines  to  the  other  Two  Sides y  dividing  the 

Triangle  into  Any  Number  of  Parts  which 

Jhall  be  in  Any  AJJigned  Ratio. 

From  the  given  point 
D,  draw  DB  to  the  angle 
oppofite  the  fide  ac  in 
which  the  point  is  taken ; 
then  divide  the  fame  fide 

AC  into  as  many  parts  -^  ^  T  D  G 
AE,  EF,  FG,  Gc,  and  in  the  fame  proportion  with  the 
required  parts  of  the  triangle,  like  as  was  done  in  the 
laft  problem ;  and  from  the  points  of  divifion  draw 
lines  EK,  Fi,  GH,  parallel  to  the  line  bd,  and  meet- 
ing the  other  fides  of  the  triangle  in  k,  i,  if  ;  laftly, 
draw  KD,  IP,  HD,  fo  (hall  adk,  kdi>  id,  hb,  hdc 
be  the  parts  required  *• 

The  example  to  this  will  be  done  exaftly  as  the 
laft. 


♦  Demonstration* 

The  triangles  adk,  if  di,  idb,  being  of  the  fajne  height,  arc  as 

their  bafes  ak,  ki,  ib  ;  which,  by  means  of  the  parallels  ek,  fi, 

DB,  are  as  ae,  ef,  fd;  in  like  manner,  (he  triangles  cdh,  hdb 

arc  to  each  other  as  cg,  gd:  but  the  two  triangles  idb»  bdh, 

having  the  fame  bafe  bd,  are  to  each  other  as  the  diftances  of  t 

and  H  from  bd,  or  as  fd  to  dg  ;  confequently  the  parts  pAit,  nKif 

piBH,  DHC  are  to  each  other  as  ae,  ef,  fg.  gc. 

A    COL. 
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CHAPTER     V. 


Q^U  E  S  T  I  O  N       I. 

REQUIRED  the  are*  and  plot  of  a  figure  from 
the  following  field-book. 
'  NoiCy  That  a  cipher  in  the  place  of  a  perpfcndi- 
cular,  denotes  that  there  the  bafe  line  touches  an 
angular  point.  So  here  the  ciphers  for  the  firft  and 
laft  perpendicular^.  Chew  that  the  bafe  line  begins  and 
ends  at  an  angle.   Alfo  r  denotes  right,  and  l  left. 

Field-Book. 

C.       .      ...  ,      ^ 

D^^^ 1 s221:i.J 

H 


Anf.  lac.  3r.  8*9o8p. 


Q^U  E  S  T  I  O  N      II. 

Beginning  at  the  weftmoft  ftation  a,  of  a  large  trad  of 
land,  and  going  round  towards  the  north,  fuppofe  the 
lengths  of  the  lines  and  the  angles  formed  by  them,  and 
the  meridians,  to  be  taken  thus ;  ab  zz  1 550  links,  and 

its 
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its  direction  n,  354°  5,  that  is,  ^^^^-^  from  the  nonh 
towards  the  eaft ;  then  proceeding  to  the  2d  ftation 
B,  I  find  the  direction  of  bc  to  be  n  e,  72^**,  and 
its  length  i:  1870  links.  Jn  the  fame  manner  I  find 
all  the  other  fides  and  their  direftions  as  expreflTed  in 
order  in  the  2d  and  3d  columns  of  the  following  table; 
the  I  ft  column  containing  only  die  number  and  mark 
of  each  ftation. 

Required  the  plan  and  content  of  this  piece. 


Stations 


I. 

2. 

.3- 
4- 

5- 
6. 

7- 
8. 

9: 


Angles 


A   NE  351,'' 

B  NE  72|. 

c  SE    70I: 

D  SW  5s 

E  SE    83^ 

F  SW  31-^ 

G  SW  62^ 

H  NW73I, 

I  [nW  1 7^V 


Sides 


1550  AB 
1870  BC 
1870  CD 
1245  ^E 
2410  EF 
1520  FG 
2260  GH 
2730  HI 
^^56  lA 


Anfwer 
i45ac.  ir.  39'5776p^ 


cL  i    b  cue 

Note,  A  line  is  wanted  to  be  drawn  along  the  bottom  of  the 
figure,  through  the  points  aibcuedgf. 

Q^U  E  S- 
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Q^U  E  S  T  I  O  N       III. 

In  a  pentangular  field,  beginning  with  the  fouth 
fide,  and  meafiiring  round  towards  the  eaft  firft,  the 
ift  or  fuuth  fide  was  1=  2735  links,  the  2d  =  31 15, 
the  3d  =  2370,  the  4th  =:  2925,  and  the  5th  = 
2220  ;  alfo  the  diagonal  from  the  ift  angle  to  the  3d 
was  iSoOf  and  that  firom  the  3d  to  the  5th  was  4010 : 
Required  the  figure  and  area. 


ac     r         p 
Anfwer    117    2    39-1408 


•  ^  <^U  E  S  T  I  O  N       IV, 

In  going  round  a  five-fided  field  abode,  the  fides 
and  angles  were  thus  :  The  fide  ab  n  1940  links, 
and  the  angle  b  110^  30';  the  fide  bc  z:  1555?  and 
the  angle  c  117^  45';  the  fide  ci>  =  2125,  and  the 
angle  d  91**  20';  and  the  fide  de  n  2741  :  Required 
the  figure  and  the  content. . 


ac     r      p 
Anfwer    66     2     24. 


Oo 
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Q^\i  E  S  T  I  O  N       V. 

In  a  field  I  took  two  ftations  p  and  o^  at  the 
diftance  of  i  o  chains  from  each  other  : 


O 
O    CO 

*^  ^ 

2  - 


QPA  =  21 
APB  =  49 
BPC  =  57 
CPD  =  29 
DPE  =  64 
EPF     =   79 


20 
10 
12 
40 

=   70      16 


y 


^       [fq^e  = 


PQJ>  = 
DOC  z= 
COB  Z= 
BQ>  = 
I  AQJ   = 


10^ 

18 

42 

62 


40' 

30 

00 

05 
00 

5^ 


Required  the  figure  and  area. 


ac 
Anfwer  jo 


r  P 

3     39'3^3^ 


Q^U  E  S  T  1  O  N       VI. 

From  a  ftation  within  a  field  of  five  fides  I  mea* 
fiired  the  diftahces  to  the  feveral  corners,  beginning 
with  that  on  the  weft,  and  meafuring  round  toward* 
the  north,  viz.  ift  diftance  7^45  line's,  the  2d  = 
5980,  the  3d  r:  6495,  the  4th  rr  6015,  and  the  5th 
rr  7050 ;  alfo  the  angles  formed  by  thefe  diftances  iit 
the  fame  order  were  7 1|,  55^,  4^,  and  8 1^-,  degrees. 
What  is  the  area  ?  Anf.  979ac^  2j*  35*92ip* 

Q^tr  E  S  TI  O  N      Vllr 

From  a  place  o,  jiear  the  middle  of  a  field  a  bode F^ 
from- which  I  could  fee  all  the  angles,  I  meafured 
the  diftances  to  the  feveral  corners,  and  obfervcd  the 
quantities  of  the  angles  formed  at  o  by  thofe  dif* 
tances^  as  below. 


Diftances 
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Diftances 
OA  z=  4315  links 
OB  =  2982 
oc—3561 
OD  :r  5010 
oE  =  461S 

OF  IT  3606' 

What  ii  the  area  ? 


Angles 


AOB  zr  60^ 

Boc  3:  47 

COD  =  49 

DOE  2Z  57 
EOF  ZZ  64 
FOA    n   80 


40 

50 
10 

35 


Anf.  4i2ac.  ir.  i7*3224p« 


Q^U  E  s  T  I  o  N    viir. 

Having  made  choice  of  a  ftation  within  a  piece  of 
land,  I  meafured  from  thence  the  feveral  bearings 
end  diftances  of  the  corners  as  below  :  Required  the 
area^ 


2d 

4th 
5th 
6th 


Bearings 

N  E 
N^-E 

Nwbw 
swbs 

SSE7^E 
EbS3YE 


Diftances 
3540 

4785 

3915 

41^5 
2030 

2945 


Anf.  3i9ac*  3r,    i'i93p. 


SECTION    II. 


OF   CASK   GAUGING. 

TH  E  meaning  of  the  word  Gauging  is  reftrifted 
to  the  meafuring  of  cafks,  and  other  things 
falling  under  the  cognizance  of  the  officers  of  the 
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excife  ;  and  it  has  received  its  name  from  a  gauge  or 
rod  ufed  by  the  praditionersof  thean. 

The  bufinefs  being  performed,  or  the  calculations 
made,  commonly  by  means  of  the  inftruments,  called 
the  gauging  or  diagonal  rod,  and  the  Aiding  rule  or 
g;?i:ging  rule,  it  will  be  nec-eHary  to  treat  of  ttefe 
inilruments,  which  I  ihall  do  as  below- 


CHAPTER       I. 


The  Dejcription  and  Ufe  of  the  Sliding  Rule. 

This  is  a  fquare  rule,  having  confequently  four 
fides  or  faces,  three  of  which  are  fv:rni(hed  with 
Aiding  pieces  running  in  grooves.  The  lines  upon 
them  arc  moftly  logarithmic  ones,  or  diftances  which 
are  proportional  to  the  logarithms  of  the  numbers 
placed  at  the  ends  of  them ;  which  kind  of  lines 
were  placed  upon  rules,  by  Mr.  Edmund  Gunterj  for 
expcdidonfly  performing  aritlimetical  operations  ;  in 
which  bufmefs  he  ufed  a  pair  of  compalTes  for  taking 
the  feveral  logarithmic  diftances  :  but  inftead  of  the 
compafles.  Aiding  pieces  were  added,  by  Mr.  Thomas 
Everardy  as  being, more  convenient  and  certain  in 
praftice. 

Upon  the  firft  face  are  three  lines,  namely,  two 
marked  a,  b,  for  multiplying  and  dividing  j  and  th^ 
third,  MD,  for  malt  depth,  becaufe  it  ferves  to  gauge 
malt.  The  middle  one  b  is  upon  the  Aider,  and  is  a 
kind  of  double  line,  being  marked  at  both  the  edges  of 
the  Aider,  for  applying  it  to  both  the  lines  a  and  md. 
Thefe  three  lines  are  all  of  the  fame  radius,  or  diftance 
from  I  to  I  o,  each  containing  twice  the  length  of  the 
radius,  a -and  u  are  placed  and  numbered  exadly 
alike;  each  beginning  at  i ,  which  may  be  either  i ,  or 
lo,  or  100,  &c,  or -ijOr  '01,  or  -ooi,  &c;  but  what- 
ever it  is,  the  middle  divifion  10,  will  be  10  times  as 

much. 
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much,  and  the  laft  divifion  1 00  times  as  much.  But 
I  on  the  line  md  is  oppofite  215,  ormore  exadlly 
2i50'4  on  the  other  hnes,  which  number  2150*4 
denotes  the  cubic  inches  in  a  malt  bulhel ,  and  its 
divifions  numbered  retrograde  to  thofe  pf  a  and  b. 
Upon  thefe  two  lines  are  alfo  feveral  other  marks  and 
letters:  thus,  on  the  line  a  are  mb,  for  malt  buQiel, 
at  the  number  21 50^4;  and^A  for  ale,  at  282,  the 
cubic  inches  in  an  ale  gallon ;  and  upon  the  line  b  is 
w,  for  wine,  at  23 1,  the  cubic  inches  in  a  wine  gallon  ; 
alfo  J/,  forfquare  infcribed,  at  '707,  the  fide  of  a 
fquare  infcribed  in  a  circle  whofe  diameter  is  i  i  s  e^ 
for  fquare  equal,  at  •886,  the  fide  of  a  fquare  which, is. 
equal  to  the  fame  circle;  and  c  for  circumference, 
at  3 '141 6,  the  circumference  of  the  fame  circle. 

Upon  the  fecond  face,  or  that  oppofite  the  firft,  are 
a  Aider  and  four  hnes,  marked  d,  c,  d,  e,  atone  end, 
and  root,  fquare,  root,  cube,  at  the  other ;  the  lihes  c 
and  E  containing  refpedlively  the  fquares andcubes of  , 
the  oppofite  numbers  on  the  lines  d,  d  ;  the  radius  of 
D  being  double  to  that  of  a,  b,  c,,and  triple  to  that 
of  E :  fo  that  whatever  the  firft  v  on  d  denotes,  the 
firft  on  c  is  the  fquare  of  it,  and  the  firft  on  e  the  cube 
of  it, ;  fo  if  D  begin  with  i,  c  and  e  will  begin  with 
I  ;  but  if  D  begin  with  10,  c  will  begin  with  100, 
and  E  with  1000  ;  and  fo  on.  Upon  the  line  c  are 
marked  oc  at  -0796,  for  the  area  of  the  circle  whofe 
circumference  is  i  ;  and  o^  at  '7854  for  the  area  of 
the  circle  whole  diameter  is  i .  Alfo,  upon  the  line  d 
are  wo,  for  wine  gau^e,  at  17-15  ;  and-  ag  for  ale 
gauge,  at  18*95  ;  and  mr,  for  nialt  round,  at  52*32; 
thefe  three  being  the  gauge  points  for  round  or  circu- 
lar meafure,  and  are  found  by  dividing  the  fquare 
roots  of  231,  282,  and  2150*4  by  the  fquare  root  of 
^7854  .  alio  MS,  for  malt  fquare,  are  marked  at  46*37, 
the  malt  gauge  point  for  fquare  meafure  being  the 
fqviare  ropt  of  2 150 '4. 

^  P05  Upon 


566  6  A  u  o  I  K  6.  [Part  5, 

Upon  the  third  face  are  three  lines^  one  upon  a  Aider 
marked  n  ;  and  two  on  the  flock>  marked  ss  and  sl^ 
for  fegment  {landing  and  fegment  lyings  which  fervc 
for  ullaging  ftanding  and  lying  cafks. 

And  upon  the  founh,  or  oppofite  face,  are  a  fcale 
of  inches,  and  three  other  fcales,  marked  fpheroid  or 
I  ft  variety,  2d  variety,  3d  variety  ;  the  Tcale  for  the 
4  th,  or  conic  variety,  being  on  the  infide  of  the  Aider 
in  the  third  face.  The  ufe  of  thefe  lines  is  to  find 
the  mean  diameters  of  cafks. 

Befides  all  thofe  lines,  there  are  two  others  on  the 
infides  of  the  two  firft  Aiders,  being  continued  from 
the  one  Aider  to  the  other.  The  one  of  theic  is  a 
fcale  of  inches,  from  12^  to  36  ;  and  the  other  is  a 
fcale  of  ale  gallons  between  the  correfponding  num^ 
bers  •435  and  3*61  ;  which  form  a  table  to  ftiew,  in 
ale  galjons,  the  contents  of  all  cylinders  whofe  diame- 
ters are  from  124^  tq  36  inches,  their  common  altitude 
being  i  inch. 

As  the  Aiding  rule  is  for  performing,  very  expedir 
tiouAy,  any  oper^ttions  of  multiplication,  divifion,  and 
extraction  of  roots,  which  may  be  required  by  any 
precept  propofed  in  words,  &c;  fo  the  manner  of 
inaking  thefe  operations  will  appear  in  the  following 
problems. 

PROBLEM      I. 

To  find  the  ProduSl  of  Two'  Given  Nnmiers, 

by  the  Sliding  Rule. 

Rule.  To  either  of  the  given  numbers  on  a  fet 
I  on  B,«  then  againft  ^he  other  number  on  b  is  the  pro- 
^\i6i  on  A. 

Example  i.    Required  the  produft  of  12  and  25. 

By  placing  i  on  B  under  1 2  on  a  ,  above  25  on  b 
(lands  300  on  a  ;  which  is  the  prpduft  required. 

Nqte.     When  the  i  on  b  has  been  fee  to- the  one 
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feftorop  A,  if  it  happen  that  the  other  faftor  on  B 
fall  beyond  the  divifion,  on  either  a  or  b,  divide  it 
by  10,  or  100,  &c,  till  the  quotient  found  on  b  fall 
under  fome  divifion  on  the  line  a,  and  multiply  this 
faid  divifion  by  the  fame  10,  or  100,  &c,  for  the  pro- 
duft  required. 

Example  ii.  So  when  250  is  to  be  multiplied 
by  56  :  Having  fet  i  on  b  to  250  on  a,  although  56 
be  found  on  b,  it  is  beyond  the  end  of  a  ;  there- 
fore dividing  it  by  10,  I  find  that  oppofite  to  the 
quotient  5-6  on  b,  is  the  divifion  1400  on  a  ;  which 
being  multiplied  by  10,  we  obtain  14000  for  the  pro- 
duA  required. 

Example  hi.  But  if  250  were  to  be  multiplied 
by  1 1 20:  Having  fet  i  to  250  as  before,  1120  is 
beyond  the  end  of  b,  but  being  divided  by  100, 
oppofite  to  the  quotient  1 1*2  on  b  I  find  2800  on  a, 
which  being  multiplied  by  100,  we  have  280000  for 
the  produft  required. 

problem    II. 

To  find  the  ^otient  of  Two  Numbers, 

.  Rule.  Set  i  on  b  to  the  divifor  on  a,  then  againft 
the  dividend  on  a,  is  the  quotient  on  b. 

Example  i.  To  divide  300  by  25.  Having  fet 
I  on  B  to  25  on  A,  oppofite  300  on  a  I  find  12  on  b, 
the  quotient  required. 

Note.  When  the  dividend  falls  beyond  the  erd 
of  the  line  a,  let  it  be  divided  by  10,  100,  or  fome 
other  power  of  1  o  till  it  fall  within  the  line,  and  ufe 
the  quotient  inftead  of  it,  multiplying  the  refult  by  the 
fame  power  of  i  o  as  before. 

Example  ii.  So  if  14000  muft  be  divided  by  56. 
Having  fet  i  to  5$,  the  dividend  cannot  be  found 
on  A  till  it  be  divided  by  100,  the  quotient  being  140, 
oppofite  to  which  I  find  2*5  on  b,  which  being 
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multiplied  by  100  we  obtain  250  for. the  quotient 
required.  • 

PROBLEM    III. 

^0  work  the  Rule-of-^hree  on  the  Sliding  Rule :   or 

taping  Three  Numbers  given^  to  find  a  Fourth^  which 

Jhall  be  to  the  Third  as  the  Second  is  to  the  Firft. 

Rule.  Set  the  firft  term  on  b,  to  either  the  fecond 
or  third  on  a  ;  then  againft  the  remaining  term  on 
B,  ftands  the  fourth  term  required  on  a  . 

Example.  If  8  yards  of  cloth  coft  24  (hillings^ 
what  will  96  yards  coft  at  the  fame  rate  ? 

Having  fet  8  on  b  to  24  on  a,  oppofite  96  on  b» 
I  find,  on  A,  288  (hillings,  or  14I  8s,  which  is  the 
anfwer. 

problem     IV. 

To  Extras  the  Square  Root  by  the  Sliding  Rule. 

Rule.  The  firft  i  on  c  ftanding  againft  the  firft  | 
on  D,  on  the  ftock,  oppofite  the  given  number  on  c  is 
its  root  on  d. 

Example.  To  find  the  fide  of  a  fquare,  which 
Ihall  be  equal  to  a  triangle,  or  circle,  &c,  whofe  area 
is  225  ;  or,  to  extradt  the  root  of  2:25. 

Here  oppofite  225  on  c  ftands  15  on  d,  which  is 
the  anfwer  required. 

problem    v. 

To  ExtraSl  the  Cube  Root  by  the  Sliding  Rule. 

Rule.  The  line  d  upon  the  Aide  being  fet  ftraight 
with  e;  find  the  given  number  on  A,  and  oppofite  to 
it  y.'ill  be  its  cube  root  on  d  • 

Exam- 


Seft.  a.]  GAUGING.  569 

Example.  To  find  the  fide  of  a  cube  equal  to 
any  other  folid  whofe  content  is  3375;  or  to  find  the 
cube  root  of  3375. 

Here  oppofite  3375  on  e,  ftands  15  on  d,  which  is 
the  anfwer  required. 

Note.  It  is  evident  that  the  fame  lines,  as  arc 
ufed  in  thefe  two  laft  problems,  will  ferve  to  find 
the  fquare  or  the  cube  of  any  given  number,  by 
;aking  thq  given  number  on  the  contrary  lines. 

PROBLEM     VI. 

To  find  a  Mean  Proportional  between 
Two  Given  Numbers. 

Rule.  Set  one  of  the  given  numbers  on  c  to  the 
like  or  fame  number  on  d,  then  againft  thq  ether 
given  number  on  c,  is  the  number  required  on  d. 

Example.     To  find  the  fide  of  a  fquare  whofe 
-  area  (hall  be  equal  to  that  of  a  parallelogram  whofe 
length  is  9,  and  its  breadth  4  feet ;  or,  to  find  a  mean 
proportional  between,4  and  9. 

Having  fet  4  on  c  to  4  on  d,  againft  9  on  c  ftands 
6  on  D,  which  is  the  number  fought. 

problem     VII. 

To  find  a  Number  which  Jball  be  to  a  Given  Number^ 

in  a  given  Duplicate  Proportion ;  or  having  givin 

Three  Numbers,  to  find  a  Fourth  y  which  fin  all 

be  to  the  Third,  as  the  Square  of  the 

Second  is  to  the  Square  of  the  Firfi. 

Rule.  Set  the  third  number  on  c  to  the  firft  on 
D,  then  againft  the  fecond  on  p,  will  be  found,  on  c, 
the  fourth  required. 

Exam- 
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ExAMPL  £•  If  the  area  of  a  parallelogram,  or  any 
other  figure,  be  1 20 ;  it  is  required  to  find  the  area 
of  a  fimilar  figure^  their  like  dimenfions  or  fides  being 
as  2  to  3. 

Similar  figures  being  as  the  fquares  of  their  like 
dimenfions,  by  fetting  1 20  on  c  to  2  on  d,  againft  3 
on  D,  {lands  270  on  d,  for  the  number  fought. 

PROBLEM    VIII. 

To  find  a  Number  which  pall  be  to  a' Given  Number^ 

if^  a  given  ^ubduplicate  Proportion  ;  or  having 

given  Three  Numbers,  to  find  a  Fourth, 

which  Jhall  be  to  the  Third y  as 

the  Root  of  the  Second  is  to 

the  Root  of  the  Fir  ft. 

Rule.  Set  the  firft  number  on  c  to  the  third  cm 
D,  then  againft  the  fecond  on  c,  will  be  found  the 
fourth  on  d. 

Example.  The  fide  of  a  regular  figure  is  2,  and 
its  area  1 20  ;  it  is  required  to  find  the  fide  of  a  fimilar 
figure  whofe  area  is  270. 

The  roots  of  the  areas  of  fimilar  figures  being  as 
their  fides,  we  muft  find  a  number  which  fliall  be 
to  2,  as  the  root  of  270,  is  to  the  root  of  120.  Theie^ 
fore,  having  fet  lizo  on  c  to  2  on  d,  againft  270 
on  c,  will  be  found  3  on  d,  which  is  the  number 
fought. 

PROBLEM       IX. 

To  find  a  Number  in  a  given  Triplicate  Proportion  to  a 

Number  given;  or^  having  Three  Numbers  given , 

to  find  a  Fourth,  which  Jhall  be  to  the 

Third,  as  the  Cube  of  the  Second ^ 

is  to  the  Cube  of  the  Firft. 

Ru  LE.    Set  the  firft  number  on  the  Hide  r,  to  the 

third 
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third  number  on  e,  then  againft  the  fecond  on  D,is 
the  fourth  required  on  e  . 

EXAMPLE.  If  a  cafk,  whofe  length  is  40  inchest 
contain  100  gallons,  what  will  be  the  content  of  a 
fimilar  caik  whofe  length  is  36  inches  ?. 

Similar  folids  being  as  the  cubes  of  their  like  fides, 
the  content  required  muft  be  to  100  gallons,  as  36' 
ist0  4o^  Therfefore  fetting  40  on  i>  to  100  qn  e, 
againft  36  on  d,  will  be  found  72*9  gallons  on  e, 
which  is  the  content  required. 

PROBLEM      X. 

^0 find  a  Number  in  a  given  Suh triplicate  Proportion  to  a 

Given  Number ;  or,  having  ^hree  Numbers  given^  to 

find  a  Fourth^  which  Jhall  be  to  the  Third j  as. 

the  Cube  Root  of  the  Second,  is  to 

the  Cube  Root  of  the  Firfi. 

Rule.  Set  the  third  number  on  d,  to  the  firft  on 
p,  then  againft  the  fecond  on  e,  will  ftand  the  fourth 
on  D.  ♦ 

Example.  What  is  the  length  of  a  cafk  whofe 
content  is  72*9  gallons,  fuppofing  the  length  of  a 
fimilar  cafk  to  be  40  inches,  and  its  content  100 
gallons  ? 

Since  the  dimenfions  of  fimilar  folids  are  as  the 
pube  roots  of  their  contents,  we  muft  find  a  number 
which  (hall  be  to  4b,  as  the  cube  root  of  72*9  is  to  the 
cube  root  of  100.  Therefore,  having  fet  40  on  d  to 
100  on  E,  againft  72-9  on  e,  will  be  found  36  on  p, 
whifh  is  tlie  length  require^. 


PRO- 
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PROBLEM       XI. 

The  Length  and  Breadth  of  a  Parallelogram  being  given  ^ 
.  to  find  its  Area  in  Malt  Bujhels  hy  the  Line  m  d. 

Rule.  Set  either  of  the  given  dimenfions  on  b,  to 
the  other  oxx  md,  then  againft  i  on  a,  is  the  required 
area  on  ^^ 

Example.  How  many  malt  bulhels  can  be  con- 
tained on  every  inch  of  the  depth  of  a  ciftern,  whofc 
length  is  180,  and  breadth  72  inches? 

By  fetting  7a  on  b,  to  180  on  md,  againft  i  on  a^ 
will  appear  nearly  6  bufhels  on  b,  which  is  the 
quantity  required. 

* 

PROBLEM       XII. 

To  findy  by  the  Line  md,  the'  Malt  Bujhels  which  may 

be  contained  in  a  Couch ,  Floor y  or  Ciftern^  wbo/e 

lengthy  breadth y  and  depth  are  given. 

Rule.  Set  one  of  the  dimenfions  on  b  to  ano- 
ther on  md,  then  againft  the  third  on  a,  will  appesgr 
the  content  on  b  . 

.  Example.  Required  the  number  of  bufhels  in 
the  ciftern  whofe  length  is  230,  breadth  58-2,  and 
depth  5 "4  inches. 

'  Having  fct  230,  on  b  to  5*4  on  md,  againft  58*2 
on  a,  I  find  33*6  bufliels  on  b,  which  is  the  content 
.  nearly. 

The  ufe  of  the  other  parts  or  marks  on  the  rule 
will  appear  in  the  examples  farther  on. 

CHAPTER       II. 

Of  the  Gauging  or  Diagonal  Rod. 

The  diagonal  rod  is  a  fquare  rule  having  four  fidea 

or 
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or  faces,  being  generally  four  feet  long, .and  folding 
together  by  means  of  joints. 

It  takes  its  name  from  its  ufe  in  meafuring  the 
diagonals  of  calks,  and  computing  the  contents  from 
the  faid  diagonal  only.  Where  it  may  be  noted, 
that  by  the  diagonal  of  a  cafk,  is  meant  the  line  from 
the  bung  to  the  interfeftion  of  the  head  with  the 
ftave  oppofite  to  it,  and  is  commonly  the  longeft 
line  that  can  be  drawn  from  the  middle  of  the  bung  to 
any  part  within  the  caik. 

And,  accordingly,  upon  one  face  of  the  rule  is 
d,  fcale  of  inches  for  taking  the  meafure  of  the  dia- 
gonal ;  to  which  is  adapted  the  areas,  in  ale  gallons, 
of  circles  to  the  correfponding  diameters,  hke  the* 
lines  on  the  under  fides  of  the  three  Hides  in  the 
Aiding  rule. 

Upon  the  oppofite  face  arc  two  fcales  of  ale  and 
wine  gallons,  exprefling  the  contents  of  cafks  having 
the  correfponding  diagonals ;  and  thefe  are  the  lines 
which  chiefly  conflitute  the  difference  between  this 
infti'ument  and  the  Hiding  rule  ;  for  all  the  other  lines 
upon  it  are  the  fame  with  thofe  on  that  inftrument, 
and  are  to  be  ufed  in  the  fame  manner. 

example:. 

Let  it  be  required  to  find  the  content  of  a  cafk 
U'hofe  diagonal  meafures  34-4  inches,  which  agrees 
with  the  calk  in  the  following  chapter,  whofe  head  and 
bung  diameters  are  32  and  24,  and  lengthy  40  inches; 
for  if  to  the  fquare  of  20,  half  the  length,  be  added 
the  fquare  of  28,  half  the  fum  of  the  diameters,  the 
fquare  root  of  the  fum  will  be  34*4  nearly. 

Now  to  this  diagonal  34*4^  correfponds,  upon 
the  rule,  the  content  90  J  ale  or  iii  wine  gallons; 
which  differs  from  all  the  contents,  in  die  next  chap- 
ter, obtained  by  confidering  the  calk  as  belonging 

to 
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to  each  of  the  four  propofed  varieties ;  being  indeed 
a  kind  of  medium  among  them  all,  and  falling  iA 
between  the  fecond  and  third  variety ;  and  fo  anfwer- 
ing  to  the  moft  common  form  of  calks. 


CHAPTER       III* 

Of  Cajks  confidered  as  divided  intojeveral  Varieties. 

According  to  the  cuftom  of  moft  writers  on  this 
fubjed,  I  fhall  diftinguiOi  cafks  into  four  forms  6r 
varieties>  viz. 

1 .  The  middle  fruftum  of  a  fpheroid, 

2.  The  middle  fruftum  of  a  parabolic  fpindle, 

3.  The  two  equal  fruftums  of  a  paraboloid, 

4.  The  two  equal  fruftums  of  a  cone. 

I  omit  here  the  middle  fruftums  of  circular,  elliptic^ 
and  hyperbolic  fpindles,  on  account  of  the  difficulty 
of  their  rules,  which  renders  them  unfit  for  the 
purpofe  of  pradical  gauging.  And  indeed  fome  of 
the  above  four  forms  are  of  very  litde  real  ufe ;  for 
very  few,  if  any,  cafks  are  to  be  met  with  which 
will  hold  fb  much  as  the  firft  form,  or  fo  little  as 
the  third  or  fourth ;  fo  that  the  fecond  is  the  moft 
generally,  if  not  the  only  ufeful  one,  of  the  four 
varieties. 

Note^    282  cubic  inches  make  one  ale  gallon^ 
231  —  —  wine  gallon, 

2150-42         —       —       amaltbuftiel. 

It  is  alfo  to  be  noted  that  the  dimenfions  are  fup* 
pofed  to  be  inches,  in  the  following  rules. 


PRO* 
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PROBLEM     I. 

ft?  find  the  Content  of  a  Cajk  of  the  Firji 

or  Spheroidal  Variety. 

*To  the  fquare  of  the  head  diameter  add  double 
the  fquare  of  the  bung  diameter,  and  multiply  the  fum 
by  the  length  of  the  ca^fc.  Then  let  the  produ6t  be 
mult,  by  -0009^,  or  divided  by  1077  ^^^  ^^^  gallons, 
or  mult,  by  -00 1  i-J-,or  divided  by  882  for  wine  gallons 

BY    THE    SLIDING    RULE. 

1 

Set  the  length  on  c  to  32«82,  for  ale,  or  to  29*7,  for 
wine,  on  d,  and  on  d  find  the  bung  and  head  diame- 
ters, noting  the  numbers  oppofite  to  them  on  c,  then 
if  the  latter  of  thefe  two  numbers  be  added  to  the 
double  of  the  former,  the  fum  will  be  the  meafure  in 
gallons. 


EXAMPLE. 


Required  the  content  of  a  fpheroidal  cafk,  whofe 
bung  and  head  diameters  are  32  and  24,  and  length  , 
40  inches. 


By 


*  For,  by  prob.  12  fc6l.   5  part  3,  the  content  in  inches  is 
(2  B*  +  H*)  X  J  L  «,  which  being  divided  by  282  and  23 1,  becomes 

X  L  or  (2B*  +  H*)  X  •oooq2827L  in  the  one  cafe, 

1077-157  V        -r       /  V     J/ 


and 


2B^  +   H* 


g-  ^  X  Lor  (2B*  +  H*)  X  '001 13333  in  the  other; 

B  being  the  bung  and  h  the  head  diameter,  and  l  the  length  oifthe 
calk.— —And  in  working  by  the  Aiding  rule,  it  need  only  be  re- 
marked that  32*82  ^nd  29-7  are  the  roots  of  1077*157  and  882*355, 
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By  the  Pen.  Here  (2  x  32*  +  24*)  X  40  X 

{•0009^"^  r   97 '44  ale     1  gallons,    the    content 
•001  It  J  ""  1 1 18"95  ^^^^  -^  required. 

By  the  Sliding  Rule.  Having  fet  40  on  c  to  3  2*8  a 
on  D,  againft  32  and  24  on  d,  (land  38  and  21-3,  as 
near  as  can  be  judged,  on  c ;  then  2  X  38  +  21*3 
=:  76  4-  21*3  =  97*3  ale  gallons. 

And  having  fet  40  on  c  to  29*7  on  d,  againft  32. 
and  24  on  d,  ftand  46*5  and  26*  1  on  c  ;  then  2  X 
46-5  +  26"i  zi  93  +  26*1  =  119-1  wine  gallons, 

PROBLEM       II. 

^ofind  the  Content  of  a  Cajk  of  the  Second 
or  Para  bolic  Spindlf  form. 

*To  the  fquare  of  the  head  diameter,  add  double 
that  of  the  bung  diameter,  and  from  the  fum  take  ^ 
or  -^  of  the  fquare  of  the  difference  of  the  faid 
diameters ;  then  multiply  the  remainder  by  the 
length,  and  the  produft  multiplied  or  divided  by  the 
fame  numbers  as  in  the  rule  to  the  laft  problem,  will 
give  the  content. 

BY    THE    SLIDING    RULE. 

As  in  the,  laft  problem,  fet  the  length  on  c  to 
32-82  or  29*7  on  D,  and  on  d  find  both  the  bung  and 
head  diameters,  and  alfo  their  difference,  taking  out 
the  three  numbers  oppofite  to  iheiti  on  c  ;  then  if  to 
twice  the  firil  be  added  the  fecond,  and  7%.  of  the 


*  For,  by  prob.   1 8  fe6l.  6  part  3,  the  content  in  inches  is 

8e*+4BH  +  3H*  Lfl  IOB^  +  4BH+CH*      2n*+2H*^ 

=  \Ln  X  (2  B*  -fH*  —  *   X  (b  •—  h)*),  and  Ja  will  gwc  the 
fanne  numbers  as  in  the  laft  problem. 

diird 
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third  be  taken  from  the  fum,  the  remainder  will  h^ 
the  content, 

EXAMPLE* 

Required  the  content  of  a  caik  of  the  fecond 
variety,  whofe  bung  and  head  diameters  are  32  and 
z^y  and  length  40  inches. 


By  the  Pen.  Here  (2  X  32*  +  24*  —  4.  X  3*)  X  40  X 
j»ooo9^"i_  r  96*49  ale  1  gallons,  the  content 
I  •001  It  J  ""  1^1 7'79  ^vine  J  required. 

By  the  Sliding  Rule.     Having  fet  40  on  c  to  32*82  ' 
on  D,  againft  32,  24,  and  8  on  p,  iland  38,  21*3, 
and  2*4 ;  then  2,  X  38  +  21-3  —  4  X  2*4  =  76  + 
21-3  —  o'9  =  96*4  ale  gallons. 

And  having  fet  40  on  c  to  297  on  d,  againft  32, 
24,  and  8  on  d,  (land  46*5,  26*1,  and  2*9  ;  then 
2  X  46*5  +  26-1  —  4.  X  2'9  =  93  +  26*1  —  1-2 
=  1 17*9  wine  gallons. 

PROBLEM       III. 

To  find  the  Content  of  a  Cajk  of  the  Third 
or  Paraboloidal  Variety. 

To  the  fquare  of  the  bung  diameter  add  the  fquarc 
of  the  head  diameter,  and  multiply  the  fum  by  the 
l^gth  ;  then  if  the  produdt  be 

mult,  f -0014 "1  or div.  fyiSl     r      falel 
by    t-ooi7j     by     1 588  J    ^^^  twine/' 
the  product  or  quotient  will  be  the  content  required. 
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BV    THE    SLIDING    RULE. 

•   Set  the  length  on  c  to  i  >  on  d  <  r  >   ; 

^  \  24*25  J  \  tor  wme  j    * 

then  find  the  bung  and  head  diameters  on  d,  noting 

the  two  oppofite  numbers  on  c,  whofe  fum  will  be 

the  content  required  *. 

E  X  A  MP  L  E. 

Required  the  content  of  a  cafk  of  the  third  variety, 
whofe  bung  and  head  diameters  are  32  and  24,  and 
length  40  inches. 


By  the  Pen.        Here   (32*    +    24')    X    40    x 

f -00141  ^    f  . 89-1  ale,  |      jions,  the  content. 
\  ♦001 7  J         \io8"8wmeJ   °  '       .    ^ 

By  thi  Sliding  Rule.  Having  fet  40  on  c  to  26*8 
on  D,  againft  32  and  24  on  d,  Hand  57'3  and  32  ; 
whofe  fum  is  89*3  ale  gallons. 

And  having  fet  40  on  c  to  24-25  on  d,  ag^unft  32 
and  24  on  d,  (land  69*8  and  39*1,  whofe  fum  is 
1 08 '9  wine  gallons. 


PROBLEM     IV. 

To  find  the  Content  of  a  Cajk  of  the  Fourth 

or  Conical  Variety. 

To  three  times  the  fquare  of  the  fum  of  the  di- 

— - —  .        -     ■  ^ 

*   For,  by  prob,  12  fed.  6  part  3,   the  content  m  inches  i* 

•0%      ^    |j2  mm  T 

—  X    L«:    and  ?r- =  — =  •ooi'5Q2CC%  and 

;2  2  X  282      718*105  ^^  ^^ 

n*  I 

2  X   231  •    58»-233 

Alfo  the  numbers  26*8  and  24-25  ar€  the  roots  of  the  numbers 
7i&'io5and  588'233. 

4  amecersy 
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amcters,  add  the  fquare  of  the  difference  of  the  di- 
ameters ;  then  if  the  fum  be 
mult,    f  -000234  1   or  div,    f  4308  1    r      f  ale 

by     \  -oooiS-J-  J      t>y       (^  3529  j  \  wine 

the  produft  or  quotient  will  be  the  content  required. 

BY    THE    SLIDING    RULE. 

Set  the  length  on  c  to  i    -^    "^  I  for  i  ^  .^  ^  ^  on 
^  1 59HI  J    .    I  wine  J 

D,  and  on  d  find  the  fum  and  the  difference  of  the 
diameters,  noting  their  oppofite  numbers  on  c  ;  then 
if  the  fecond  be  added  to  three  times  the  firft,  the  fum 
will  be  the  content*. 

EXAMPLE. 

Required  the  content  of  a  cafk  of  the  fourth  variety, 
whofe  bung  and  head  diameters  are  3  2  and  24,  and 
length  40  inches. 


,  By  the  Pen.  Here  (,3  X  56*  +  8*)  X  40  X 
Oooo23|)  ^  587-9342  ale  )  ^  ^^^  ^^^^^^^^ 
^•oooaS^^       C  107*348  w;ne^  ^ 

By  the  Sliding  Rule.     Having  fet  40  on  c  to  65*64 
on  D,  againft  56  and  8  on  d.  Hand  29-1  and  o*6 ;  then 

3  X  29*1  +  o*6  zz  87*3  +  o*6  =  87*9  ale  gallons. 

.  ■  I  ...      ■    . 

*  For,  by  prob.  8  {t6k.   i  part  3,  the  content  in  inches  is 

'*+'"  +  "'   X  L«  =  if  X    t3    X   (B  +  H)*    +  C»  -  «)*]» 

3  I* 

n  t  J  «  _ 

where r-= qT^  —  •00023209,  and 


12  X  282     4308-628  ^     ^  12  X  231 

=  •00028333.    Alfo  65*64  and  59'4x  are  the  roots  of 


3^2942 

the  numbers  4308*628  and  35 29*42 «  *  a    j 

P  p  z  And, 
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And,  having  fet  40  on  c  to  59*41  on  D,  againft  56 
and  8  on  d,  (land  35*6  and  0*7 ;  then  3  X  35*6  -f- 
o*7  zz  107*5  wine  gallons. 


CHAPTER      IV. 


Of  Gauging  Cajks  by  their  Mean  Diameters. 


PROBLEM       I. 

^ofnd  the  Mean  Diameter  of  a  Cafk  of  Any  of  the  Four 

Varieties^  having  Given  the  Bung  and  Head  Diameters. 

* 

*Divide  the  head  diameter  by  the  bung  diameter, 
and  find  the  quotient  in  the  firft  column  of  the  follow- 
ing table,  marked  Qu.  Then  if  the  bung  diameter 
be  multiplied  by  the  number  upon  the  fame  line  with 
it,  and  in  the  column  anfwering  to  the  proper  variety, 
the  produA  will  be  the  true  mean  diameter,  or  the 
diameter  of  a  cylinder  of  the  fame  content  with  the 
cafk  propofed,  cutting  off  four  figures  for  decimals. 


*  The  Iwvefiigation  of  the  numhers  of  this  table • 

By  the  3d  part  it  appears  that  if.the  bung  diameter  be  nepre- 
fented  by  i,  and  the  head  diameter  by  h^  then  the  content  for  the 
I  ft,  2d,  3d,  and  4th  varieties  will  be  refpedtively  In  drawn  into 


but  the  content  muft 
alfo  be  equal  10  In 
drawn  into  the  fquare 
of  the  mean  diameter; 
^and  confequently  the^ 
faid  mean  diameter,  or 
multiplier  in  the  table, 
will  be'  rcfpedivcly 
^  equal  to 

Then  by  writing,  in  thefc  forms,  the  feveral  values  of  *,  vix. 
•$o,  'ji,  '52,  &c,  theic  will  refult  the  correfponding  numbers  of 


3 
^  '\-  \h  -V  zhh 

IS 

I  -h  hh 

2       ' 

2  -^-h  +  hh 
9 

y2   +   hh 

jrS+     ^h+     ^hh 

yl  +  hh 

V — : — > 


s/ 


X  A^h  \  hh 


the  tabic. 


Qu. 
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^ 

,  v.. 

1  Vu 

3  V" 

4  V 

so 

8660 

846J 

7905 

763 

SI 

•680 

8493 

7937 

76i 

s* 

8700 

8(.o 

7970 

77' 

S3 

8730 

8548 

8001 

77« 

54 

8740 

8576 

8036 

78. 

11 

8,60 

8605 

8070 

785 

878, 
8io, 

86jJ 

8104 

79« 

S7 

8661 

8140 

794 

58 

88,t 

8690 

8,74 

799 

59 

8846 

8720 

8110 

80, 

6o 

8669 

8748 

8246 

80a 

6i 

8892 

8J77 

8l8i 

811 

6i 

89,5 

88^6 

8,=o 

»i, 

63 

88,s 

83S7 

8,2 

64 

896, 

8865 

839s 

826 

^1 

8986 

8894 

8433 

83. 

9010 

8914 

8„. 

83  s 

ll 

9034 
9000 

Hit 

85.. 
855. 

840 
84s 

6, 

9084 

9013 

8590 

849 

7° 

9H0 

9044 

86ji 

851 

7' 

9136 
9161 

9074 

8672 

859 

7^ 

9104 

87.J 

863 

73 
74 

9.88 
9115 

i:u 

86i 
873 

71 

9141 

9196 

M 

I 

XAMPLE. 

Suppofing  the  diameters  to  be  22  and  24,  it  is  re- 
quired to  find  the  mean  diameter  for  each  variety. 

Dividing  24  by  32  we  obtain  -75,  which  being 
•  found  in  the  column  of  quotients,  oppofite  thereto 
■fiand  die  numbers 

f '9242  "]  which beingeach  ri^-^y44'\  for  the  corref- 
J  '9196  !  muhipliedby32,J  29*4272  t  pondingmean 
I -8838  [(iroducc  refpec-l  28-2816  [diameters  re- 
.l_-8^8o,J  lively  [28'096oJ  quired. 

p  p  3  IX 
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BY    THE    SLIDING    RULE. 

Find  the  difference  between  the  bung  and  head 
diameters  upon  the  fourth  face  of  the  rule,  or  iniide 
of  the  third  Aider,  and  oppofite  thereto  is,  for  each 
variety,  a  number  to  be  added  to  the  head  diameter, 
for  the  mean  diameter  required. 

So  in  the  above  example,  againft  8,  the  difference 
of  the  diameters,  are  found  the  numbers 


5 -601  which  be- 
5-10  I  ing  added 


29-6o'l  for  the    refpeftive   mean 
29-10  I  diameters  :    all  of  which 


4*56  j  to 2 4, there ^  28*56  fare  too  great  except  the 
4  1 2 J  refult  (^  28- 1 2 J  2d,  which  is  too  little. 

So  that  this  method  does  not  give  the  true  mean 
diameter. 

PROBLEM      ir. 

To  fnd  the  Content  of  a  Cajk  hy  the  Mean  Diameter 

on  the  Sliding  Rule. 

Set  the  length  on  c  to  the  *  gauge  point,  18*95  ^^^ 
ale,  or  17-15  for  wine,  on  d  ;  then  againft  the  mean 
diameter  on  d,  i^  the  content  on  c. 

EXAMPLE. 

If  the  bung  diameter  be  32,  the  head  24;  and  tfie 
length  40  inches. 

Having  found  the  mean  diameters  as  in  the  laft 
problem,  and  fet  40  on  c  to  18-95  ^^  ^T^S  ^^  ^r 

againft 


382 

*  The  above  gauge  points  are  found  thus,  viz.  V^f-g 5 

s»  ,8-95,  and  v/:^  =  .r.s. 
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as  near  as 
judged  ; 
agree  near- 
the  con- 
tents determined  in  the  preceding  chapter. 


CHAPTER     V. 


Of  the  Gauging  of  all  Cajks  in  general  by  means  of  Four 

DimenJionSy  viz.  the  Lengthy  the  Bung  and  Head 

Diameters,  and  the  Diameter  taken  in  the 

Middle  between  the  Bung  and  Head. 


GENERAL      PROBLEM. 


To  find  tb£  Content  of  Any  Cajk  in  Ale  or  Wine  Gallons^ 

by  Four  Dimenfions. 

*Add  into  one  fum,  the  fquare  of  the  bung  dia- 
meter, the  fquare  of  the  head  diameter,  and  the  Iquarc 

of 


*  This  rule  is  taken  from  prob*  3  fe£t«  i  part  4 ;  the  num- 

ber  •ooocf  bein?  m  /   ^         very  nearly,   aad    /       Z,      =5 
^'  ^        6x  231         "^  ^^  6  X  282 

'0004641 844  =  -00045  nearly  =  'oooj^-  more  nearly. 

And  with  regard  to  the  operation  by  the  Hiding  rule,  it  may  be 
,  -       J  ,  .  y6  X  231  .    ,  y6  X  282 

obferved  t^at  42  is  =  V Zj^^   «a<l  46-4  =  >/.-^8iip' 

The  above  rule,  by  the  faid  prob.  3  feft.  i  part  4,  was  proved 
to  be  accurately  true,  not  only  for  all  the  four  different  varieties 
of  calks,  out  alfo  for  all  caiks  andfoltds  generated  from  any  conic 
fc^tion  whatever ;  and  although  the  calk  be  not  precifely  in  the 
form  of  any  fuch  curve,  the  rule  will  give  the  content  very  near 
the  truth  ;  fo  that  whatever  be  the  form  of  the  calk,  we  may  in  all 
cafes  be  pretty  fure  of  the  content  to  within  ^V  ^^  ^  gallon,  or 
perhaps  leis,  fuppofing  the  dimenfions  to  be  truly  taken.  So 
that  more  perfect  than  this,  both  with  refpe£^  to  truth  and  expe- 
dition, nothing  Can  be  ezpedted,  or  indeed  wiihed  for^  in  gauging 

r  p  4  wUc 
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of  double  the  middle  diameter,  and  mukipl)'  that  fum 
by  the  lengch  of  the  caflt ;  then  the  produft 

mult.  "1  -0004^  f  for  ale     1  will  give  the 
by    J  -0005^    \  for  wine  J       content. 

BY    THE    SLIDING     RULE. 

Set  the  lengch  on  c  to  j^^'.J  f^J  ^Jje}°"'** 
and  find  both  the  bung,  head  and  middle  diameters 


which  makes  mc  hope  that  one  day  this  method  will  come  into 
gcDcral  uTe  with  the  practitioners  ir\  the  exdfe ;  aad  till  then,  I 
am  i:ill)  perfuaded  that  much  of  their  prafticc  muft  be  mere 
guellwork.  The  pretended  diliicuUy  of  taking  the  middle  diame- 
ter may  perhaps  deter  fome  from  ufing  this  method;  but  there 
cannot  be  any  real  difhculty  in  talcing  this  diameter,  except  when 
a  wooden  hoop  may  happen  to  be  at  the  part  where  the  diame- 
ter ou^lit  to  De  taken  ; '  but  that  will  Tcry  rarely  happen. 

To  imd  the  fourth  dimen- 
fiin  or  diameter  in  the  mid- 
dle be.  ween  the  bung  nnd 
head  ;  upon  one  fide  of  a 
fquare  rule  let  be  drawn  a 
fc.le  of  ciuaricr  inches,  num- 
bered both  ways  from  no- 
thing ;  and  let  the  middle  or 
o  divilion  be  applied  10  the 
bung  or  middle  of  the  calk, 
zs  in  the  margin,  parallel  or 
ncaily  parallel  to  the  axe, 
and  m  tlic  direflion  of  the 
Aaff;  thenwhateTcrnumber 
of  inches  are  in  the  whole 
length  of  the  caflt,  it  U  evi- 
dent that,  fronj  the  nature  of 
the  tlale,  the  fume  diviiion, 

or  number  of  quarter  inches,  will  be  oppofite  to  the  part  whefe 
ihc  middle  diameter  muft  be  taken,  which  here  fuppofc  to  be  10  j 
«ad  at  to,  on  each  part  of  the  rule,  meafure  thediAance  n ;  then 
if  th;  fum  of  rs  and  rs  be  taken  from  the  bung  diameter,  there 
will  remain  the  required  middle  diameter,  excepting  the  allow- 
ance for  the  tbicknefs  of  the  flaff,  which  muft  be  fubtraftcd. 

The 
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on '  D,  noting  the  three  numbers  againft  them  on  c  ; 
then  the  fum  of  the  firft  and  fecond  with  4  times  the 
third  will  be  the  content  required. 


EXAMPLE 


Let  the  length  of  a  calk  be  40  inches,  the  bung 
diameter  32,  die  head  24,  and  middle  diameter  30-2 

inches 


The  following  collcftion  of  calks  happened  in  real  practice  ; 
and  their  dimenfions  were  carefully  taken ;  but  their  contents 
were  computed  by  a  Hiding  rule,  and  fo  may  not  all  be  precifely 
true. 

From  hence  it  appears  that  a  fpheroidal  calk  is  a  mere 
imaginary  thing,  the  contents  of  real  caiks  being  lefs  than  is 
afligned  to  them  by  that  fortn ;  as  indeed  they  ought,  from  the 
nature  of  the  curves ;  for  a  fpheroidal  cafk  would  be  leaft  curved 
in  the  middle,  and  the  mod  at  the  ends ;  whereas  a  real  cafk  is 
the  Icaft  curved  at  the  ends,  if  it  be  any  thing  curved  there  at 
all ;  and  indeed  there  is  reafon  to  think  it  is  not,  as  will  appear 
in  chap.  7.- 


Cajks  gauged  by  four  dimenfions. 

< 

- 

Dirt: 

• 

Diff. 

Vu 

Len 

Head 

Bung 

Mid. 

Ale 

lefs 

Nu   Len 

Head 

Bung 

Mid. 

Ate 

lefs 

mb 

gth 

diam. 

diam. 

diam. 

gallons 

than 

mb 

gth 

diam. 

diam. 

diam. 

gallons 

than 

I 

27'7 

26'3 

53-6 

fphr. 
1*0 

'9 

48-8 

24-2 

32-1 

29-4 

114-8 

fphr. 

5'5 

28-3 

23'2 

2 

29-8 

22'2 

260 

24-8 

50'2 

I'l 

20 

51-2 

2  3'3 

31-0 

28-2 

I1I'3 

5-^ 

3 

30-8 

23-2 

^7*5 

26*1 

57*7 

I'l 

21 

49*3 

23-8 

32*6 

29-5 

1x7-0 

t'l 

4 

32-2 

24-5 

30*  I 

28*4 

70*6 

'•3 

22 

48*0 

28*2 

33-« 

31-4 

i37'3 

6-1 

5 

30*0 

247 

2Q'2 

27*6 

.62-6 

1-8 

23 

4S'^ 

26-6 

^       1 

33'^ 

30-4 

115-6 

6-5 

6 

3*'S 

2l*% 

28*2 

26-8 

63*6 

1-9 

24 

51*6 

36-6 

41*6 

39'6 

223-3 

6-7 

7 

34*3 

26-3 

33'5 

31-1 

90-4 

2-9    \2X, 

44-2 

28-1 

36-4 

33*3 

134-6 

6-8 

8 

34-5 

26*4 

33'c 

307 

89-0 

yo  |26 

S7-0 

32*7 

42 'C 

3^-v 

236*6 

6-8 

9 

\vo 

26-3 

32T 

30*2 

I02'2 

3'o  hi 

ji-c 

33* ' 

38-1 

3S'7 

i8i'c 

8-0 

10 

37-0 

26*1 

31-^ 

29-g 

QO'q 

3-1  128 

'i^'S 

33'3 

40-0 

37-2 

I97-C 

8-7 

c  1 

44*5 

34*4 

40-8 

^8-8 

183-8 

3-2 

29 

54-c 

34-« 

44.8 

41-5 

^S3"5 

"8-8 

12 

47-0 

26-3 

33-fe 

3^-4 

126*3 

3-$ 

30 

50*c 

34'3 

40*5 

37*7 

197-6 

9-4 

13 

34-2 

27*2 

by^ 

5»"4 

92-3 

3'» 

31 

49'o 

29-5 

36-0 

33'<5 

148-1 

9-4 

'4 

47-0 

25-3 

32'C 

297 

113M 

4-3 

32 

51*0 

33'5 

.39"  2 

36-4 

189-6 

97 

\l 

44-6 

30-7 

38-0 

35-S 

157-0 

47 

33 

JI'C 

33'4 

39-8 

37-0 

194-C 

9-8 

H-7 

32-2 

29*6 

io6-6 

4-7 

34 

iS'i 

30*6 

40-6 

37-0 

207-2 

10-2 

«7 

48-6 

24*2 

32-1 

29-4 

114-4 

4-9 

3$  45-6  28-0  34-6 
36(;(j-0  3?*8  48*c 

3^*4 

i34-« 

12-0 

18 

46*0 

1X1 

34-7Vi|i^PJ-5ll 

4^*3 

282-2 

IT? 
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inches  nearly  rr  \/9T2,   which  is  taken  upon  the 
fuppofition  that  the  caik  is  fpheroidal. 

Then  (32*  +  24*  +  4  ><  912)  X  40  X  •0004-iT 
zz  97*44  ale  gallons  ;  or  multiplied  by  'ooo5xj  gives 
118-95  wine  gallons,  for  the  content,  the  fame  as  at 
prob.  I  chap  3. 

By  the  Sliding  Rule.  Having  fet  40  on  c  to  46*4 
on  D,  againft  32,  24,  and  30-2  on  d,  (land  19,  10*5, 
and  17  on  c ;  then  19  +  10-5  +4X17;=  97'So, 
ale  gallons. 

And,  having  fet  40  on  c  to  42  on  d,  againft  32, 
'24,  and  30-2  on  d,  ftand  23*2,  13,  and  20*7  on  c  ; 
then  23-2  4.  13  4-  4  X  2o*7  =:  1 1 9  wine  gallons,  for 
the  content  as  before,  nearly. 


CHAPTER     VI. 


ji  New,  Eajy,  and  Expeditious  Method  of  computing  the 

Content  of  a  Cafk  from  Three  Dimenftons  only,  of 

Whatever  Variety  it  may  be. 

*In  the  column  of  diameters,  or  middle  column, 

in 


*  The  method  of  gauging  here  propofed,  is  no  other  than  the 
rule  for  one  form  of  folids,  corrected  fo  as  to  make  it  agree,  in 
content,  with  the  moll  common  or  general  form  of  calks  :  and,  for 
the  more  expedition,  the  fquares  of  all  diameters,  within  certain 
limits,  are  divided  by  the  proper  conftant  divifor,  and  the  quo- 
tients arranged  in  the  table  oppolite  to  their  corrcfponding  dia- 
meters ;  that  in  praftice  nothing  more  may  be  required  than  to 
multiply  thefc  quotients  by  any  afligned  length  of  a  caflc,  for  the 
cDnrcnt  in  gallons. 

Now  it  hath  been  found  that  wine  hogfheads  generally  contain 
about  a  gallon  and  a  quarter  lefs  than  the  content  afligned  to 
them  by  the  rule  for  fpheroidal  calks  \  to  corrcd  the  rule  for 

that 
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in  the  following  table,  find  the  bung  and  head  dia- 
meters, taking  out  the  number  on  the  left  of  the  head 
diameter,  and  the  number  on  the  right  of  the  bung 
diameter;  then  the  fum-of  thofe  two  numbers  mul- 
tiplied by  the  length  of  the  calk  will  give  the  con- 
tent 


that  form  of  caiks,  then,  we  muft  increafe  the  divifor  882*35$  In 
the  proportion  of  61 1  to  63  ;  by  which  proportion  we  obtain  900^ 
very  nearly,  to  be  ufed  inftead  of  d82'355,  and  then  the  rule  will 

become    x    l  for  the  content  in  gallons. 

900 

Then  as  the  leaft  diameter  of  a»  wine  hogfhead  is  about  19 

inches,  and  the  greateftbung  of  a  pipe  about  3$,  to  all  diameters, 

in  inches  and  tenths,  within  thofe  limits,  I  have^  computed  the 

H^  2  B  ^ 

values  of  the  quantities and  ,  and  difpofed  them  in  the 

^  900  900 

columns  titled  head  and  bung  areas;  which  it  is  evident  need  only 
be  taken  out  of  the  table,  for  any  example  of  bung  and  head 
diameters,  and  multiply  their  fum  by  the  length  for  the  content. 
So  that  we  have  here  a  general  and  eaiy  rule  by  which  any  per- 
Ton,  in  half  a  minute,  may  compute  the  content  of  any  caik  whofe 
bung  and  head  diameters,  and  length  are  given,  and  that  generally 
nearer  to  the  truth  than  by  any  rule  now  commonly  ufed. 

I  ihall  here  infert  the  method  by  which  I  made  this  table  ;  for 
although  I  have  as  above  explained  the  principle  upon  which  the 
table  is  founded,  viz.  that  the  numbers  m  it  coniiu  of  every  dia- 
meter fquared)  and  then  divided  bv  900, 1  did  not  find  the  num- 
bers in  that  manner,  but  by  the  allowing  method  in  perhaps  a 
tenth  part  of  the  time  required  by  the  former. 

•     Since  the  ift,  2d,  3d,  &c,  numbers  are 

I9'i*      19*      3-81  X  I        ,    3*8i 

900       900  900  900 

.i9*2*      19*      3*82  X  2  ,  3-83  , 

-^ —  =:-^  +  ^ =  A  4-  ^2—2  =  A  +  -00425  =  B, 

900       900  900  900  "^ 

i9'3*      19''    .  3'83  >:  3  ,   3*85 

900        900  900  900 

.    ^^ 

It  16  evident  that  the  differences  of  the  terms  form  an  arithmetical 

"02  • 

/cries,  whofe  conmion  difference  is — -  or 'ooooj.and  therefore  by 

900 

writing 
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tent  in  wine  gallons.  And  the  wine  gallons  being 
multiplied  by  77,  and  the  producft  divided  by  94,  the 
quotient  will  be  the  ale  gallons ;  or  multiply  by  9  and 
divide  by  1 1  for  ale  gallons,  becaufe  l}^  zz  ^^  zz  t-%. 
very  nearly. 


wrking^  dowi>  a  column  of  difFerences,  and  to  the    r>-^ 
iirft  term  adding  the  firft  ditterence,  to  obtain  the 
fecond  term :  tlicn  to  the  fecond  term  adding  the 
fecond  drfference,  for  the  third  term;  and  fo  on 
as  appears  in  the  margin ;  the  terms  will  evidently   |  430 


be  found  in  a  very  expeditious  manner  :  alfb  by 
doubling  thefe  head  areas,  we  obtain  the  corre- 
fponding  bung  areas. In  the  above  computa- 
tions the  laft  figures,  having  a  point  above  them, 
arc  inlinite  lepetends. 

Farther,  it  is  evident  that  in  this  method,  the  gauge  point  will 
be  30  or  v^goo,  which  is  to  be  ufed,  in  the  rule  for  fpheroidal 
ca&s,inilead  of  29*7,  and  the  corre<it  content  will  be  obtained. 


B  X« 


Head 

Diam     Bung     |j   Head  |Diam|  Bung     | 

Head 

Diam     Bang     | 

area 
•4054 

eter 
19M 

area     ] 

1   aijad  J  eter 

area     ] 

area 

eter 

area 

•8107 

•6(515 

24-4 

1-3230 

-9801 

29-7 

1-9602 

'4096 

19-2 

•8192 

•6669 

24-5 

1*3339 

•9867 

29-8 

^•9734 

•4139 

«9*3 

•8278 

•6r724 

24-6 

1-3448 

•9933 

29-9 

1-9867 

•4183 

19-4 

•8364 

•6779 

24-7 

'•3558 

i-oooc 

30-0 

2-0O0O 

•4226 

19-5 

•S45O 

•6834 

24-8 

1-3668 

1-0067 

30-1 

2-0134 

•4270 

i9'0 

'8537 

•6889 

24-9 

^•3778 

I-OI34 

30-2 

2-0268 

•43^4 

19-7 

•8624 

•6944 

25-0 

1-3888 

I -020 1 

30-3 

2-0402 

'4356 

19*8 

•8712 

-7Q00 

25-1 

I  -4000 

10268 

30-4 

2-0537 

•4400 

19-9 

•8800 

.7056 

^5*2 

1-4x12 

1-0336 

30-5 

2-0772 

•4444 

20*0 

•8889 

•71 12 

25'3 

1-4224 

I  -0404 

30-6 

2-0808 

•4489 

20*1 

•8978 

•7168 

25-4 

^'4337 

1-0472 

307 

2-0944 

•4534 

20*2 

'9068 

•7225 

^^'S 

I -4450 

1-0540 

30-8 

2-io8i 

•4?79 
•4624 

20-3 

•91^8 

•7282 

25-6 

1-4564 

1-0609 

30-9 

2-I2l8 

20*4 

•9248 

•7339 
739^ 

^5*7 

1-4678 

I -067b 

31-0 

2-1356 

•4669 

20*5 

•9339 

25-8 

1-4792 

''""H 

31-1 

2-1494 

•47  J  S 

20*6 

•9430 

•7453 

25-9 

1-4907 

1-0816 

31-2 

2-1632 

•4761 

20.7 

•9522 

•7511 

26-0 

1-5022 

1-0885 

31-3 

2-1771 

•4807 

26-8 

•9614 

-7569 

26-1 

1-5138 

1-0955 

31-4 

2-1919 

•4853 

20*9 

•9707 

-;627 

26-2 

'•5^54 

1-1025 

31-5 

2-2050 

'4900 

2I-0 

•9800 

-7685 

26-3 

1-5371 

1-1095 

31-6 

2-2190 

'4947 

2I"I 

.•9894 

•7744 

26-4 

1-5488 

1-1165 

^'7 

31-8 

2-2331 

•4994 

21*2 

•9988 

7803 

26-5 

1-5606 

1-1236 

2-2472 

•5041 

21-3 

I  '0082 

•7862 

26-6 

1-5724 

1-1307 

31-9 

2-2614 

•5088 

21'^ 

1-0177 

•7921 

26-7 

1-5842 

1M378 

32-0 

2-2756 

•5136 

21-5 

X'0272 

-7980 

26-8 

1-5961 

1-1449 

32-1 

2-2898 

•5184 

21-6 

1-0368 

•8040 

26-9 

1-5080 

1-1520 

32-2 

2-3041 

•5*32 

21'7 

1-0464 

•8100 

27*0 

1-6200 

i-i«;92 

32-3 

2-3184 

•5280 

21-8 

1*0561 

•8160 

27-1 

1-6320 

1-1664 

32-4 

2-3328 

•5329 

2  I '9 

1-0658 

•8220 

27-2 

1-6441 

1-17:6 

32-5 

2-3472 

•5378 

22*0 

1-0756 

•8281 

^7*3 

1*6562 

i-i8o8 

32-6 

2-3617 

'54^7 

2r.»i 

1-0854 

•8342 

^7'4 

1-6684 

1-.1881 

32-7 

2^3762 

•5476 

22*2 

1-0952 

•8403 

27-5 

i-68o6 

1-1954 

32-8 

2-3908 

•55^5 

22-3 

1-1051 

•8464 

27-6 

1-6928 

1-2027 

32-9 

2-4054 

•5575 

22*4 

I-II5O 

•8525 

27-7 

1-7051 

I -.2 100 

33-0 

2-4200 

•5625 

22'5 

1-1250 

.8587 

27-8 

1-7174 

1-2173 

33'' 

2-4347 

•5675 

22*6 

1-1350 

•8649 

27-9 

1-7298 

1-2247 

33'^ 

2-4494 

•5725 

22'7 

1-1451 

•8711 

28-0 

1-7422 

I-232I 

33*3 

2-4642 

•S77^ 

22-8 

ri552 

•8773 

28-1 

«*7547 
17672 

'  ^395 

33*4 

2-4790 

•5827 

22*9 

1-1654 

•88^6 

28-2 

1-2469 

33'5 

2-4935 
2-5088 

•5878 

23-0 

1-1756 

•8899 

:8-3 

1-7798 

1-2544 

33'^ 

•5929 

23M 

1-1858 

-8962 

284 

1-7924 

1-2619 

337 

2-5238 

•5980 

23*2 

1-1961 

-9025 

28-5 

1-8050 

1-2694 

33*8 

2-5388 

•6032 

23'3 

1-2064 

-9088 

28-6 

1-8177 

1-2769 

33*9 

2-5538 

•6084 

23-4 

1-2168 

•9152 

28-7 

1-8304 

1-2844 

34-0 

2-5689 

•6136 

23-5 

1*2272 

•9216 

2-8-8 

1-8432 

1-2920 

34- » 

2-5840 

•6188 

zyb 

1-2377 

•9280 

28-9 

1-8560 

1-2996 

34-2 

2-5992 

•6241 

2y7 

1-2482 

'9344 

29-0 

1-8689 

1-3072 

34-3 

2-6144 

•6294 

23-8 

1-2588 

-9409 

29M 

1-8818 

1-3148 

34*4 

2-6297 

•6347 

^3'9 

1-2694 

•94Z4 

29-2 

1-8948 

1-3225 

34*5 

2-6450 

•6400 

24*0 

1-2800 

•9539 

^9'3 

1-9078 

1-3302 

34-0 

2-6604 

•^453 

24-1 

1:2907 

•9604 

29-4 

1-9208 

i'3379 

347 

2-6758 

•6507 

24-2 

1-3014 

-9669129-5 

1-9339 

1-3456 

34-8 

2-6912 

•6561   24*3 

I-7Ii2 

•Q7'^c|29-6|i-g4.7^?* 

I'-^C^^ 

74-0 

2-7067 
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Required  the  content  of  a  cafk  whofe  length  is 
40  inches^  and  bung  ancl  head  diameters  32  and  24 
inches. 

To  the  right  of  32,  the  I  ^^  bung  area; 

bung  diameter,  Js      J  '-^  ^ 

and  to  the  left  of  24,  the  1       ^         ,  ^  .^.  ^^^ 
,     J  J.       ^      •         V      '6400  the  head  area* 
head  diameter,  is       J         ^  * 

thefum     2*^x56 
multiplied  by  40  the  length 

produces  11 6*6  24  wine  gallons 

for  the  content  required. 

To  work  by  the  Aiding  rule^  we  may  proceed  as 
in  prob.  i  chap.  3,  ufing  30  as  the  gauge  point  in- 
ftead  of  297  ;  thus,  having  fet  40  on  c  to  30  on  d, 

againfl 


A  ftill  farther  improvemenc  is  to  be  made  of  this  method, 
by  transferring  the  table  to  fcales  upon  a  rod,  or  the  infide  of  a 
Brsinan's  rule,  inilead  ef  the  two  ufelefs  diagonal  fcales,  a  fcale 
of  inches  and  tenths  correfponding  to  the  fcale  of  arcas^  -^P^^ 
of  fuch  a  fcale  is  reprefe^ted  below* 


^jR^r^/r  I '  i    r   I    i''l    1   1   i    1   It^I^  I    I   i   m   1    I    I'^n   I    I  1-nr-r-T 


•1 


'tS  7  "8 

And  for  the  making  of  fuch  a  fcale  I  fhall  here  fubjoin  a  table 
of  diameters  computed  from  alFumed  equi-different  areas,  which 
'is  much  fitter  for  this  purpofe  than  the  foregoing  table  of  areas, 
which  was. computed  from  afTumed  eaui-diffeient  diameters. 
This  table  of  diameters  was  computed  oy  Mr.  Ab.  CRocREt, 
then  of  Ilminfter^  but  now  of  Frome^  Somerfetjbtre^  and  who  alio 
communicated  the  fubftance  of  this  chapter,  together  with  the 
colledion  of  caiks  at  the  end  of  the  lafl. 
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againfl:32  and  24  on  D/ftand  45*6  and  25-5  on  c; 
then  2  X  45*6  +•  25-5  z:  91*2  +  25-5  zz  116*7 
wine  gallons  the  content  nearly  as  before. 

And    for  the  content  in   ale  gallons,  we   have 
ii6-6  X  T2r  =  95'4 

CHAP- 


ji  Table  of  Diameters  for  Making  Scales. 


Head 
area 

-    '30 

Diam- 

Bung 

Head  Diam- 

Bung 

Head 

Diam-jBung| 

Head|Diam- 

Bung 

eter 

1 6-43 

area 
•60 

area 
•58 

eter 
22-85 

area 

i-i6 

area 

eter 

area 
1-72 

area 
I-I4 

eter 
32-03 

area 
2-28 

•8627-82 

•31 

16-70 

•62 

•59 

23-04 

i-i8 

'87  27-98  ^74 

ri5 

32-17 

2-30 

•32 

16-97 

•64 

•60 

23-24 

1-20 

•88  28-i4'i^76 

i^i6 

32-31 

2-32 

•33 

17-24 

•66 

•61 

23-43 

1-22 

•89  28-3o'r78 

I-I7 

32-45 

2*34 

'34 

17-50 

•68 

•62 

23-62 

1-24 

•90  28-45'i-8o 

i-i8 

32-59 

2-36 

•35 

1776 

-70 

.63 

23-81 

1-26 

•91  28-6iji-82 

i»i9 

32-73 

2-38 

•36 

18-00 

•72 

•64 

24-00 

1-28 

•9228-78,1-84 

i;20 

32-86 

2-40 

*37 

18-26 

'74 

.65 

24-18 

1*30 

•93 

28-93|i-86 

I-2I 

33-00 

2-42 

•38 

18-50 

•76 

•66 

24-37 

1-32 

•94 

29-09' I -88 

1^22 

33*14 

2-44 

•39 

1873 

•78 

-67 

24-56 

1-34 

•95'29"24'i-90 
-96' 2  9*  40' 1-92 

1-23 

33'27 

2-46 

•40 

18-97 

-80 

-68 

24'74 

1-36 

1-24 

33'4i 

2-48 

•41 

19-21 

-82 

-69  24-92 

1-38 

'9f 

29-55V94 

1-25 

33'54 
33'67 

2-50 

'43 

19-44 

•84 

-70 

25-10 

1-40 

.98 

29-70, 1-96 

fib 

2-52 

,'43 

19-67 

•86 

-71 

25^28 

1-42 

.99 

29-85 

1-98 

1-27 

33-81 

rs4 

•44 

19-90 

•88 

•72 

25*45 

1-44 

I -00 

30-00 

2-00 

1-28 

33'94 

2*56 

*^l 

20-12 

•90 

'73 

25-63 

1-46 

roi 

30*15 

2-02 

1-29 

34-07 

2-58 

•46 

20-35 

•92 

•7425-811 

1-48 

r-02 

30-30 

2-04 

1-30 

34-20 

2-60 

•47 

20-57 

•94 

-75125-98 

1-50 

1*03 

30-45 

2-06 

1-31 

34-33 

2-62 

•48 

20'79 

•96 

•7626-15 

1-52 

1-04 

30-60 

2-08 

1-32 

34-47 

2-64 

•49 

2I-0O 

•98 

-7726-33 

I-S4 

I '05 

30'74 

2-10 

1-33 

34-60 

2-66 

•SO 

21-21 

I'OO 

•78  26-50 

1.56 

I -06 

30-88 

2*12 

1-34 

34-73 

2-68 

•51 

21-42 

1-02 

•79*  26-67 

1-58 

1*07 

3i'03 

2-14 

^•35 

34-86 

2-70 

•52 

21-63 

1-04 

•8026-84 

1-60 

i-o8j3i-i8 

2-i6 

\'3^ 

34-98 

2-72 

•53 

21-84 

I -06 

•81I27-00 

1*62 

ro9  31*32 

2-18 

1-37 

35-11 

2-74 

•54 

22-05 

I -08 

•82'27T7 

1-64 

I-IO 

31-47 

2-20 

1-38 

35-25 

2-76 

•S5 

22*25 

I-IO 

•83  27-33 

1-66 

I'll 

31-61 

2-22 

i'39 

35'37 

2-78 

•56 

22-45 

1-12 

•84'r7'5o 

1-68 

I-I2 

3i'75 

2-24 

1-40 

35-50 

2*80 

»57  22*65 

I-I4 

•8527-66 

1-70 

I'l^ 

31-901 

2-26 

1-41 

35-62 

2-82 

Now  as  to  the  method  of  forming  this  table;  fincc  any 
area  is  equal  to  the  fquare  of  its  diameter  divided  by  900,  the  dia-* 
meter  mufl  be  equal  to  the  root  of  the  produdt  of  900  drawn  into 

the 
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CHAPTER      VII. 


A  new  and  very  exaSl  Method  of  Computing  the  Content 
of  a  Cajk  of  any  Form  from  Three  Dimenftons  only. 

'  *Add  into  one  fum  39  times  the  fquare  of  d>c 
bung  diameter,  25  times  the  fquare  of  the  head  dia- 
meter, 


the  drea ;  fo  that  there  will  belong 

to  the  firft  area  '30,  the  diam.  t^/'^o  X  900  or  ^30  X  9  =  ij  k\ 
to  the  2d  area  '31,  the  diam.  ^3 1x9  =  ^a  +  9  =  -/  »» 
to  the  3d  arc?  •32,  the  diam.  ^j2  x  9  =  y^B  +  9  =  ^^  c,  &c. 

Hence  it  is  evident  that  the  liiccelliveprodudls,  out  of  which 
thefauare  root  is  to  be  extracted,  will  be  obtained  by  thecondDual 
addition  of  9 ;  and  then  extradting  the  roots^  by  means  of  the 
table  of  logarithms,  will  give  the  (evcral  diameters  required. 

But  if  you  have  a  table  of  fquare  roots  by  you,  fuch  as  that  at 
the  end  of  my  Mathematical  Mifcellanyy  fince  the  root  df  9  is  3i  the 
moft  expeditious  method  of  making  the  table,  is  to  take  the  fquare 
roots  of  30,  3 1,  32,  &c,  out  of  the  table  of  roots,  and  then  mul- 
tiply them  by  3  for  thefeveral  correfponding  diameters. 

*  This  rule  I  have  made  out  from  a  method  x)f  invcftigatinj 
the  contents  of  calks,  which  was  hinted  hy  Mr.  James  David- 
son, Teacher  of  the  Mathematics  at  Dundee^  in  North  Britain  \  the* 
invention  of  which  take  as  below. 

It  appearing  reafonable  that,  in  determining  a  proper  rule  for 
computmg  the  contents  of  calks,  we  ought  to  have  regard  to  the 
general  methods  which  are  ufed  by  coopers  in  conftruSing  them ; 
application  was  therefore  made  to  fevcral  ingenious  workmen  in 
that  way,  from  whdfe  account  it  appeared  that,  ordinarily,  the 
fides  or  edges  of  each  ftave  of  a  caflc,  for  about  one-third  of  its 
length  next  each  end,  arc  made  tapering  in  a  llraight  line,  and 
that  for  the  middle  third  part  they  were  curved,  or  made  con- 
vex, to  form  the  bulge  or  middle  of  the  calk. 

From  this  plain  account  then,  wc  are  naturally  led  to  confidcr 
one-third  of  a  calk,  at  each  end,  as  the  fruitum  of  a  cone ;  and  the 
middle  part  is  moll  properly  confidered  as  in  the  form  of  a  para- 
bolic curve,  for  thefe  reafons;  viz.  ill,  ihat,  on  account  of  the 
fliortiicfs  of  this  curved  part,  it  may  be  confidered  but  as  a  fmall 
part  near  the  vertex  of  the  curve  ;   2d,  that  all  curves  near  the 

vertex  differ  infenlibly  from  the  parabola;  and  3d,  that  its  rules 

are 
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meter,  and  26  times  the  produft  of  the  diameters ; 
multiply  the  fum  by  the  length,  and  the  produ<ft  by 
•00034 ;  then  the  lad  produft  divided  by  9  will  give 
the  wine  gallons,  and  divided  by  1 1  will  give  the  ale 
gallons. 

E  X- 


are  riioft  eafily  adapted  to  practical  ufes.  We  fhall  therefore 
fuppofe  the  middle  third  part  of  a  calk  to  be  the  middle  fruftum  of 
a  parabolic  fpladle,  and  the  ends  as  two  fruftums  of  a  cone,  and 
inveftis^atc  ita  contents  upon  thofe  principles  in  the  following 
manner* 

Let  AB  and  en  be 
the  two  right-lined 
parts,  and  bc  the  para« 
bolic  part;  then  pro- 
duce AB  and  DC  to 
meet  in  e,  and  draw 
the  lines  as  are  evident 
by  the  figure.  Put  the 
length  AD  of  the  calk 
=  L,  th^  bung  diame*- 
ter  to  =  B,  and  the 
head  diameter  ah  =  Hb 
Thenfince  ab  has  the 
fame  direcHon  as  eb  at  b,  abe  \i^ill  be  a  tangent  to  the  parabola 
BF,  and  therefore  fi  =:  |ei  ;  but  bi  =  ^ak,  and  kence  by 
£milar  triangles  ei  =  ^ek;  confequently  fi  =f  JEI  =:  JEiC 
B  —  H 


=    4FK    = 


aFi  =  E  — 


lO 
B  —  H 


fo  that  the  common  diam6ter  bl 
^  -;  which  call  c» 


TO  — 


Now,  by  the  common  rules  for  parabolic  fpindles  and  conic  fru^ 

^    .    8b*  +  4BC  +  3C*      Lm      328b*-|-44BH  +  3H* 

ftums,  we  obtain  '  —  x  —  =  ^ " 

I?  3  aSX4S 

X  Ln  for  the  parabolic,  or  middle  part ; 

,c*+CH-fH*      iLn      i6o«*  + 280BH  +  310H*       -     - 

and  — ^ —  X =• ^ X  Ln  for 

3  3  '      2S^45 

the  two  ends ;  and  the  fum  of  thefe  two  give  (488  b*  +  324  BR  +% 

313H*)  X =:  (39B*  +  26BH  +  i;H*)x  — ncarly.forthe 

content  in  inchei;    m  being  ^  'JS^SQS*    And  the  quantity 

Qjl  •78539* 
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EXAMPLE 

Required  the  content  of  a  cafk  whofe  length  is  40, 
bung  diameter  32,  and  head  diameter  24  inches. 

Here  (39  X  32*  +  26  X  32  X  24  +  25  X  24*)  X 
40  X  '00034  n:  ioiO'5;  which  being  divided  by  9 
and  by  11,  we  obtain  ii2'3  wine  gallons,  or  9 1 '9 
ale  gallons,  for  the  content  required.  Agreeing 
nearly  with  the  content  found  by  the  Diagonal  Rod 
in  page  573. 

CHAPTER    VIII. 

Of  the  Ullage  of  Cafks. 

The  ullage  of  a  cafk  is  now  generally  underftood  ta 
be  either  the  empty  part,  or  the  part  filled,  of  a  cafk 
which  is  not  quite  full. 

In 


'    ^'       being  divided  by  231  gives  ^  the  multiplier   for 

wine  gallons ;  and  fince  23 1  is  to  282  as  9  to  11  very  nearly, 
' ^  will  be  the  multiplier  for  ale  gallons^  as  in  the  i*ule. 

And  thus  we  have  an  eafy  and  expeditious  rule,  which  hat 
not  only  the  property  of  agreeing  with  the  content,  as  computed 
from  the  method  by  four  dimcnfions,  when  thofc  dimentioos 
jjre  usually  taken ;  but  alfo  agrees  well  with  the  real  contents  of 
calks;  ns  hath  been  proved  by  feveral  caiks  which  have  a^hially 
been  filled  with  a  true  gallon  meafiire,  after  their  contents  have 
been  computed  by  this  method. 

To  (hew  its  agreement  with  the  four-dimenfion  method,  take 
any  one  of  the  examples  out  of  the  colledlion  at  the  end  of  chap- 
tir  ^,  as  for  inftance  No.  14,  whofe  content  by  that  method  it 
1 1 3"  I  gallons ;  and  by  this  method  it  will  be  found  to  come  out 
nearly  112.  Again,  if  we  take  any  other,  as  fuppofe  the  lafl| 
whofe  content  was  282*2,  it  will  come  out  by  this  method  283*2. 
So  that  in  thcfe  two  inilances,  taken  at  random,  although  the 
contents  be  very  large,  they  agree  to  within  a  gallon ;  the  one  me* 
f  hod  exceeding  in  the  former  cafe,  and  the  other  in  the  latter. 
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^  In  this  bufiners,  caiks  are  confidered  as  in  two 
pofitions,  viz.  with  their  axes  either  parallel  or  per- 
pendicular to  the  horizon,  that  is,  either  lying  along, 
or  Handing  upright  upon  one  end.  The  ullage  of  a 
cafk,  either  {landing  or  lying,  may  be  determined  for 
any  particular  variety,  by  the  preceding  parts  of  this 
work ;  but  the  rules  thence  obtained  are  too  com- 
plex for  ordinary  practice,  efpecially  for  a  lying  cafk; 
I  ftiall  not,  therefore,  introduce  thofe  rules  into  this 
place,  but  fliall  content  myfelf  with  fetting  down 
fuch  approximations  as  ,have  been  found  to  agree 
bed  with  expedition  and  accuracy  ;  together  with  the 
univerfal  method  by  three  diameters,  which  is  not 
only  fufficiently  cafy,  but  alfo  the  moft  accurate  for 
this  purpofe. 

PROBLEM     I. 

^ofind  the  Ullage  of  a  Standing  and  Lying  Cajk  by  the^ 
Lines  ss  and  sh  en  the  Sliding  Rule. 

By  fome  of  the  preceding  chapters,  find  the  whole 
content  of  the  cafk. 

Then  fet  the  length  on  n  to  i  oo  on  s  s  for  afeg.  (land- 
ing;  or  fet  the  bung  d  iameter  on  n  to  i  oo  on  s  l  for  a  feg, 
lying ;  then  againft  the  wet  or  dry  inches  on  n,  is  a 
number  to,  be  referved.  Then  fet  loo  on  b  to  the  re- 
ferved  number  on  a  ;  and  againft  the  whole  content  on  • 
B,  will  be  found  the  ullage  on  a.  And  this  ullage  will 
be  either  the  empty  part,  or  the  part  filled,  according 
as  the  dry  or  wet  inches  were,  ufed,  in  finding  the  re- 
ferved number. 

EXAMPLE     r. 

Required  the  ullage  of  a  ffcmding  cafk,  whofe 
length  is  40,  bung  diameter  32,  head  diameter  24^ 
wet  inches  10,  and  confequently  the  dry  inches  30. 

Q^q  2  >  Bf 
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By  the  laft  chapter,  the  content  was  nearly  92  ale 
*  gallons:  Hence,  having  fet  40  on  n  to  100  on  ss, 
and  againft  10  on  n  found  23  oh  ss ;  then  fet  100 
on  B  to  23  on  A,  and  againft  92  on  b  is  found  2i-z 
ale  gallons  on  a,  for  the  quantity  remaining  in  the 
ca/k. 

If  the  dry  inches  30  be  ufed,  the  referred  fegment 
will  be  found  to  be  76-7  ;  and  then  the  correspond- 
ing ullage  is  70*2,  for  the  gallons  drawn  off. 

And  the  fum  of  thefe  two  parts  is  91*4  gallons^ 
which  is  about  half  a  gallon  lefs  than  the  whole  con- 
tent ;  which  error  would  be  inconfiderable  if  it  were 
to  be  divided  between  the  two  parts ;  but  inftead  of 
that,  commanly  the  one  part  is  too  little^  and  the 
other  too  great,  by  which  it  happens  that  the  error  in 
each  part  moftly  exceeds  that  of  their  fym. 

E  X  A  M  P  L  £•    II. 

Let  the  dimenfions  and  content  be  the  fame  in  thd 
cafe  of  the  lying  calk,  alfo  the  wet  inches  8,  and  con- 
fcquently  the  dry  inches  24* 

Having  (tt  32  on  n  to  100  oh  sl,  againft  8  and 
24  on  N,  are  the  rdferved  fegments  ^7*8  and  82*5  on 
SL.  Then  having  fet  100  on  b  to  92  on  a,  againft 
17-8  and  82*5  on  b,  are  16*4  and  76  on  a  ;  which 
are  the  parts  filled  and  empty  refpeftively,  and  whofc 
fum  is  92*4,  near  half  a  gallon  too  much. 


PRO* 
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PROBLEM     II. 

To  find  the  Ullage  of  a  Standing  Cajk  by  the  Pen. 

RULE       i* 

♦Add  all  together  the  fquare  of  tlie  diameter  at  the 
furface  of  the  liquor,  the  fquare  of  the  diameter  of 
the  neareft  end,  and  the  fquare  of  double  the  diameter 
taken  in  the  middle  between  the  other  two:  then 
multiply  the  fum  by  the  length  between  the  furface 
and  neareft  end,  and  the  produd  again  by  •0004*  for 
ale  gallons,  or  by  'oooij^-  fo^  wine  gallons,  in  the  lefs 
part  bf  tlje  c^,  wherhef  empty  or  filled. 

EXAMPLE. 

Taking  the  above  diameters  24, 27,  and  29  inches, 
and  the  wet  inches  10;  we  (hall  have  (24*  +  54*  +  29*) 
X  10  X  "0004^  =:  43 M  X  •0044-  =  20*2  gallons  for 
the  ullage  required.    '    '        ' 

RULE       II. 

As  the  fquare  of  the  length  of  th^  calk,  is  to  the 
fquare  of  the  difference  between  the  faid  length  and 
w'et  or  dry  inches,  viz,  the  lefs  of  them ;  fo  is  the 
difference  between  the  bung  and  head  diameters,  to 
a  number,  which  being  taken  from  the  bung  diame- 
ter, will  leave  the  diameter  of  a  cylinder  of  the  fame 

Q^qS  length 


*  The  diameters  at  the  furface  of  the  liquor,  and  in  the  mid« 
jdlt  between  it  and  the  neareft  head,  will  eafily  be  obtained,  by 
fuipending  a  plummet  by  a  rale  laid  over  the  middle  of  the  head, 
fo  as  juft  to  touch  the  bulge  of  the  calk^  and  then  meafuring  the 
diftance  of  the  ftring  fropn  the  fide  of  the  calk  at  the  furface  of 
the  liquor  and  in  the  middle  between  it  and  the  neareft  head ;  for 
then  the  doubles  of  thefe  meafures  taken  ffom  the  Bung  diameter^ 
5irill  leave  the  faid  diameters  required.  '" 
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length  with,  and  nearly  equal  to  the  part  filled  or 
empty,  viz,  tlie  lefs  of  them  *. 

EXAMPLE. 

Taking  the  fame  example  as  in  problem  i ,  we  have 
as  40* :  (40  —  10)*  :  :  32  —  24 :  44-;  and  32—44- 
:=:  274.  the  mean  diameter. 

Then  iy^  X  10  X  '002^  =  21  ale  gallons  is  the 
village  required. 

'    Note.  The  number  -002785 1  or  002^  nearly,  is  the 
conllant  multiplier  -^-^^| — ^. 

■ 

PROBLEM      III. 

Tiofind  the  Ullage  of  a  Lying  Cajk  hy  the  Pen. 

Divide  the  wet  inches  by  the  bung  diameter ;  find 
the  quotient  in  the  firft  column  of  the  table  of  cir- 
cular fegments,  at  the  end  of  the  book,  and  take 
out  the  fegment  oppofite  to  it;  then  multiply  this 
fegment  by  the  whole  content  of  the  caft.,  and 
the  produdl  again  by  1^  for  the  ullage  nearly-f-. 

EX- 


*Thi8  rule  is  founded  on  the  reafonablefuppoiition,  that  for 
a  fmall  part  of  caik,  the  diameter  in  the  middle  may  be  confidered 
as  a  mean  diameter ;  which  is  ilridtly  true  when  the  calk  is  para- 
boloidal,  and  very  near  the  truth  when  parabolic-ipindular ;  but 
the  faid  middle  diameter,  as  given  in  the  rule,  is  computed  from 
the  latter  form,  becaufe  the  rule  is  thereby  rendered  not  only 
cafier;  but  generally  more  exact. 

Thus,  by  the  property  of  the  parabola,  l*:(l  —  i)*::b—  h: 

—J-  X  (l  —  i)%  and  B  —  —4—  X  (l  —  1)*  =  M ;  where  b  is 

It  1^ 

the  bun^v   h  the  head,  and  m  the  mean  diameter;  alio  1  is  the 
length  of  the  calk,  and  i  the  wet  or  dry  inches, 

f  This  method  is  evidently  nothing  elfe  than  taking  the  whole 
content,  infuch  proportion  to  the  ullage,  as  the  whole  bung  circle 
bears  to  the  fegment  of  it  cut  off  by  the  furface  of  the  liquor ;  and 
is  nearer  to  the  truth  than  any  other  pradtical  rule  that  leap  find. 
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EXAMPLE. 

Taking  the  fame  caflc  as  before,  whofe  length  is  40, 
bung  diameter  32,  head  diameter  24 ;  and  fuppofing 
the  wet  inches  to  be  8. 

By  chapter  7,  the  whole  content  is  nearly  92  ak 

"gallons.     Then  -/j.  =  ^  =  '25;  opppfite  to  which, 

in  the  table  of  areas,  is  the  fegment  •  1 535462 1 ;  hence 

92  X  -153 5462 1  X  i^  =  18  ale  gallons,  the  ullage 

required. 

SCHOLIUM. 

Having  delivered  the  neceffary  rules  for  meafuring 
cafks,  &c,  I  do  not  fuppofe  that  any  thing  more  of 
the  fubjedt  of  gauging  is  neceffary  to  be  given  in  thi? 
book.  For  as  to  cifterns,  couches,  &c,  tuns,  coolers, 
&c,  coppers,  ftills,  &c,  which  are  firft  fuppofecj  tp  be 
in  the  form  of  fome  of  the  folids  in  the  forn>er  parts  of 
this  work,  and  then  mcafured  accordingly,  no  perform 
can  be  at  a  lofs  concerning  them,  who  knows  any 
thing  of  fuch  foUds  in  general;  and  to  treat  of  theni 
here,  would  induce  me  to  a  long  and  tedious  repe- 
tition, only  for  the  fake  of  pointing  out  the  proper 
multipliers  or  divifors;  which-  is,  I  think,  a  rea- 
fon  very  inadequate  to  fo  cumberfome  an  increafe 
of  my  book. 

I  (hall  only  juft  obferve,  that  when  tuns,  &c,  of 
*  dval  bafes  are  to  be  gauged ;  as  thofe  bafes  really 
meafure  to  more  than  true  ellipfes  of  the  fame 
length  and  breadth,  they  ought  to  be  meafured  by 
the  equi-diftant  ordinate  method,  delivered  in  feftion 
2  of  part  4. 

And  that  when  cafks  are  met  with,  which  have 
different  head  diameters,  they  may  be  deemed  in- 
complete cafks,  and  their  contents  confidered  and 
{ueafured  as  the  ullage  of  a  calk.  ^   , 

c^q  4  'sec 
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SECTION    III. 

OF   THE   WORKS  OF    ARTIFICERS. 

TH  E  artificers  whofe  works  are  here  to  be  treated 
of,  are  i  Bricklayers,  2  Carpenters  and  Jcdners,  . 
3  Glaziers,  4  Mafons,  5  Painters,  6  Pavers,  7  Plaf- 
terers,  8  Plumbers,  and  9  Slaters  and  1  ilers. 

Artificers  compute  the  contents  of  their  works  by 
feveiwal  difftiMit  meafures. 

As  glazing  and  mafonry  by  the  foot : 

Painting,  plaftering,   paving,   &c,   by  the  yard  of 

9  fquarc  feet  : 

Flooring,  partitioning,  roofing,  tiling,  &c,  by  the 

fquarc,  of  1 00  fquarc  feet : 

And  brickwork  either  by  the  yard  of  9  fquare  feet, 
or  by  the  perch,  or  fquare  rod  or  pole,  containing 
272^  fquare  feet,  or  3oi-   fquare  yards,  being  the. 
fquare  of  the  rod  or  pole  of  i6l  feet  or  5^  yards  long. 

As  tills  number  272^  is  a  troublefome  number  to  • 
divide  by,  the  ^  is  often  omitted  in  pradice,  and  the 
content  in  feet  divided  only  by  the  272.  But  as  this  is 
not  exadl,  it  will  be  both  better  and  eafier  to  multiply 
the  feet  by  4,  and  then  divide  fucceffively  by  9,  11, 
and  II.  Alfo  to  divide  fquare  yards  by  30^  firft 
multiply  them  by  4,  and  then  divide  twice. by  11. 

All  works,  whether  fuperficial  or  folid,  are  computed 
by  the  rules  proper  to  the  figure  of  them,  whether  it 
be  a  triangle,  or  reftangle,  a  parallelopiped,  or  any 
Other  figure. 

For  taking  meafures,  the  moft  common  inftniment 
is  what  is  called  the  carpenters  rule,  of  which  it  will  be 
ncccffary  here  to  give  a  defcription, 

J         '  CHAP- 
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CHAPTER      I, 

Of  the  Common  or  Carf  enters  Rule. 

This  inftrument  is  otherwife  called  the  Aiding  rule; 
and  it  is  much  ufed  in  timber  meafuring  and  artificers 
works,  both  for  taking  the  dimenfions,  and  cafting  up 
the  contents. 

The  inftrument  confifts  of  two  equal  pieces^  each  a 
foot  in  length,  which  are  connefted  together  by  a 
folding  joint. 

One  fide  or  face  of  the  rule,  is  divided  into  inches, 
and  half-quarters,  or  eighths.  On  the  fame  face  alfo 
are  feveral  plane  fcales^  divided  into  twelfth  parts  by 
diagonal  lines ;  which  are  ufed  in  planning  drmenfions 
that  are  taken  in  feet  and  inches.  The  edge  of  the 
rule  is  commonly  divided  decimally,  or  into  tenths  ; 
namely  each  foot  into  lo  equal  parts,  and  each  of  thefe 
into  lo  parts  again :  fo  that  by  means  of  this  laftfcale, 
dimeniions  are  taken  in  feet  and  tehths  and  hundredths, 
and  multiplied  as  common  decimal  numbers,  which 
is  the  beft  way. 

On  the  one  part  of  the  other  face  are  four  lines, 
marked  a,  b,  c,  d,  the  two  middle  ones  b  and  c 
being  on  a  Aider,  which  runs  in  a  groove  made  in  the 
ftock.  The  fame  numbers  ferve  for  both  thefe  two 
middle  lines,  the  one  being  above  the  numbers,  and 
the  other  below. 

Thefe  four  lines  are  logarithmic  ones,  and  the  tlirec 
A,  B,  c,  which  are  all  equal  to  one  another,  are  double 
lines,  as  they  proceed  twice  over  from  i  to  lo.  The 
other  or  loweft  line  o,  is  a  fingle  one,  proceeding 
from  4  to  40  It  is  alfo  called  the  girt  line,  from  its 
ufe  in  cafting  up  the  contents  of  trees  and  timber ; 
and  upon  it  are  marked  wo  at  17' 15,  and  ag  at 
i8*95,  the  wine  and  ale  gauge  Points,  to  make  this  in- 
ftrument ferve  the  purpofc  of  a  gauging  rule. 

Upon  the  other  part  qf  diis  face  there  is  a  table  of 

the 
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the  value  of  a  load,  or  50  cubit  feet,  of  timber,  at  all 
prices,  from  6  pence  to  2  (hillings  a  foot.   ' 

When  I  at  the  beginning  of  any  line  is  accounted  i, 
then  the  i  in  the  middle  will  be  10,  and  the  10  at 
the  end  100 ;  and  when  the  i  at  the  beginning  is' ac- 
counted 10,  then  I  in  the  middle  is  100,  and  the 
10  at  the  end  1000 ;  and  fo  on.  And  all  the  fmallcr 
di  vifions  are  altered  proportionally. 

PROBLEM     T. 

« 

To  Multiply  Numbers  together. 

Suppofe  the  two  numbers  24  and  13. — Set  i  on  b 
to  13  on  A ;  then  againft  24  on  b  ftands  312  on  a, 
which  is  the  required  produft  of  the  two  given  num- 
bers 24  and  13. 

Note.  In  any  operations,  when  a  number  runs  be- 
yond the  end  of  the  line,  feek  it  on  the  other  radius, 
or  other  part  of  the  line,  that  is,  take  the  i  oth  part  of 
it,  or  the  looth  part  of  it,  &c,  and  increafe  the  refult 
proportionally  10  fold,  or  100  fold,  &c. 

In  like  manner  the  produft  of  35  and  19  is  665, 

andtheprodua9f  270  and  54  is  14580. 

.   PROBLEM    II. 

To  Divide  hy  the  Sliding  Rule. 

As  fuppofe  to  divide  3 1 2  by  24. — Set  the  divifor 
^4  on  B  to  the  dividend  3 1 2  on  a  ;  then  againft  i  on  b 
ftands  1 3  the  quotient  on  a. 

Alfo  396  divided  by  27  gives  i4'6, 
and  741  divided  by  42  gives  i7'6. 


PRO* 
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PROBLEM     III. 

To  Square  any  Number. 

Suppofe  to  fquare  23. — Set  i  on  b  to  23  on  a  ; 
then  againfl  23  on.B  Hands  529  on  a^  which  is  the 
fquare  of  23. 

Or,  by  the  other  two  lines,  fet  i  or  100  on  c  to  the 
10  on  D,  then  againfl  every  number  on  d  ftands  its 
fquare  in  the  line  c»     So  againfl  23  flands  529^ 

againfl  20  flands  400, 
againfl  30  flands  900^ 
and  fo  on. 

If  the  given  number  be  hundreds,  &c,  reckon  the 
I  on  D  for  100,  or  looq,  &c  ;  then  the  correfponding 
I  on  c  is  1 0000,  or  1 000000,  &c.  So  .the  fquare  of 
230  is  found  to  be  52900. 

PROBLEM     IV. 

To  ExtraSl  the  Square  Root. 

Set  I  or  100,  &c,  on,  c  to  i  or  10,  &c,  on  b;  theii 
againfl  every  number  found  on  c,  flands  its  fquare  root 
pn  D. 

So,  againfl  529  flands  its  root  23, 
againfl  400  flands  its  root  20, 
againfl  900  flands  its  root  30, 
againfl  300  flands  its  root  i7'3, 

and  fo  on. 

PROBLEM    V. 

Tofnd  a  Mean  Proportional  between  two  Numbers. 

As  fuppofe  between  29  and  430.: — Set  the  one 
number  29  on  c  to  the  fame  on  d  ;  then  againfl  the 

othef 
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Other  number  430  on  c,  Hands  their  mean  propor- 
tional 1 1 1  on  D. 

Alfo,  the  mean  between  29  and  320  is  96^39 
and  the  mean  between  71  and  274  is  139. 

PROBLEM    vr. 

^ofind  a  Third  Propvrtional  to  two  Numbers. 

Suppofe  to  21  and  32. — Set  the  firft  21  on  b  to 

the  fecond  3  2  on  a  ;  then  againft  the  fecond  3  2  on 

B,  Hand  48*8  on  a,  which  is  the  third  proportional 

fought. 

Alfo  the  3d  proportional  to  17  and  29  is  49*4, 

and  the  3d  proportional  to  73  and  14  is  2*5. 

PROBLEM     VII. 

To  find  a  Fourth  Proportional  to  three  Numbers. 

Or^  to  perform  the  Rule-of-Three. 

Suppofe  to  find  a  fourth  proportional  to  12,  28, 
tnd  1 1 4. — Set  the  firft  term  1 2  on  b  to  the  2d  term 
28  on  A ;  then  againft  the  third  term  1 14  on  b,  ftands 
266  on  A,  which  is  the  4th  proportional  fought. 
Alfo  the  4th  proportional  to  6,    14,  29,  is  67*6, 
and  the  4th  proportional  tq  27,  20^  73,  is  54'o, 

CHAPTER      II. 

Of  the  different  Meafures  ujed  by  different  Artificers. 

1 44    fquare  inches  =  a  fquare  foot, 
9     fquare  feet     =  a  fquare  yard, 
-    63     fquare  feet     zr  7  fquare  yards  =  a  rood, 
100     fquare  feet     n:  a  fquare, 
2721^  fqyare  feet     =30^  fquare  yards  zi  a  rod, 
per ch,  or  fquare  pole. 

The 
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The  above  denomination^  are  thofe  by  which  moft 
kinds  6f  work  are  valued ;  but  fome  particular  articles 
are  valued  by  the  foot  running,  or  lineal  meafure, 

A  Table  for  changing  hundredth  Parts  of  Feet  into  Inches 

and  Parts  y  and  the  contrary;  by  Means  of  which  ^ 

Dimetifions  taken  in  one  ofthefe^  may  be  readily 

changed  to  the  other. 


Centelms,  or 

8th  pts. 

V 

hundredth 
parts  of  a 

Inches 

ilthpts. 

Inches 

or  half 
quar- 

Centtrmt 

foot 

ters 

. 

I 

0 

I 

0 

I 

I 

2 

0 

3 

0 

2 

'a 

3 

0 

4 

0 

3  • 

3 

4 

0 

6 

> 

0 

4 

4 

•• 

5 

0 

7 

0 

5 

5 

6 

0 

,  9 

0 

6 

6 

7 

0 

10 

0 

7 

7 

8 

I 

0 

^     I 

.    0 

8 

9 

I 

I 

2 

0 

»7 

\     10 

I 

2 

3. 

0 

^5 

-  20 

1 

2 

5 

4 

0 

33 

30 

3 

.    7 

5 

0 

42 

46 

4 

10 

6 

0 

•   50 

50 

6 

0 

7 

0 

58 

60  . 

7 

2 

8 

0 

67 

70 

8 

5 

9 

0 

-  75 

80 

9 

7 

10 

0 

83 

90 
100 

10 

10 

II 

0 

92 

12 

0 

1     12 

0 

100 

EXAMPLE     I. 


If  it  be  required  to  change  44  centefms  into  inches 

and  1 2ths, Againft  4  and  40  in  the  firft  column, 

Hand 
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ftand  refpeftively  6  parts,  and  4  in.  10  pts,  in  the 
fccond  ;  then  the  fum  of  thefe  two  is  5  inches  4  partSj 
the  number  required. 

EXAMPLE     II. 

If  it  be  required  to  change  5  inches  and  ^  or  6 
eighths  to  centefms.— Againft  6  eighths  and  5 
inches,  in  the  third  column,  ftand  refpedtively  6 
and  42  in  the  laft  column  ;  the  fum  of  which  is  48 
centefms. 

The  reafon  why  I  have  fet  8ths  in  the  third  co- 
lumn, and  not  1 2ths,  is  that  the  meafurers  who  cal- 
culate by  i2ths  take  the  dimenfions  in  8ths,  and 
change  them  into  1 2ths  ;  becaufe  the  inches  upon 
the  rule  are  divided  into  8ths,  and  not  i2ths. 

Note.  You  may  convert  centefms  into  inches  and 
parts,  and  the  contrary,  without  the  table,  by  the 
following  rule,  viz. 

Multiply  centefms  by  1 2  for  inches,  cutting  off 
two  figures ;  and  multiply  thefe  two  figures  by  i  z 
again  for  parts,  cutting  off  two  figures  here  alfo. 
And  divide  Sths  or  i2ths,  with  two  cyphers  annexed* 
by  8  or  by  1 2  for  inches ;  and  divide  inches  by  i  r 
for  centefms. 

EXAMPLE      I. 

Thus,  taking  the  firft  example  above* 

44  centefms 
12 

Inches  5*28     That  is  44  centefms  — 
12  5  inches  3  parts. 

Parts  3-36 


*«• 
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And  in  the  fecond  example  above^ 


8 
12 


6*oo 
515 


48  centefms* 


I  (hall  now  proceed  to  the  different  kinds  of  works, 
in  treating  of  which  feparately^I  (hall  note  the  methods 
of  meafuring  the  feveral  articles^  with  the  allowances, 
deduftions,  &c ;  and  then,  at  the  end  of  the  whole, 
iiluflrate  them  all  in  the  feveral  parts  of  a  real 
building,  whofe  plan  and  elevation  fhall  be  laid 
down,  with  its  fcale  annexed,  for  comparing  th« 
dimenfions,  &c. 


•CHAPTER     III. 

Of  Bricklayers  fFork. 

r  Brickwork  is  eftimated  at  the  rate  of  a  brick  and  a 
half  thick ;  and  if  a  wall  be  more  or  lefs  than  this 
ftandard  thicknefs,  it  muft  be  reduced  to  it,  as  follows : 

Multiply  the  fuperficial  content  of  the  wall  by  the 
number  of  half  bricks  in  the  thi,cknej(8,  and  divide  the 
produft  by  3. 

The  dimenfions  of  a  building  are  ufually  taken  by 
meafuring  half  round  on  the  outfide,  and  half  round 
it  on  the  infide ;  the  fum  of  thefe  two  gives  the  com- 
pafs  of  the  wall,  to  be  multiplied  by  the  height  for  the 
content  of  the  materials. 

Chimneys  are  by  fome  meafured  as  if  they  were 
folid,  deducting  only  the  vacuity  from  the  hearth  to 
the  mantle,  on  account  of  the  trouble  of  them. 

And  by  others  they  are  girt  or  meafured  round  £br 

their 
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their  breadth,  and  the  height  of  the  ftory  is  their 
height,  taking  the  depth  of  the  jambs  for  their  thick- 
hefs.  And  in  this  cafe  no  rcduftion  is  made  for  the 
vacuity  from  the  floor  to  the  mantle-tree,  becaufe  of 
the  gathering  of  the  breaft  and  wings,  to  make  room 
for  the  hearth  in  the  next  ftory. 

To  meafiire  the  chimney  (hafts,  which  appear 
above  the  building;  girt  them  about  with  a  hne  for 
the  breadth,  to  multiply  by  their  height.  And 
account  their  thicknefs  half  a  brick  more  than  it 
really  is,  in  confideration  of  the  plaftering  and 
fcafTolding. 

All  windows,  doors,  &c,  are  to  be  dedufted  out  of 
the  contents  of  the  walls  in  which  they  are  placed. 
But  this  deduftion  is  made  only  with  regard  to  mate- 
rials ;  for  the  whole  meafurc  is  taken  for  workmanlhip, 
and  that  all  outfide  meafure  too,  namely,  meafur- 
ing  quite  round  the  outfide  of  the  building,  being  in 
confideration  of  the  trouble  of  the  returns  or  angles- 
There  are  alfo  fome  other  allowances,  fuch  as  double 
meafure  for  feadiered  gable  ends,  &c. 

EXAMPLES. 


T 


How  many  yards  and  rods  of  ftandard  brick- 
work are  in  a  wall,  whofe  length  or  compafs  is  57  feet 
3  inches,  and  height  24  feet  6  inches ;  the  walls 
being  2^  bricks,   or  5  half  bricks,  thicjc  ? 


Decimals* 
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5 
9 


II 

II 
rods 


Decimals, 

^4-5 

28625 
izpoo 

»H5o... 


Duodecimals* 


57 

24 


3 
6 


234 
114 

.2? 


7    6 


1402*625 

5 


1402 
half  bricks  thick 

■  Ci    111 


6 

i 


7013-125  3 

23377084.  fqv  feet  9 

^S91ASi^    yd? 

4 

io38*98i44    II 
94-4528     II 

8-5866  Anf* 


7013  I  6 

^337.  8  6 
259  6  8  6 

1036 

94  a       ^ 
8r  17yds  6f  8*  6" 


^  /it/  Sliding  RuU* 

* 

B      A  B  A 

As  I  :  24|.  :  :  574.  :  1403* 

Ex.  2.  Required  the  content  of  a  wall  62  feet  6 
inches  long,  and  14  feet  8  inches  high,  and  24-  bricks 
thicks  Anf.  169*753  yards* 

Ex.  3.  A  triangular  gable  is  raifed  1 74*  feet  high,  on 
nn  end  wall  whofe  length  is  24  feet  9  inches,  the  thick- 
nefs  being  x  bricks :  required  the  reduced  content. 

Anf.  32-084.  yds* 

Ex.  4.  The  end  wall  of  a  houle  is  28  feet  i  o  inches 
longi  and  ^^  feet  3  inches  high  to  the  eaves;  20  feet 
high  is  24-  bricks  thick,  other  20  feet  high  is  2  bricks 
^ck)  and  the  remaining  15  feet  8  inches  is  i^  brick 

R  r  thick; 
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thick;  above  which  is  a  triangular  gable, which  rife  42 
courfa  of  bricks,  of  which  every  4  courfes  make  a  foot. 
What  is  the  whole  content  in  ftandard  meafure  ? 

Anf.  i53'626  yards. 


CHAPTt;K     IV. 

Of  Majons  Work. 

« 

To  mafonry  belongs  all  fort  of  (lone  work ;  and 
the  meafure  made  ufe  of  is  a  foot,  either  fuperficial  or 
folid. 

AValls,  columns,  blocks  of  ftone  or  marble,  &c,  arc 
meafured  by  the  cubic  foot ;  and  pavements,  flabs, 
chimney  pieces,  &c,  by  the  fuperficial  or  fquare  foot. 

Cubic  or  folid  meafure  is  ufed  for  the  materials,  and 
fquare  meafure  for  the  workmanfhip. 

In  the  folid^meafure,  the  true  length,  breadth,  and 
tnitknefs,  are  taJ^en,  and  multiplied  continually  toge- 
ther. In  the  fuperficial,  there  muft  be  taken  the 
length  and  breadth  of  every  part  of  the  projection, 
which  is  feen  without  the  general  upright  face  of  the 
building. 

^  EX  A  M  P  L  E  s.  . 

I.  Required  the  folid  content  of  a  wall,  53  feet  6 
inches  long,  1 2  feet  3  inches  high,  and  2  feet  thick. 


Decimals, 

srs 

I2i 

• 

Duodecimals* 

53     6 
12     3 

642*0 

i3'375 

642     0 
13     4.   6 

655*375 

anf. 

^S5    i    6 
2 

1310750 

1310     9    0 

B7 
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By  the  Sliding  Rule. 
B        A  B  A 

I    :  655   :  :     2     :    1310 

Ex.  2.  What  is  the  folid  content  of  a  wall,  the 
length  being  12  feet  3  inches,  height  10  feet  9  inches, 
and  2  feet  thick  ?  Anf.  521*375  feet. 

Ex.  3.  Required  the  value  of  a  marble  flab,  at  8s 
per  foot;  the  length  being  5  feet  7  inches,  and  breadth 
I  foot  10  inches.  Anf.  ^4  i   lo^. 

Ex.  4.  In  a  chimney-piece,  fuppofe  the 
length  of  the  mantle  and  flab,  each  4f  '6in 
breadth  of  both  together      -      -  3     2 
length  of  each  jamb  -  -  4     4 

breadth  of  both  together   .  *"  ^     9 

Required  the  fuperficial  content.  Anf.  2 1  f  i  oinf. 

CHAPTER     V. 

Of  Carpenters  and  Joiners  Work. 

To  this  branch  belongs  all  the  wood-work  of  £t 
houfe,  fuch  as  flooring,  partitioning,  roofing,  &c. 

Note.  Large  and  plain  articles  are  ufually  meafured 
by  the  fquare  foot  or  yard,  &c ;  but  inriched  mould-* 
ings,and  fome  other  articles,  are  often  eftimaied  by 
running  or  lineal  meafure,  and  fome  things  are  rated 
by  the  piece. 

In  meafuring  of  joifts,  it  is  to  be  obferVed,  that  only 
one  of  their  dimenlions*  is  the  fame  with  that  of  the 
floor ;  and  the  other  will  e:tcoed  the  length  of  the 
room  by  the  thicknefs  of  the  wall,  and  4.  of  the  fame, 
becaufe  each  end  is  let  into  the  wall  about ^  of  its 
thicknefs. 

R  r  2  No 
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No  deduiflions  are  made  for  hearths,  on'accoiint  of 
the  additional  trouble  and  wafle  of  materials. 

Partitions  arc  meafured  from  wall  to  wall  for  one 
dimenfion,  and  from  'floor  to  flpor,  as  far  as  they  ex- 
tend, for  the  other. 

No  deduftion  is  made  for  door-\Vays,  on  account  of 
the  trouble  of  framing  them. 

In  meafuring  of  joiners  work,  the  ftring  is  made  to 
ply  clofe  to  every  part  of  the  work  over  which  it  pafles. 

^be  mcafure  cf  centering  for  cellars  is  found  by  mak- 
ing a  ftring  pafs  over  the  furface  of  the  arch  for  the 
breadth,and  takingthe  length  of  the  cellar  for  the  length ; 
but  in  groin-centering,  it  is  ufual  to  allow  double 
meafure,  on  account  of  their  extraordinary  trouble. 

In  roofingj  the  length  of  the  houfe  in  the  infide,  to- 
gether with  4-  of  the  thicknefs  of  one  gable,  is  to  be 
confidered  as  the  length  ;  and  the  breadth  is  equal  to 
double  the 'length  of  a  ftring  which  is  ftrctched  from 
the  ridge  down  the  rafter,  and  along  the  eaves-board, 
tiljl  it  meets  with  the  top  of  the  wall. 

Forjiair-cafes^  take  the  breadth  of  all  the  fteps,  by 
making  a  line  ply  clofe  over  them,  from  the  top  to  the 
bottom,  and  multiply  the  length  of  this  line  by  the 
length  of  a  ftep  for  the  whole  area. — By  the  length  of  a 
ftep  is  meant  the  length  of  the  front  and  the  returns  at 
th6  two  ends ;  and  by  the  breadth  is  to  be  underflxx)d 
the  girt  of  its  two  upper  furfaces,  or  the  tread  and  rifer. 

For  the  balujiradcy  take  the  whole  length  of  the  up- 
per part  of  the  hand-rail,  and  girt  over  its  end  till  it 
meet  the!  top  of  the  newel  poft,  for  the  length  j  and 
twice  the  length  of  the  balufter  upon  the  landing,  with 
the  girt  of  the  hand-rail,  for  the  breadth. 

For  wain/cottingy  take  the  compafs  of  the  room  for 
the  length ;  and  the  height  from  the  floor  to  the  ceilings 
making  the  ftring  ply  clofe  into  all  the  mouldings,  for 
the  breadth. — Out  of  this  muft  be  made  deductions  for 
windows,  doors  and  chimneys,  &c  :  but  workman(hip 
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is  counte<;l  for  the  whole,  6n  account  of  the  extraordi- 
nary  trouble. 

'  For  doors /VL  is  ufually  to  allow  for  their  thicknefs, 
by  adding  it  into  both  the  dimenfions  of  length  and 
breadth,  and  then  multiply  them  together  for  the  area. 
— ^If  the  door  be  pannelled  on  both  fides,  take  double 
its  meafure  for  the  workmanlhip  ;  but  if  one  fide  only 
be  pannelled,  take  the  area  and  its  half  for  the  work- 
manfhip.— Fit?r  thejurrounding  architrave ^  girt  it  about . 
the  outermoft  part  for  its  length ;  and  meafure  over 
it,  as  far  as  it  can  be  feen  when  the  door  is  open,  fojr 
the  breadth. 

WindoW'JbutterSy  bafeSy  &c,  are  meafured  in  the 
fame  manner. 

In  the  meafuring  of  roofing  for  workmanfliip  alone, 
all  holes  for  chimney  (hafts  and  fky-lights  a^e  gencraUy 
deducted. 

But  in  meafuring  for  work  and  materials,^  they  com* 
monly  meafure  in  all  Iky- lights,  luthern- lights,  and 
hples  for  the  chimney  fhafts,  on  account  of  their 
trouble  and  wafte  of  materials. 

EXAMPLES. 

I .  Required  the  content  of  a  floor  48  feet  6  inches 
long^  and  24  feet  -3  inches  broad. 


Decimali. 

Duodecimals, 

48-5 

48     6 

244 

24     3 

I 940  204 

970  96 

12-125  12 


1176*125  feet  1176     I     6 

1 1 '76 1 25     fquares    Anf.  11   76   i     6 

Ex.  2.  A  floor  being  36  feet  3  inches  long,  and 
1 6  feet  6  inches  broad,  how  many  fquares  are  in  it  ? 

Anf.  5fq.  98|feet. 
.  |i  r  3  £x. 
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Ex.  3,  How  many  fquares  are  th^re  in  1 73  feet  10 
inches  in  length,  and  10  feefe  7  inches  height,  of  par- 
titioning?. Anf.  18-3972  fquares. 

Ex.  4.  What  coft  the  roofing  of  a  houfe  at  los  6d  a 
fquare;  the  length,  within  the  walls,  being  52  feet  3 
inches,  and  the  breadth 30 feet  6  inches;  reckoning 
the  roof  |.  of  the  flat  ?  Anf.  £1%  12  1 1-|^ 

Ex.  5.  To  how  much,  at  6s  per  fquare  yard,  amounts 
the  wainfcotting  of  a  room ;  the  height,  taking  in  the 
cornice  and  mouldings,  being  1 2  feet  6  inches,  and 
the  whole  compafs  83  feet  8  inches ;  alfo  the  three 
window  fliutters  are  each  7  feet  8  inches  by  3  feet  6 
inches,  and  the  door  7  feet  by  3  feet  6  inches;  the  door 
and  (hutters,  being  \yorked  on  both  fides,  are  reckoned 
work  and  half  work  ?  Anf.  ^^36     12     nX 

CHAPTER     VI. 

0/  Slaters  and  Tilers  fForL 

In  thefe  articles,  the  content  of  a  roof  is  found  by 
multiplying  the  length  of  the  ridge  by  the  girt  over 
from  eaves  to  eaves ;  making  allowance  in  this  girt 
for  the  double  row  of  flates  .at  the  bottom,  or  for  how 
much  one  row  of  flates  or  tiles  is  laid  over  another. 

In  angles  formed  in  a  roof,  running  from  the  ridge 
to  th^  eaves,  when  the  angle  bend^  inwards,  it  is  called 
a  valley ;  but  when  outwards,  it  is  called  a  hip.  And 
in  tiling  and  flating,  it  is  common  to  add  the  length  of 
the  valley  or  hip  to  the  content  in  feet. 

Deductions  are  feldon^  made  for  chimney  fliafts  or 
fmaU  window  holes. 

EXAMPLES.     ^ 

I ,  Required  the  content  of  a  flared  roof,  the  length 
hcing  45  fe?t  9  inghes,  and  whole  girt  34  feet  3  inches, 

Pecim^lSy 
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Decimals. 

4515 
344 


Duodecimals. 

45 
34 

9 
3 

205 

m 

II 

6 

5 

3 

9) 

1566 

174' 

II 
II* 

3 
3" 

18300 

-^3725 

9)1566-9375  feet 

yds  174*104  Anfwer 


Ex.  2.  To  how  much  amounts  the  tiling  of  a  houfe, 
at  25s  6d  per  fquare;  the  length  being  43  feet  10 
inches,  and  the  breadth  on  the  flat  27  feet  5  inches^ 
alfo  the  caves  projefting  16  inches  on  each  fide  ? 

Anf.^24     9     sh 


'     CHAPTER      VII. 

Of  Plafterers  Work. 

PJaflcrers  work  is  of  two  kinds,  namely,  ceiling, 
which  is  plaftering  upon  laths ;  and  rendering,  which 
is  plaftering  upon  walls:  which •  are  meafured  fepa- 
rately. 

.  The  contents  are  eftimated  either  by  the  foot,  or 
yard,  or  fquare  of  100  feet.  Inriched  mouldings, 
&c,  are  rated  by  running  or  lineal  meafure. 

Deduftions  are  to  be  made  for  chimneys,  doors, 
windows,  &c.  But  the  windows  are  feldom  dedudled, 
as  the  plaftered  returns  at  the  top  and  fides  are  allowed 
to  compenfate  for  the  window  opening. 

EXAMPLES. 

I.  How  many  yards  contains  the  ceiling,  which  is 
43  feet  3  inches  long,  and  25  feet  6  inches  broad  ? 

R  r  4  Decimals n 
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decimals,  Duotlecimats, 

43*^5 
^5k 


21625 
8650 
2162J 

9)    1102-875 

yds  122*541 


43 

3 

*5 

6 

221 

3 

86 

21 

7 

6 

9) 1 102 

10 

6 

Anfwcr     1 22' 

4^ 

lO* 

:/^ 


Eic,  2  •  To  how  much  amounts  the  ceiling  of  a  room, 
jit  lod  per  yard ;  the  length  being  ^i  feet  8  inches, 
^d  the  breadth  14  feet  10  inches  ?     Anf.  ^^i    9    8^ 

Ex.  3.  The  length  of  a  room  is  18  feet  6  inches, 
the  breadth  1 2  feet  3  inches,  and  height  1  o  feet  6  - 

inches ;  to  how  n^uch  amounts  the  ceiling  and  ren-  1 

Bering,  the  former  at  8d  and  the  latter  at  3d  per  yard  ; 
allowing  for  the  door  of  7  f^ct  by  3  feet  8,  and  a  fire 
place  of  5  feet  fquape  ?  Anf.  ^^8     5     6i, 

Ex,  4^  Required  the  quantity  of  plaftering  in  a 
room,  the  length  being  14  feet  5  inches,  breath  ^3 
feet  2  inches,  and  height  9  feet  3  inches  to  the  undei* 
fide  of  the  cornice,  which  girts  84  inches,  and  projects 
5  inches  from  the  wall  on  the  upper  part  n^x?  tlj^ 
(filing  :  dedudipg  only  for  a  door  7  feet  by  4, 

^nf.  53^?    5^     3^     of  rendering 
18       5       6      of  ceiling 
39      o-}4  of  cornicf. 

CHAPTER     VIII,    - 

0/  Painters   fTork^, 

Painters  work  is  computed  in  fquare  yards.  Every 
part  is  meafure4  ^here  the  colour  lies ;   and  thq 
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meafuriag  }ine  is  forced  into  all  the  mouldings  and 
corners. 

Windows  are  done  at  fo  much  a  piece.  And  it  is 
ufu^l  to  allow  double  meafu!;;e  for  carved  mouldings^ 
&c. 

EXAMPLES. 

I.  How  many  yards  of  painting  contaihs  the  room 
which  is  65  feet  6  inches  in  compafs,  and  12  feet  4 
inghes  high  ? 

Decimals^  Duodecimals. 

124-  12        4 

786*0  786         o 

i2i'83  21       10 


9)807*83^  9)807       10 

89788     Anfwer      89  6  10 

Ex,  2.  The  length  of  room  being  20  feet,  its 
breadth  14  feet  6  inches,  and  height  10  feet  4  inches; 
how  many  yards  of  painting  are  in  it,  dedlifting  a  fire- 
place 0/4  feet  by  4  feet  4  inches,  and  two  windows  each 
6  feet  by  3  fe^t  2  inches  ?  Anf.  73^  yards* 

Ex.  3.  What  coft  the  painting  of  a  room,  at  6d 
per  yard;  its  length  being  24  feet  6  inches,  its  breadth 
1 6  feet  3  inches,  and  height  1 2  feet  9  inches ;  alfo 
the  door  is  7  feet  by  3  feet  6,  and  the  window  (hutters 
to  two  windows  each  7  feet  9  by  3  feet  6,  but  the  breaks 
of  the  windows^  themfelves  are  8  feet  6  inches  high, 
^d  I  foot  3  inches  deep  :  deduftiiig  the  fire-place 
pf5  feet  Ijy  5  fe«t  6  ?  AnL^3    3     lo^. 


CHA^r. 


.    « 


6l8  ARTIFICERS  WORK^  [Part  J. 

CHAPTER      IX, 

Of  Glaziers  JVork. 

Glaziers  take  their  dimenfions  either  in  feet,  inches^ 
and  parts,  or  feet,  tenths,  and  hundredths.  And 
compute  their  work  in  fqimre  feet. 

In  taking  the  length  and  breadth  of  a  window, 
the  crofs  bars  between  the  fquares  are  included. 
Alfo  windows  of  round  or  oval  forms  are  meafured 
as  fquare,  meafuring  them  to  their  greateft  length 
and  breadth,  on  account  of  the  wafte  in  cutting  the 
glafs* 

EXAMPLES. 

I.  How  many  fquare  feet  contains  the  window 
which  is  4-25  feet  long,  and  275  feet  broad  ? 

Decimals.  '  Duodecimals. 

275 

4t  '    ' 


II'OO 

6875 

1 1 '6875  Anfwcr 


2 

9 

4 

3 

II 

0 

. 

8 

3 

Ji 

8 

3 

,  2.  What  will  the  glazing  a  triangular  iky-light 
come  to  at  i  od  per  foot ;  the  bafe  being  1 2  feet  6 
inches,  and  the  perpendicular  height  6  feet  9  inches  ? 

Anf.^4     7     2^. 

3.  There  is  a  houfe  with  three  tier  of  windows, 
three  windows  in  each  tier,  dieir  common  breadth  3 
feet  .1 1  inches ; 

now  the  height  of  the  firfk  tier  is     "f     io»* 

ofthefecond       6        8    . 
of  the  third        5  -      4 
Required  the  expence  of  glazing  at  i4d  per  foot, 

Anf.  ^13     II     lo-J. 

Ex.  4. 
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Ex.  4.  Required  the  eicpence  of  glazing  the 
windows  of  a  houfe  at  1 3d  a  foot ;  there  being  three 
ftories,  and  three  windows  in  each  (lory ; 

the  height  of  the  lower  tier  is     7  ^   .  9^*  • 
of  the  middle     -     -     6      6 
of  the  upper     -     -      5      3t 
and  of  an  oval  window  over  the  door     i    lo^- 

The  common  breadth  of  all  the  windows  being  3 
feet  9  inches.  Anf.  ^\%    5     6* 

CHAPTER       X. 

Of  Pavers  fFork. 

Pavers  work  is  done  by  the  (quare  yard.  And 
the  content  is  found  by  multiplying  the  length  by 
the  breadth,  * 

EXAMPLES. 

I.  What  coft  the  paving  a  foot-path  at  3s  4d  a 
yard ;  tl>e  length  being  35  leet  4  inches,  and  br^adik 
B  feet  3  inches  ? 

Decimals.  Duodecimals. 

-    35-3 


H   . 

382*66 

8-83 

9) 

1291-5^ 
32*38 

2s  is 

I 

3-2388 

I 

4< 

IS 

i'is 

1 

X 

T 

I 
T 

i'6i94 
5398 

20 

s  7*96^0 

12 

Content 


3'" 

6' 


35 
8 

4 
3 

a82 

8 

8 

10 

9)291 

6 

32  3 

6 

1°  3 

4 

4 

0  13 

4 
8 

5     6 

8 

IS  4.            I 

d  11-^440         -^^i^*^^  ^5    7  114. 
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Ex.  2.  What  coft  the  paving  a  court  at  3s  2d 
per  yard;  the  length  being  27  feet  10  inches,  and 
the  breadth  14  feet  9  inches  ?  Anf.  ^7     4    4t* 

Ex.  3.  What  will  be  the  expencc  of  paving  a 
redangular  court  yard,  whofe  length  is  63  feet,  and 
breadth  45  feet ;  in  which  there  is  laid  a  foot-path 
of  5  feet  3  inches  broad,  running  the  whole  length, 
with  broad  ftones  at  3s  a  yard  ;  die  reft  being  paved 
with  pebbles>  at  as  6d  a  yard  ?     Anf.  ^40    5  lo^. 

I  CHAPTER     XL. 

0/  Plumbers  IVork. 

Plumbers  work  is  comnionly  done  by  the  pound 
or  hundred  weight ;  but  I  fliall  below  infert  a 
method  of  difcovering  the  weight  by  the  meafurc 
of  it. 

Sheet-lead  ufed  in  roofing,  guttering,  &c,  is 
commonly  between  7  and  1 2  pound  weight  to  the 
fquare  foot ;  but  the  following  table  fhews  by  in- 
fpeftion  the  particular  weight  of  a  fquare  foot  for 
each  of  fcveral  thickneffes. 


Thick- 
nefs. 

lb.  toafq. 
foot 

Thick- 
nefs. 

I 
T 

•14 

X 

r 

lb.  toafq. 
foot 

Thick- 
neft. 

lb.  to  a  fq. 
foot. 

'Thick: 

neft. 

lb.  to  a  fq. 

fMt 

•10 

• 

'II 

r 
•12 

5*899 
6-489 

6*554 
7*078 

7-373 

7-668 
8-258 
8-427 

•15 
•16 

X 

•17 

8-848 

9*438 
-9-831 

10-028 

•18 
•19 

•21 

I0'6l8 
11-207 

u-797 
12-387 

"\'  ■■ 


■<■  ■' 


In  this  table  the  thicknefs  is  fet  down  in  tenths 
and  hundredths,  &Cj  of  an  inch ;  and  the  annexed 
correfponding  numbers  are  the  weights  in  avoirdu- 
pois pounds,  and  thoufandth  parts  of  a  pound.  So 
the  weight  of  a  fquare  foot  of  -^  or  -^  of  art  inch 
z  thicks 
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thick,  is  5  pounds  and  899  thoufandth  parts  of  a 
pound  ;  and  the  weight  of  a  fquare  foot  to  ^  of  an 
inch  thicknefs,  is  6  pounds  and  tV&V  of  a  pound. 

Leaden  pipe  of  an  inch  bore,  is  commonly  13  or 
14  lb  to  the  yard  in  length. 

EXAMPLES. 

I.  How  much  weighs  the  lead  which  is  39  feet  6 
inches  long,  and  3  feet  3  inches  broad,  at  S^lb  to 
the  fquare  foot  ? 

Decimals.  Duodecimals. 

39*5  39  6 

3i  '33 


ii8'5  118  6 

9»875  9  10  6 

I  > 

128*375  128  4  6 

8i  8. 


t 


1027*000  64 

64*1875  2^ 


1091-1875      Anfwer    1091^  lb. 

Ex.  2.  What  coft  the  covering  and  guttering  a 
roof  with  lead  at  1 8s  the  cwt ;  the  length  of  the  roof 
being  43  feet,  and  breadth  or  girt  over  it  32  feet,- 
the  guttering  57  feet  long,  and  2  feet  wide;  the 
former  9*83 ilbi  and  the  latter  7*373lb  to  the  fquare  ; 
foot?  Anf.^ii5    9     1^. 


c  H  A  p« 
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CHAPTER      XII. 

■ 

OF   VAULTED    AND    ARCHED    ROOFS. 

ARCHED  roofs  are  either  vaults,  domes,  fa- 
loons,  or  groins. 

Vaulted  roof?  are  formed  by  arches  fpringing 
from  the  oppofite  walls,  and  meeting  in  a  line  at 
Ac  top. 

Domes  are  made  by  arches  fpringing  from  a  cir- 
cular or  polygonal  bafe,  and  meeting  in  a  point  at 
the  top. 

Saloons  are  formed  by  arches  conneding  the  fide 
waits  to  a  flat  roof  or  ceiling  in  the  middle. 

Groins  are  formed  by  the  interfeftion  of  vaults 
with  each  other. 

Vaulted  roofs  are  commonly  of  the  three  follow- 
ing forts  : 

1.  Circular  roofs,  or  thofe  whofe  arch  is  fomc 
part  of  the  circumference  of  a  circle* 

2.  Elliptical  or  oval  roofs,  or  thofe  whofe  arch 
is  an  oval,  or  fome  part  of  the  circumference  of  an 
cllipfis. 

-  3.  Gothic  roofs,  or  thofe  which  are  formed  by 
two  circular  arcs,  fbruck  from  different  centers,  and 
hieeting  in  a  point  diredly  over  the  middle  of  the 
breadth,  or  fpan  of  the  arch. 

PROBLEM     I. 

To  find  the  Surface  of  a  Vaulted  Roof. 

Multiply  the  length  of  the  arch  by  the  length  of 
the  vault,  and  the  produft  will  be  the  fuperficies. 

Nole.  To  find  the  length  of  the  arch,  make  a  line 
or  firing  ply  clofe  to  it,  quite  acrofs  from  fide  to  fide. 

i  EXAM- 
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EXAMPLES. 


T.  Required  the  furface  of  a  vaulted  roof,  the 
length  of  the  arch  being  31 '2  feet,  and  the  length 
of  the  vault  120  feet. 


31-2 
120 


Anf.  3744'o  fquare  feet. 

Ex.  2.  How  many  fquare  yards  are  in  the  vaulted 
roof,  whofe  arch  is  42*4  feet,  and  the  length  of  the 
vault  106  feet  ?  Anf.  499-3^  yds. 

PROBLEM     II. 

^ojind  the  Content  of  the  Concavity  of  a  Vaulted  Roof 

Multiply  the  length  of  the  vault  by  the  area  of  one 
end,  that  is,  by  the  area  of  a  vertical  tranfverfe  fee- 
•  tion,  for  the  coritentJ 

Note.  When  the  arch  is  an  oval,  multiply  the  fpan 
by  the  height,  and  the  produdt  by/ 7 854  fojr  the  area. 

I        •  •  • 

EXAMPLES. 

I  •  Required  the  content  of  the  concavity  of  a  femi- 
circular  vaulted  roof,  the  fpan  or  diameter  being  30 
feet,'  and  the  length  of  the  vault  1 50  feet. 

'7^54 
900  the  fquare  of  30 

2)7o6'86 

353*43  area  of  the  end 
150  the  length 

1767150 

35343 

5301*450  the  anfvver. 

Ex.  2. 
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Ex.  2*  What  is  the  content  of  the  vacuity  of  an  oval 

,  vault,  whofe  fpan  is  30  feet,  and  height  1 2  feet ;  the 

length  of  the  vault  being  60  feet  ?        Anf.  i694'64. 

Ex.  3.  Required  th^  content  of  the  vacuity  of  a 
gothic  vault,  whofe  fpan  is  50  feet,  the  chord  of  each 
arc  50  feet,  and  the  diftance  of  each  arc  from  the 
middle  of  thefe  chords  1 5  feet  5  alfo  the  length  of 
the  vault  20* ,  Anf.  42988*8. 

PROBLEM     III* 

^ofind  the  Superficies  tf  a  Dome. 

Find  the  area  of  the  bafe,  and  double  it ;  then  {ay, 
as  the  radius  of  the  bafe,  is  to  the  height  of  the  dome, 
io  is  the  double  area  of  the  bafe,  to  the  fuperficies. 

Note.  For  the  fuperficies  of  a  hemifpherical  dome, 
take  the  double  area  of  the  bafe  only. 

EXAMPLES. 

f .  To  how  much  comes  the  painting  of  an  odla* 
.gooal  fpherical  dome,  at  8d  per  yard;  each  fide  of 
the  bafe  being  20  feet  > 

* 

4-828427  tabular  area 
400  fqaare  of  20 


i93i»37o8  area  of  the  bafe 

2 


rtMi^ba-A^Aba.BM* 


9)  3852*7416^ fuperficies  in  fecr 
429*1934  yards 
8 


«3 
2,0 


3433*547* 
28-6     lid 

;C  14  6  14.  anfwjw 


Ex.  2« 
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Ex.  2*  Required  the  fuperficies  of  a  hexagonal 
fpherical  dome,  each  fide  of  th^  bafe  being  i  o  feet. 

Anf.  5 1 9-6 1 52, 

Ex.  3.  What  is  the  fuperficies  of  a  dome  with  a  cir- 
cular bafe,  whofe  circumference  is  '  i  oo  feet,  and 
height  20  feet  ?  Anf.  2000  feet, 

PROBLEM      IV. 

To  find  the  Solid  Content  of  a  Dome. 
Multiply  the  area  of  the  bafe  by  ^  of  the  height. 

EXAMPLES. 

I .  Required  the  folid  content  of  an  odtagonal  dome, 
each  fide  of  the  bafe  being  20  feet,  and  the  height 
21  feet. 

4-828427 
400 

193 1 '3 708  area  of  the  bafe 
14  4-  of  the  height 

77254832 
19313708 


27039'i9i2  anfwer 

Ex.  2.  What  is  the  folid  content  of  a  fpherical 
dome,  the  diameter  of  whofe  circular  bafe  is  30  feet  ? 

Aiif.  7068*6  feet. 

PROBLEM     V. 

To  find  the'  Superficies  of  a  Saloon. 

Find  its  breadth  by  applying  a  ftring  clofe  to  it 

S  f  acrofs 
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tcrofs  the  furface.  Find  alfo  its  length  by  nieafuring 
along  tlie  middle  of  it,  quite  round  the  room. 
Then  multiply  thefe  two  together  for  the  furface. 

EXAMPLE, 

The  girt  acrofs  the  face  of  a  faloon  being  5  feet, 
and  its  mean  compafs  about  100  feet,  required  the 
area  or  fuperficies. 

100 

5 

500  anfwer. 


PROBLEM     VI. 

To  find  the  Solid  Content  of  a  Saloon. 

Multiply  the  area  of  a  tranfverfe  fedlion  by  the 
compafs  taken  round  the  middle  part.  Subtraft  this 
produft  from  the  whole  vacuity  of  the  room,  fuppof- 
ing  the  walls  to  go  upright  all  the  height  to  the  flat 
ceiling.     And  the  difference  will  be  the  anfwer. 

EXAMPLE. 

If  the  height  ab  of  the  faloon  be  yx  feet,  the 
chord  ADC  of  its  front  4*5,  and  the  diftance  de  of 
its  middle  part  from  the  arch  be  9  inches ;  required 
the  folidity,  fuppofii^  the  mean  compafs  to  be  50 
feet. 


2)4-5 
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2*25  AD 
2-25 


o*75  Ds 
075 


375 


1125. 

450 
.450 

5-0625  AD* 
5-6250      (2*37     AB 
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c 

B 

• 

•                 1 

\Z 

1 

D 

• 

^ 

« 

\ 

43 

3 


162 
129 


461  33 


Again  3*2 

64 
96 


3)9-48 

3-16  =4- AS 
4-50  AC 


7*66 

^  =tVe 

2*298   areafeg.  ADCEA, 

4*5 

225 
180 


I0'24.       20-25     AC 
»  10*24    AB^ 


lO'OI 

9 


61 
I 


I'OI 

40 


(  3*i6  =  be 
1*6  z=  4ab 

1896 

5*056  area  of  triangle  abC 
2-298  area  feg. 


2758  areaof  fedion  aecba 
50  Gompafs 


i37'90ocontcuj:  of  thefolidpait 


s  »  2 


Thcft 
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Then  this  taken  from  the  whole  upright  (pace, 
will  leave  the  content  of  the  vacuity  contained  within 
the  room. 

PROBLEM     VII. 

1^0  find  the  Concave  Superficies  of  a  Groin. 

To  the  area  of  the  bafe,  add  ^  part  of  itfelf,  for 
the  fuperficial  content. 

£  X  A  MP  L  £  s. 

I.  What  is  the  fuperficial  content  of  the  groin 
arch,  raifed  on  a  fquare  bafe  of  1 5  feet  on  each  iidc  ? 


Ex.  2.  Required  the  fuperficies  of  a  groin  arch, 
raifed  on  a  reftangular  bafe,  whofe  dimenfions  are 
20  feet  by  i6.  Anf.  3654 


PROBLEM    VIII. 


To  find  the  Solid  Content  of  a  Groin  Arcb. 

Multiply  the  area  of  the  bafe  by  the  height ;  from 
the  produft  fubtfaft^-jig.  of  itfelf,  and  the  remainder 
will  be  the  content  of  the  vacuity. 


15 

15 

75 
15 

■ 

7) 

225 

area  of  the  bafe  ^     . 
its  7th  part 

*57t 

anfwer 

EXAM- 


^ 


9 
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EXAMPLES. 


I-  Required  the  content  of  the  vacuity  within  a 
groin  arch,  fpringing  from  the  fides  of  a  fquare  bafe, 
each  fide  of  which  is  1 6  feet. 

i6 
i6 

96 
16 

256     area  of  bafe 
8     height  or  radius 


2048 
2044:    ^  fubtrad: 

18434.    a^fwer 


2,  What  is  the  content  of  the  vacuity  below  an 
oval  groin,  the  fide  of  its  fquare  bafe  being  24  feet, 
and  its  height  S  feet  ?  Anf.  4147T. 

N   Q   T  f  s, 

1 .  To  find  the  folid  content  of  the  brick  or  ftone 
work,  which  forms  any  arch  or  v^lt :  Multiply  the 
area  of  the  bafe  by  the  height,  including  the  work 
over  the  top  of  the  arch ;  and  frqm  the  produft  fub- 
traft  the  content  of  the  vacuity  found  by  the  fore- 
going problems  ;  and  the  remainder  will  be  the  con- 
tent of  the  folid  materials. 

2.  In  groin  arches  however,  it  is  ufual  ?q  take 
the  whole  as  folid,  without  deducing  the  vacuity, 
on  account  of  the  trouble  and  wafte  of  materials, 
attending  the  cutting  and  fitting  them  to  the  arch,  * 

Ik        • 

S  S  3  CHAP- 


• 


/ 
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CHAPTER         XIII. 
GENERAL     ILLUSTRATION. 

HAVING  gone  through  the  meafurable  parts  of 
building,  aiid  noted  the  methods  of  meafuring 
them,  and  of  computing  the  contents ;  I  proceed 
now  to  the  general  illuftration  of  the  whole,  by  af- 
ligning  the  dimenfions  of  a  houfe,  and  from  thcDCC 
computing  the  contents  of  the  feveral  different  kinds 
of  works  fuppofed  to  be  ufed  in  it ;  in  the  per- 
forming of  which  are  (hewn  the  methods  of  ruling 
the  book,  and  entering  thfe  dimenfions,  with  the 
contents  ;  then  the  method  of  abftrafting  the  con- 
tents, and  laftly  of  forming  the  bills  of  expences  of 
the  work  and  materials. 

At  the  end  of  this  chapter  is  given  a  plate,  con- 
taining the  elevation  and  plans  of  the  feveral  ftories 
of  the  houfe,  accurately  delineated  from  a  particular 
fcale,  inferted  in  the  plate ;  by  which  the  reader 
may,  with  a  pair  of  compaffes,  meafure  and 
compare  the  dimenfions  of  mofl  of  the  articles, 
as  he  proceeds  through  them.  In  this  example 
is  ufed  a  houfe  of  only  two  ftories,  and  two  roonis 
on  each  floor,  as  thofe  are  very  fufficient  for  ex- 
plaining the  feveral  methods  and  works  here  treated 
of.  • 

The  columns  of  numbers  in  the  following  forms, 
are  fufficiently  explained  by  the  titles  at  the  tops  of 
thenl ;  exceptiijg  the  figures  2,  3,  &c,  in  the 
firft  column,  and  prefixed  to  the  dimenfions;  the 
meaning  of  wliich  figures  is,  that  tfhe  contents  arif- 
ing  from  the  dimenfions  to  which  diey  are  prefixed, 
are  to  be  multipUed  by  2,  3,  &c,  and  then  fct  down 
in  the  column  of  contents. 

Of 
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Of  the  Digging    of  the   Cellars. 

Feet  In. 

.54    9  length 
28     o  breadth 
8     o  depth 

Which  three  dimcnfions,  being  multiplied  continually 
together,  produce  12096  cubic  feet;  which  being 
divided  by  27,  the  cubic  feet  in  a  yard,  there  refult 
448  cubic  yards  of  digging* 

'  Thus : 

54 
28 


432 
108 


15.12 
8 


27)  12096  (448 
108 

129 
]o8 

',  <  ■ 
216 

2l6 


sf^  flu 
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The  Brick  Work. 


Dimcn- 
iions. 

Halt 

bricks 

thick 

6 

8 
8 

I     - 
I 

8 
8 

4. 

• 

5 
7 

6 

Contents 

Titles 

1 

Feet  Id* 
10     0 

Feet 
1550 

47? 
48 

'    799 
211 

840 
228 

211 

3797 

1X2 

A. 
0 

0 

/_ 

10 
0 

6 

0 
0 

6 
p 
0 

The  cellar  walls 

23     6 
.  10     c 

Middle  walls  ef  ditto 

i6     8 
3     8 

1 

Deduft  doors  in  ditto 

/ 

23     6 

17     0 

Paving  the  cellars,  brick 
on  edge 

23     6 
9     0 

Ditto  between  the  cellars 

24    0 
17     6 

Groin  arches  over  the  two 
cellars 

24    0 
9     6 

Common  arch  under  the 
paiTage 

23     6 
9    c 

Deduft  vacuity  of  ditto 

155     c 
24     6 

Out  walls  of  the  principal 
and  attic  ftory 

24     c 
,  24     6 

Middle  walls  of  ditto 

7  0 

8  0 

Chimney  (hafts  within  the 
roof 

Di- 
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Dimen- 
fions. 

Half 
bricks 
thick 

Produas 

Feet  In. 
8     8 
4     8 

5 

5 

5 

5 

5 
I 

S 

7 
I 

5 
5 
5 

80     10 

• 

65   4 

66      0 

128      0 

32      0 

32      6 

-32       0 
146      8 
^'48     10 

40      6 

29   4 

• 

24      6 

4    8 
4     8 

11     0 
6    0 

8     0 
4    0 

4     0 
4     0 

4     0 
4     0 

4     0 
8     0 

6     8 
3     8 

6    8 
3     8 

4    6 
4    6 

3  10 
3  lO- 

3     6 
3     6 

Titles 


VeduS  as  follows ^  viz. 
Windows  in  front 


Ditto 


Front  door 


End  windows 


Ditto 


Ditto  blind  or  falfe 


Stair-cafe  window 


Doors  in  middle  walls 


Ditto  falfe 


Recefs  of  chimneys 


Ditto 


Ditto 


To 
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• 

To  abftraft  the  foregoing  particulars,  that  is,  to 
colledl  together  the  contents  of  the  fame  kind,  next 
to  reduce  their  fums  to  the  ftandard  thicknefs  of  a 
brick  ^  and  a  half,  and  then^  having  made  the  de- 
dudtions,  to  coUeft  the  reduced  fums,  to  obtain  the 
whole  in  one  llim,  I  proceed  thus  :  I  make  onJy  two 
columns  for  the  whole  contents,  and  two  for  the 
deduAipns  of  the  fame  thicknefs,  viz.  one  column 
for  the  one-brick  contents,  and  the  other  for  the 
brick-and-half  contents;  and  difpofe  the  fupcrior 
denominations  in  one  or  both  of  thefe  columns,  by 
placing  them  down  more  than  once;  thus,  the 
contents  of  2  bricks  thick,  I  fet  down  twice  in  the 
one-brick  column ;  tbofc  of  24.  bricks,  I  fet  down 
once  in  the  one-brick  column,  and  once  in  the  brick- 
and-half  column;  thofe  of  3  bricks,  twice  in  the 
brick-and-half  column ;  thofe  of  34.  bricks,  once  in 
the  brick-and-half,  and  t^fice  in  the  one-brick 
column ;  and  thofe  of  four  bricks,  twice  in  the 
brick-and-half,  and  once  in  the  one-brick  column ; 
and  fo  on,  if  there  were  higher  denominations ;  and, 
laftly,  for  the  contents  of  half  a  brick  thick,  I  take 
the  halves  of  them,  and  fet  in  the  one-brick  column. 
T^ien,  having  added  up  every  cohimn,  I  reduce 
the  fums  of  the  one- brick  thick,  to  the  brick-and- 
half  thicknefs ;  and  add  this  reduced  content  to  the 
brick-and-half  fums,  both  in  the  foiids  and  deduc- 
tions ;  then,  laftTy,  taking  the  one  fum  from  the 
other,  for  the  whole  content  of  the  brick  work,  a$ 
follows. 


jUJlmS 
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AbJiraSi  of  the  Brick  fFark. 


i-J-br.  thick 

I  brick  thick 

14.  deduft 

I  br.  dedudt 

Feet   In. 

1550  0 

^SS°    0 
470  0 

470  0 

840  0 

840  0 

228  0 

228  0 

3797  6 
1176  0 

112   0 
112   0 

Feet 

470 

399 

105 
840 

228 

3797 
1176 

1176 

In. 

0 
6 

9 

0 

0 
6 

0 
0 

Feet 

48 

48 
80 

66 
128 

3^ 

3^ 
146 

40 

29 

24 

In. 

10 
10 
10 

4 
0 

0 

0 

0 

8 

6 

4 
6 

Feet   In. 

48  io 
211  6 
211  6 

80  10 

65  4 

66  0 

128  0 

32  0 

16  0 

32  0 

146  8 

146  8 

H  5 
40  6 

29  4 

24  6 

8192 

9 
2 

3)16385 

6 

"373  6 
5461  10 

742 
869 

10 
5 

5461 

10 

16.835  4 
1612  3 

1612 

3 

1304  I 
2 

\ 

9)15223  1 

• 

• 

3)2608  2 

16914.  yds 

869  5 

Feet 


636 


ARTIFICERS   WORKS. 


[Part  5. 


Feet  In. 
2.    o  thick,  of  walls 
4  multiplj^ 

8     o 

24     6  height  of  2  (lories 


Feet  In. 

XI I  6vacu'<iarch. 
4  half  br.  thick 


3)846  o 


.282  o  redifced  con- 
tent of  the  vacuity 
of  the  com.  arch. 


196  o 

5  half  bricks  thick 

3)980  o 

326  8  reduced  con  t.  of  the  4  quoins  of  the  houfe 
16 1 2     3  the  deductions 

1933  II  fum 
282     o  vacuity  of  arch  under  the  paflage,  dedu& 


5)1656 


II 


184  yards  to  be  added  for  workmaiAip  only. 


So  that  in  the  Bill  we  Jball  have 


1 69 1  yards  4  feet  of  brick-and-half 
wall,  work  and  materials  at 
' —  per  yard 

I&4  yards  for  workmanfhip, 
doors  and  windows,  &c, 
-!—  per  yard 


rbe 
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The    Mas6n's    Work. 
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Dimen 

uons 

Contents   | 

Feet 

2 

In. 

0 

2 

Feet 

340 
104 

21 

63 

54 
22 

10 

7 

7 
20 

30 
I 

2 
8 

0 
0 

Q 
0 

6 

II 

/- 
8 

9 

0 

0 

157 

.0 

.0 
8 

4 
0 

8 

• 

■ 

9 

27 

2 

0 
4 

9 

3 

0 
0 

'    3 
I 

8 
6 

0 

6 
II 

9 

,    0 

6 
10 

• 

II 
0 

6 
8 

13 

I 

10 
6 

12 
2 

0 
6 

I 
0 

6 

4 

Titles, 


Stone  bafe 


Facia 


Window  foles 

Jambs  and  head  of  front  door, 
plain. 

Columns  to  front  door 

Bafe  and  capitals  to  ditto  (com- 
monly taken  double  meafure) 

Architrave 


Soffit  of  ditto 


Prize 


Level  cornice 


Cornice  of  pediment 


Returns  of  cima-reda 


Di- 


638  ARTIFICERS    WORKS. 

Dimenlions 


[Part  5. 


Feet    In^ 
22     8 
2     2 


Contents 


5     8 
o 


6i 


7 
I 


9 

5 


21 
2 


4 
2 


120     2 
2     I 


109     6 
I   10 


5     6 
I     7 


8     6 
2    o 


3     o 
I     4 


9 
3 


o 

o 


3 


o 
6 


15     4 


98     2 
6     I 


21   II 


138     8 


250    4 


200     9 


34  10 


Titles 


34     o 


8 


27     o 


98     o 


Architraves  of  low  windows 


Prize  of  ditto 


Cornice  of  ditto 


Architrave  of  attic  windows 

Cornice  to  front  and  ends  of 
the  houfe 

Blocking  courfe  to  front  and 

ends 

Steps  to  front 
Ends  of  ditto 


I     8    I    51     I 


Ditto 


Top  of  the  landing 


Chimney  tops  of  ftone 


Bafe  and  ^ias  of  ditto 


Di- 


Sea.  3.] 
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^39 


2 


12 


Dimeniions 


Feet  In. 

5     o 
2     2 


3  9 

I  10 

12  I 

O  II 


4     4 
I     6 


4     8 
2     o 


3     6 
I   10 


II     2 

O    II 


Contents 


4 
1 


o 
6 


4 
2 


2 
o 


3     o 
I   10 


10    4 
o  10 


3     6 
I     6 


3     6 

I     4 


21     '8 


13     9 


22     I 


26     o 


18     8 


12  10 


Titles 


20      5 


24      0 


16     8 


II      o 


17 


21     o 


56  p 


Poliflied  flabs  to  the  chimneys 
in  the  low  rooms 


Back  flabs  to  ditto 

Jambs  and  mantles  to  ditto    - 

Coves  to  ditto' 

Slabs  to  chimneys  in  the  attic 

ftory 

Back  flabs 


Jambs  and  mandes 


Coves 


Slabs 


Back  flabs 


Jambs  and  mantles 


Coves 


Steps  down  to  the  cellar 


^*. 


640 


Artificers  works.  fPart  5. 


jibJiraSl  of  the  Mafonry. 

In.  making  this  abftraft,  the  articles  of  the  fame 
price  muft  be  collefted  together.  So  in  the  firft  co- 
lumn, are  coUefted  together  the  bafe,  facias,  window 
foles,  jambs  and  head  of  door,  blocking  courfe  and 
chimney  tops,  as  being  of  the  fame  value ;  in  the 
2d  are  collcdled  architraves,  frizes,  cornices,  mould- 
ings about  the  door,  columns,  bafes,  and  capitals ; 
and  fo  for  other  things  of  another  vjiloc. 


Bafe, 

facias, 

&c 


Archi-  Ir., . 
*'^»^"'    flabs,  &c 


&c 


Feet  1 

340  2 

104  8 

21  c 

63 

200    Cf 

98 

51 


c 
I 


878  h 


Feet 
54 

10 

7 

7 
20 

I 
98 

6 
21 


I  Feet 
o    21 
•o    13 


6 

II 

8 

9 
o 

,  o 

2 

I 

II 

8 


Front 
fteps 


I 

8 

9 

o 


26 
18     8 
12  10 


Feet    I 


14  10 


4 


18     8 


24 
16 
II 
21 


o 
8 
o 
o 


1^5     7 


34 
8 

27 


o 
o 
o 


10."?  10 


Chimney 

jambs, 

&c 


Feet 
22 
20 

17 


/ 
I 

5 

2 


59     8 


Cornice 
of  ^he 
hovfe 


Cellar 
ftcps 


Feet  I  Feet  I 
250  4   56  o 


^bt  Maf(nCs  BiU. 

Feet  In. 

878     8  Bafe,  facias,  &c.  at  —  a  foot            -  -  - 

418     8  Columns, mouldings, &c. at — afoot  -  -  - 

165     7  Chimney  flabs  and  coves,  at  —  a  foot  -  -  • 

103  10  Steps  to  front  door,  at  —  a  foot         -  -  '  • 

59     8  Chim.  jambs  and  mantles,  at — a  foot  -  -  • 

250     4  Cornice  of  the  houfe,  at  —  afoot       -  -  . 

56     o  Cellar  fteps,  at  —  a  foot                    -  -■  ^ 

£-  -  - 


Soft.  30  ARTtFlCB&S    WORKSi 


<+I 


The  Carpenters  ohJ  JoiNXRi.  WoUK. 


Dimen- 
fiotts 


Feef  In. 
17  6 


24  6 
17  6 


11  9 

12  o 


59  3 
36  o 


i09 


p 

o 


24 

17 


o 
6 


17  6 

II   o 


Contents 
fettTn. 
840  o 

857  6 

282  o 


180  o 


2133  o 


218  o 


1680  c 


24    o 
17     6 


23     6 
17     6 


12     o 
9     9 


385  o 


840  o 


822  6 


Titles 


■««*^i«mt*«««vi 


ifMl** 


234  o 


Common  joiil.  in  the  low  roomg 

Framing  the  upper  floors,  with 
girders,  binding  &  bridging  joiil 

Common  joifting  of  the  ftair-cufe, 
allowing  the  joift  One  foot  bpld 
of  the  wall  at  each  end 

Plates  over  doors  and  windows^ 
running  meafure 

Roofing 

Gutter  boarding  at  6'oht  an4  e^dft 

Ceiling  joifls  to  both  dories 

Stoothed  partitions 

Deal  floorit\g 

Ditto  upper  ftory 


<   • 


Ditto  in  fUir-cafc 


9i- 


<54^ 


ARTIFICERS   WORKS. 


[Parts, 


II 


menr 
fions. 


Feet  In. 
4     8 

1  o 

2  6 


Coatentt 


Titles 


II 


4    o 
1     6 


Feet  In. 
51     4 

64     2 
66    o 


II 


I      o 

o     7 


6     5 


4    o 
4     ^ 


4     o 
3     o 


I      o 

o     7 


9    9 

o    7 


7 


8    4 
4     8 


36 


108     o 


5    3 


5    8 


272 


Ditto  in  window  ways 


Ditto  in  door  ways 

Deal  fteps  to  ftair-cafe,   ift  and 

2d  flights 

Ends  of  ditto 


Half  paces  to  ditto 


Steps  of  the  3d  flight 


Ends  of  ditto 


Face  of  the  landing  ' 


Salhes 


4    8 
4     8 


16     8 
2     6 


130 


8 


250    o 


^1 


16     8 
o     8 


33     4 


Ditto 


Infide  door-cafings,  pannellcdi 


Ditto,  plain 
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643 


- 

Dimen-    n_  »    » 

25     0 
0     9 

18  .9 
29     2 

200  0 
50     0 

224  0 
80  0 
63     0 

^4.S    5 
28    4 

94     8 

210    II 

< 
• 

288   0 

25     0 
I     2 

9 

6     8 
3     4 

> 

10     0 
5    0 

7 

8     0 
4    0 

5 

4     0 
4     0 

12 

4     6 
I   ,  2 

7 

1 

22     8 
0  II 

28    4 
I     0 

5 

,20    8 
0  II 

15 

i»    9 
0     9 

2 

72    b 
20 

Titles 


Frame  to  front  door 

» 

Infide  caiing  to  dittOj  pannelled 
Doors,  6  pannelled 

Front  door 

Window  mutters  on  the  firft 
floor  and  flair-cafe  window 

Ditto  to  attic  windows 

Soffits  to  windows,  pannelled 

Architraves  to  low  windows  and 
flair -cafe  window 

Ditto  to  front  door 
Ditto  to  upper  window^ 
Ditto  to  all  the  doors 


Plain  dados  to  low  rooms 

Tt  2 


Di- 


644 


AkTlFICSRS  WORtSt  [PATt  5. 


•ttaeiadu 


Dimenfions 


Fut 

Jn 

72 

0 

0 

9 

72 

0 

0 

6 

22 

6 

8 

f 

2 

68 

0 

0 

3 

68 

0 

0 

6 

6 

4 

3 

0 

Content* 


Feet  Jn. 
108     o 


72    o 


iSj    9 


17,    o 


34    o 


95    o 


^— ■  miBwet     ,     ■JfcdMi^.aMMJB 


Titles 


BaTe  and  fur-^bafc  to  ditto 
Plain  plinth  to  ditto 
Baluftrade  in  the  ftair-cafc 
Bafe  moulding  to  fbur-cafe 

Plain  plinth  to  ditto 

Plain  backs  and  elbows  tt> 
attic  windows 


AbftraSt  of  the  Carpenters  and  Joiners  fFork. 


V 


Joift. 
ing 


Ceiling 

joifts, 


Ftet  I 
840  o 
382  o 


II32  O 


Fen  I 
1680  o| 
385  o|  822  6 
254  o 
206^  o 


224  o 
8  o 

2)304  o 

152  o  Half  of  the  wind,  (hut,  being  work  &  balf 
250  o  Doors,  being  double  work 


40Z  o  Sum,  to  be  charged  for  workma^fhip,  befides 
being  charged  once  for  work  and  mate- 
rials.. 
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The  Carpenters  and  Joiners  Bill. 

Sj.  Feet  I                                                     i  s  d 

II     22  o  Common  joifting,  at^-— afquare  -.  -  - 

8     576  Framing  the  upper  floors,  at — a  fq.-  -  -» 
1800  Plates  over  doors  and  windows,  1 

running  meaflire,  at  — .  a  foot    J  "  *  ** 

21     330  Roofing,  at  —  a  fquare                -  .  . 

218  o  Gutter  boarding,  at  — afoot       •  -  - 
ao    65  o  Ceiling  joifts  and  ftoothedpar-1 

titions,  at  — -  a  fquare              J  *  * 

20     12  o  Flooring,  at  —  a  fquartf               -  -  ^ 

2274  Steps  in  the  flair-cafe,  at  — -  a  foot    -  *  . 

402  10  Sadies,  at  —  a  foot                      -  •  - 

646  2  Window-ftiutters,  foffits,  &  pan- 1 

ncUed  door-cafes,  at  —  a  foot   J  "  " 
541   1  Plain  door-cafes,  frame  to  froptl 

door,  plain  plinths,  and  plain  i  «  •  • 
backs  and  elbows,  at  —  a  foot  J 

250  o  Doors,  6  pannelled,  at  — •  a  foot  •  -  - 

604  4  Architraves,  &c  at  -^  a  foot        -  -  - 
402  o  Workmanfhip  only  in  doors  and  1 

window-fhutters                       j  '  " 


Note.  All  the  articles  except  the  lafl  ve  for  both 
work  and  materials. 

The  Blasters  Work. 

The  Slater's  work  will  be  the  fame  with  the  ar- 
ticle of  roofing  in  the  carpenter's  work,   which  is 
2133  fquare  feet,  or 
Sqrs.  Feet 
21     33     at  —  a  fquare  £  -    "     • 

T  t  3  J  be 


64S 


ARTIFICERS    WORKS.  [Part  5. 

Tbf  Plasterer's  Work. 


8 


Dimenfions 

Feef   In. 

23     o 

17     o 


.  83     o 
I      o 


83 


9     o 

12      O 


43     6 

o    9 


83     o 
9    o 


4    4 
4    4 


8     8 
5     4 


5     o 
2     o 


i 


22       2 
II       6 


Contents 


Fee^  In. 
782     o 

166  o 
664  o 
108     o 


3a    7 


747 


37     6 


138    8 


10     o 


747 


186 


254  u 


Titles 


i^hW 


Ceil,  to  the  low  rooms^  3  coats 


Plain  cornice  to  ditto 

Enriched  mouldings  in  ditto, 
running  meafure 

Ceiling  in  the  lower  part  of  the 
ftair-cafe,  3  coats 

Plain  cornice  in  ditto 

Walls  in  one  of  the  low  rooms, 
hard-finifliing 

Deduft  doors  from  ditto 


Deduft  windows 


Deduft  part  of  chimjiey-piecc 

The  walls  plaftering  of  the  other 
low  rooms,  2  coats,  the  di- 
menfions and  deduftions  thq 
fame  as  in  the  former 

The  deduftions  together 

Walls  of  the  flair-cafe,  hard- 
finifliing. 

Di- 
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647 


7 


f  Dimen- 
iions 

Contents 

Feet  In. 

7  ^ 
3  0 

Feet  In. 
22    6 

71    3 
34    6 

124    3 
569    6 

66  8 
168    0 

46    2 

• 

39    I 

201    3 

67  8 

7     6 
9     6 

6     0 
5     9 

17  .9 
7     0 

67     0 
8     6 

10     0 
6     8 

6     0 
4     0 

8     8 

5    4 

7     4 
5    4 

23     0 
8     9 

67     8 
I     0 

I     I  n 


Titles 


Walls  of  the  ftair-cafe,    hard- 

finifhing 

Ditto    . 


Ditto 


Ditto 


Walls  of  upper  part,  ditto 


Dedud  ^ont  door  from  dittQ 


Ditto  other  doors 


Ditto  window 


Ditto  attic  window 


Stair-cafe  ceiling,  3  coats 


Plain  cornice  to  ditto 


T  t  4 


Di- 
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artificers' won Ks,        fPait  5 


fions 


t'eetlA. 


Contents 


Feet  in. 


17     ol 

14    6^93    ° 


17    o 
7    3 


65    o 
o  10 


50    6 
o  10 


17     6 
8     6 


47 
8 


6 
6 


33 
8 


6 
6 


4 


7     4 
5     4 


4 


6    o 

4     4 


4  6 

4  o 

4  o 

3  4 


246    6 


108    4 


84    2 


595    o 


807    6 


569    6 


156    5 


04^ 


36    o 


»3    4 


Tuks 


Ceilings  of  upper  rqomi^  3  coats 


Ditto 


Plain  cornices 


Ditto 


Partitions,  %  coats  on  latl|^ 


Ditto  walls,  £  coats 


Ditto 


Deduft  windows  from  ditto 


Deduft  doors 


Deduct  chimney  pieces 


Ditto 


tiff 


J 

1 

1 

TtieU; 

1   LJ 

1  ri 

ler  Floor. 

1 

ldi'4 
nild- 


: 


1 


SfSt, 
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The  jOfiraS  of  the  Plaftering. 


649 


£nrich'4| 
Mould- 


rds 

66 
146 
180 


'Thf  Plafterer's  Bill, 

I  £ 

9  Ceiling,  3  coats,  at  —  a  jrard 
o  Ditto,  2  coats,  at  *—  a  yard 
o  Plaftering,  hard-finifliing,  at  •  ayd,  - 
7  Ditto,  2  coats,  at  — ^  a  yard 

458  9  Plain  cornice,  at— afoot 

664  o  Enriched  mouldings,  at  —  a  foot  - 


F 

3 
I 

3 

7 


s    d 


I' 


■« 


The  annexed  plate  contains  the  elevation  and 
plans  of  the  houfe  to  which  all  the  foregoing 
examples  belong. 

I  (hall  now  deliver  a  (hort  but  complete  traft  on 
Timber  Meafuring,  with  whichj^I  (hall  conclude 
tbele  applications,  as  propofed* 

S  EC- 
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TIMBER    MEASURING.  fPaft  5, 


SECTION    IV. 


TIMBER      MEASURING. 


PROBLEM      I. 

^0  find  the  Area  or  Superficial  Feet  in  a  Board  or  Planh 


M 


ULTIPLY    the    lengthy  by    the    mean 
breadth. 

Note.  When  the  board  is  tapering,  add  the 
breadths  at  the  two  ends  together,  and  take  half  the 
fum  for  the  me^n  breadth. 

By  the  Sliding  Rule. 

Set  1 2  on  B  to  the  breadth  in  inches  on  a  ;  then 
againfl  the  length  in  feet  on  b,  is  the  content  on  a^ 
in  feet  and  fradional  parts. 


EXAMPLES. 


I .  What  is  the  value  of  a  plank,  whofe  length  is 

1 2  feet  6  inches,  and  mean  breadth  1 1  inches  ? 

/ 

By  Decimals.  By  Duodecimals. 


12 
iM  is^f 


1 2-5 
II  • 

137-5 
1 1*46 

I  s  5d  anf. 


12     6 
II 


lid  is  f 

11     5     6 

5' is 

IS    4td 
0       t 

IS    5d  anf. 

BY 
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BY    THE    SLIDING    RULE. 

.  As  12  B  :   II  A  : :  .I2-}-  B  :   iifA^ 

Tba(  isy  as  12  oa  B  is  tx)^II  on  a,  fo  is  i2t  on  i|. 
to  1 1^  on  A.  ,  , 

Ex.  2.  Required  the  content  of  a  board,  whofe 
length  is  11  feet  2  inches,  and  breadth  i  foot  10 
inches.  Anf.  20^  5*  8 


Ex.  3.  What  is  die  value  of  a  plank,  which  is  12 
feet  9  inches  long,  and  i  foot  3  inches  broad,  at  2f  d 
a,  foot  ?  Anf.  3  s  3^. ' 

*  *  • 

Ex.  4.  Required  the  value  of  5  oaken  planks,  at 
3d  per  fqot,  each  of  them  being  174  feet  long;  and 
'  their  feveral  breadths  are  as  follows,  namjely,  two  of 
1 34.  inches  in  the  middle,  one  of  1 4|.  inches  in  the 
middle,  and  the  two  remaining  ones,  each  18 
inches  at  the  broader  end,  and  1 1  ^  at  the  narrower. 

Anf.^i  5  8^. 


TROBLEM       II. 


To  find  the  Solid  Content  of  Squared  or  Four-fided 

Timber. 


Multiply  the  mean  breadth  by  the  mean  thick- 
ncfs,  and  the  produft  again  by  the  length,  and  the 
\^  produft  will  give  the  content. 


•BY 
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BY    THE    SLIDING    RULE. 
CD  D  c 

A5  length  ;  12  or  10  : :  quarter  girt  t  (blidicy. 

That  is,  as  th<?  length  in  feet  on  c,  is  to  iz  on  d 
vhcn  the  quarter  girt  is  in  inches,  or  to  10  on  d 
when  it  is  in  tenths  of  feet ;  fo  is  the  quarter  girt  on 
Vy  to  the  content  on  c. 

NgU  I.  If  the  tree  taper  regularly  from  the  one 
end  to  the  other,  either  take  the  mean  breadth  and 
thicknefs  in  the  middle,  or  take  the  dimeniions  at 
the  two  ends,  and  half  their  fum  virill  be  the  mean 
dimenfions; 

2.  If  the  piece  do  not  taper  regularly,  but  is  un-  ! 
equally  thick  in  fome  parts  and  fmall  in  others,  take  " 
feveral  different  diilienfions,  add  them  all  together^ 
and  divide  their  fum.  by  the  number  of  them,  for  the 
mean  dimeofions. 

3.  The  quarter  girt  is  a  geometrical  mean  propor* 
lional  between  the  mean  breadth  and  thicknefs,  that 
is  the  fquare  root  of  their  produft.  Sometimes  un- 
jjLilful^meafurers  ufe  the  arithmetical  mean  inftead  of 
k,  that  is,  half  their  fum ;  bur  this  is  always  attended 
with  error,  and  the  more  fo  as  the  breadth  and  depth 
differ  the  more  from  each  other. 


EXAMPLES, 

1 .  The  length  of  a  piece  of  timber  is  1 8  feet  6 
inches,  the  breadths  at  the  greater  and  lefs  end  i  foot 
6  inches  and  i  foot  3  inches,  and  the  thicknef?  at  the 
jgreater  and  lefs  end  i  foot  3  inches  and  i  foot :  re- 
quired the  folid  conteat. 

Dcfimals. 
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6J3 


DttimaU, 
1*25 


Dttodedmali. 
6 
3 


2  )  a-75 
V375 


meanbreaddi 


i«to>a«* 


1*25 

i-o 


i«M«B 


a  )  2-25 


1-125 
.i'375 


mean  depth 
mean  breadth 


9 
4.  6 


3 

o 


2)2    3 


I     6 
4    6 


t     I     6 

4     ^ 
6     6 


787s 

3375 
1125 

1-546875 

7734375 
12375000 

1546875 

28-6171875 


ftY    THE    SLIDIKG   RUL£« 
B  A  B  A 

As  I  :  131.::  16^.  :  1223,  die  mean  fquare. 

CDC  7> 

As  I  :  I  : :  223  :  14*9,  quarter  girt. 

C  D  D  C 

As  18^  :  12  : :  14*9  :  28*6^  the  content. 


I 

6 

6 

6 

kdgth   ' 

18 

6 

£7 

9 

9 

0 

1 

9 

3 

3 

:ontent 

28 

7 

0 

J 

* 

4 
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Ex.  2.  Whatjs  the  content  of  the  piece  of  timber, 
whofe  length  is  244^  feet,  and  the  mean  breadth  and 
thicknefs  each  i'04  feet  ?  Anf.  26-*  feet* 

Ex.  3.  Required  the  content  of  a  piece  of  timb«", 
whofe  length  is  20"38  feet,  and  its  ends  unequal 
fquares,  the  fide  of  the  greater  being  1 9^,  and  the  fide 
of  the  lefs  9^.  Am.  29'838  feet. 

Ex.  4.  Required  the  content  of  the  piece  of  tim-» 
ber,  whofe  length  is  27-36  feet ;  at  the  greater  end 
the  breadth  is  i'78,  and  thicknefs  i'23  ;  and  at  the 
lefs  end  the  breadth  is  i'04,  and  thicknefs  ■o'9i. 

Anf.  41-278  feet. 

PROBLEM     III. 

^ofind  the  Solidity  of  Round  or  Unfquared  Timber^ 

RULE    I,    or    COMMON    RULE. 

Mukiply  the  fquare  of  the  quarter  girt,  or  of  -J- 
of  the  mean  circumference,  by  the  length,  for  the 
content. 

BY    THE    SLIDING    RULE. 

As  the  length  upon  c  :  12  or  lo.upon  d  :  r 
quarter  girt,  in  1 2ths  or  i  oths,  on  p  :  content  ©n  c. 

Kote  I.  When  the  tree  is  tapering,  take  the 
mean  dimenCons  as  in  the  former  proBlems,  either 
by  girting  it  in  the  middle  for  the  mean  girt,  or  at 
the  two  ends,  and  take,  half  the  fum  of  the  two. 
But  when  the  tree  is  very  irregular,  divide  it  into 
feveral  lengths,  and  find  the  content  of  each  part 
feparately,.  .  ' 

2,  This  rule,  which  is  commonly  ufed,  gives  the 
anfwer  about  ^  lefs  thah  the  true  quantity  in  the  tree, 

or 
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-or  nearly  what  the  quantity,  would  be  after  the  tree  is 
hewed  fquare  in  the  ufuai  way  :  fo  that  it  feems  ia- 
,  tended  to  make  an  allowance  for  the  fquaring  of  the 
tree^  When  the  true  quantity  is  defired,  ufe  the  zd 
rule,  given  below. 


EXAMPLES. 


I .  A  piece  of  round  timber  being  9  feet  6  inches 
long,  and  its  mean  quarter  girt  42  inches;  what  is 
the  content  ? 


Decimals, 

Duodecimals. 

S'5 

quarter  girt 

3 
3 

6 
6 

^75 
105 

10 
I 

6 
9 

12*25 
9-5 

length 

12 
9 

3 
6 

.  6125 
1 1025 

content 

110 
6 

3 
I     6 

116-375 

n6 

4    6 

^       BY    THE   SLIDING    RULE. 
CD  D  C       ' 

As  9*5  :   10  : :  35  :   1164. 
Or  9*5  :   12  : :  4a  :   116^ 

Ex.  2.  The  length  of  a  tree  is  24  feet,  its  girt  at 
the  thicker  end  6  feet,  and  at  the  fmaller  end  2  feet ; 
required  the  content.  Anf.  96  feet. 

Ex.  3.  What  is  the  content  of  a  tree,  whofe  mean 
girt  is  3*15  feet,  and  length  14  feet  6  inches  ? 

Anf.  8*9929  feet. 
Ex.  4* 
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%%.  4.  Required  the  content  of  a  trec^  whofe 
length  is  174  ^^%  and  which  girts  in  five  diiferent 
jdaces  as  follows^  namely^  in  the  fiift  ^ce  9*41  feet» 
in  the  recood  ygz^  in  the  third  6*155  in  the  fourth 
4^74,  and  in  the  fifth  3*16.  Anf.  4Z'6o75. 

RULE      lU 

Multiply  the  fquare  of  j.  of  the  mean  ^urt  by 
double  die  length,  and  the  produft  will  be  the  con- 
icnt>  very  near  the  truth. 

BY    THE    SLIDING   RULE. 

As  the  double  length  on  c  :  12  or  10  on  d  :  : 
4  of  the  girt^  in  i  aths  or  i  oths,  on  d  :  content  on  c» 

EXAMPLES. 

I .  What  is  the  content  of  a  tree,  its  length  being 
9  feet  6  inches,  and  its  mean  girt  14  feet? 

Decimals.  Duodecimals. 

a*8        .  ^  of  girt  297 

z*S  ,297 

224 

56 


7-84 
19 

7056 
148*96 


^ 


content         148  n     7 


mmmm 


mm 


MX 


c/' 


4 
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BY    THE    SLIDING    RULE* 
CD  DC 

As  19  :   10  : :    28    :   1494 
Or  19  :   12  ;  :  ^^-n-   i49* 

£xi  2.  Required  the  clontent  of  a  tree,  which  is  24 
feet  long,  and^mean  girt  8  feet.      Ahf*  122-88  feet* 

Ex.  3*  The  length  of  a  tree  is  I4f  feet,  and  meaii 
girt  3*15  feet,  what^  is  the  content  ?  Anfw.  11*51  feet. 

Ex.  4.    The  length  of  a  tree  is  17-^  feet,  and 
its  mean  girt  6*28  ;  what  is  the  content  ? 

Anf.  54*4065  feet* 

Exi  5.  Sold  an  oak  tree  whofe  girt  at  the  low  end  wag 
94  feet,  and  its  length,  to  the  part  wher<f  it  becomes 
of  2  feet  girt,  is  27!-  feet;  it  hath  alfo  two  boughs, 
the  girt  dt  the  thicker  end  of  the  one  is  4*3,  and  at 
the  thicker  end  of  the  other  3*94,  the  length  of  the 
timber  of  the  former^  that  is  to  the  part  where  ic 
becomes  of  only  2  feet  girt,  is  9  feet ;  and  the  length 
of  the  latter  y^  feet ;  required  the  price  at  2/.  3  j.  9^/* 
a  load  of  50  feet,  allowing ^^V  of  the  mean  girt  for  the 
bark  of  the  trunk,  and  ^V  of  the  fame  in  the  boughs, 
by  both,  the  rules*  Anf.  true  value  ;^2  1 8     6. 

falfe  value  £1     5     9^- 

Notet .  That  part  of  a  tree  or  of  thebranches>  whick 
is  lefs  than  2  feet  in  circumference,  or  6  inches  quar- 
ter girt,  is  cut  off;  not  being  accounted  timber* 

Note  2. '  A  cuftom  has  of  late  been  creeping  into 
life,  where  the  buyers  of  timber  can  introduce  it,  of 
fallowing  ah  inch  on  every  foot  of  quarter  girt,  for 
bark.  This^  praftice,  however,  is  unreafonable,  and 
ought  to  be  difcouraged.  Elm  timber  is  the  chief 
kind  in  which  an  allowance  ought  to  be  made,, and  it 
will  be  found  on  examination,  that  the  common  al- 
lowance of  one  inch  on  the  tree^  is  abundantly  fuifi- 
cient  for  an  average  allowance. 

Note  3.  Fifty  cubic  feet  of  timber  make  a  load;  - 
and  therefore  to  reduce  feet  to  loads,  divide  them 
by  50. 

UU  ATABL& 
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A  TABLE 

For  readily  finding  the  Content  of  Trees,  according 
to  the  common  Method  of  meafuring  Timber. 


u 


£. 


Seek  the  quarter  girt  in  the  firft  column  towards 

,  <he  left-hand,  and  take  out  the  number  oppofitc. 

Multiply  that  number  by  the  length  of  the  tree  in 

feet  &c,   and  the  produd,  will  be  the  content  in 

folid  feet  &c. 
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SCHOLIUM. 

In  meafuring  fquared  timber,  unlkilful  meafurcrs 
tofually  take  ^  of  the  circumference,  or  girt,  for  the 
fide  of  a  mean  fquare ;  which  quarter^girt  therefore 
multiplied  by  itfelf,  and  the  produdt  multiplied  by 
the  length,  they  account  the  foUdity,  or  content :  but 
it  is  reaJly  always  above  the  truth.  Indeed  when  the 
breadth  and  thicknefs  are  nearly  equal,  this  method 
will  give  the  fplidity  pretty  near  the  truth ;  but  if 
the  breadth  and  thicknefs  differ  confiderably  from 
each  other,  the  error  will  be  fo  great  as  that  it  ought 
not  by  any  means,  to  be  neglefted. 

Thus,  fuppofe  we  take,  for  an  example,  a  balk 
of  24  feet  long,  and  a  foot  fquare  throughout ;  and 
confequently  its  folidity  24  cubic  feet-     Now  if  this 
balk  be  flit  exaftly  in  two  from  end  to  end,  making 
each  piece  6  inches  broad,  and  1 2  inches  thick ;  it  is 
evident  that  the  true  folidity  of  each  will  be  12  feet; 
but  by  the  quarter  girt  method,  they  would  amount 
•  to  much 'more;  for  the  falfe  quarter  girt,  being  equal 
to' half  the  fum  of  the  breadth  and  thicknefs,  in  this 
cafe  will  be  9  inches,  the  fquare  of  which  is  81, 
which  being  divided  by  144,  and  the  quotient  mul- 
tiplied by  24  the  length,  we  obtain  i^j;  feet  for  the 
folidity  of  each  part,  and  confequently  the  two  folidi- 
ti^s  together  make  27  feet,  inftead  of  24. 

Again^  fuppofe  the  balk  to  be  fo  cut,  as  that  the 
breadth  of  the  one  piece  may  be  only  4  inches,  and 
confequently  that  of  the  other  8  inches.  Here  the 
true  content  of  the  lefs  piece  will  be  8  feet,  and  that 
of  the  greater  1 6  feet.  But,  proceeding  by  the  other 
method,  thd  quarter  girt  of  the  lefs  piece  will  be  8, 
ivhofe  fquare  64,  multiplied  by  24,  and  the  produfl: 
divided  by  144,  gives  lo-J-  feet  inftead  of  8.  And, 
by  the  fame  method,  the  content  of  the  greater  piece 
will  be  161  feet,  inftead  of  16.  And  the  fum  of 
both  is  27^  feet,  inftead  of  24. 

Farther,  if  the  lefs  piece  be  cut  only  2  inches 
broad,  and  confequently  the  greater  i  o  ic  chcs ;  the 

V  \x  z  true 
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true  contient  of  the  lefs  piece  would  be  4  feet,  and 
that  of  the  greater  20.  But,  by  the  other  method, 
the  quarter  girt  of  the  lefs  piece  would  be  7  inches, 
whofe  fquare  49  being  divided  by  6,  gives  84  feet, 
inftead  of  4,  for  the  content.  And  by  the  fame 
method  the  content  of  the  greater  piece  would  be 
^04,  inftead  of  20  feet.  So  that  their  fum  would 
be  284-,  inftead  of  24  feet. 

Hence  it  is  evident,  that  the  greater  the  pro- 
portion is  between  the  breadth  and  depth,  the  greater 
will  the  error  be,  by  ufing  the  falfe  method ;  that 
the  fum  of  the  two  parts,  by  the  fame  method,  is 
greater,,  as  the  difference  of  the  fame  two  parts  is 
greater,  and  confequently  the  fum  is  leaft  when  the 
two  parts  are  equal  to  each  other,  or  when  the 
balk  is  cut  equally  1ft  two  ;  and  laftly,  that  when 
the  fides  of  a  balk  differ  not  above  an  inch  or  two 
from  each  other,  the  quarter  girt  method  may  then 
be  ufed,  without  inducing  an  error  that  will  be  of 
any  material  confcquence. 

From  the  preceding  examples  it  appears  that  this 
new  method,  which  is  very  near  the  truth,  is  full 
as  eafy  in  praftice  as  the  common  falfe  one.  But 
there  are  many  other  reafons  for  changing  the  me- 
thod ;  and  one  in  particular,,  is  the  preventing  of  the 
fellers  from  playing  any  tricks  with  their  timber,  by 
cutting  trees  into  different  lengths,  fo  as  to  make 
them  meafure  to  more  than  the  whole  did ;  for,  by 
the  falfe  method,  this  may  be  done  in  many  refpedts,  I 

as   will   appear   in   the    three  following  problems,  J 

which  contain  the  chief  cafes  of  this  artifice,  but 
which  hovv*ever  I  do  not  explain  to  teach  them  to 
ufe  tliefe  means. 


PROBL  £M 


*        i 
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PROBLEM     TV. 

To  find  where  a  Piece  of  Round  Tapering  Timher  mi^fl 

be  cut y  Jo  that  the  Two  Parts,  meajuredjefarately^ 

according  to  the  Common  Method  of  meqfuring^ 

Jhall  produce  a   Greater  Solidity  than 

when  cut  in  any  other  Party  and 

Greater  than  the  Whole. 

*  Cut  k  through  exadly  in  the  middle,  or  at  4  of 
the  length,  and  the  two  parts  will  meafure  to  the 

moil  poffible  by  the  common  method. 

•  .  .  .    » 

EXAMPLE. 

Suppofing  a  tree  to  gift  14  feet  at  the  greater 
end,  a  feet  at  the  lefs,  and  confequently  8  feet  in 
the  middle ;  and  that  the  length  is  3  2^  feet. 

Then,  by  the  common  method,  the  whole  tree 
raeafures  to  only  128  feet;  but  when  cut  through 
at  the  middle,  the  greater  part  meafures  to  1 2 1 ,  and 
the  lefs  part  to  25  feet;  whofe  fum  is  146  feet; 
which  exceeds  the  whole  iDy  1 8  feet,  and  is  the  moft 
that  it  can  be  made  to  meafure  to  by  cutting  it  into 
two  parts. 

U  U  3  PROBLEM 


*  Demons  Tji  AT  ION. 

Put  G  =  the  greatcft  girt,  g  =.  the  Icaft,  and  x  =:  the  girt  at 
the  fedtion ;  alfo  L  z=:  the  whole  length,  and  z  ==  the  length  to 
be  cut  off  the  lefs  end. 

Then,  by  iimilar  figures,  L  :z  i:  G—g  :  or— j',  hence  tt  = 

— =T-^  +g.  But  (g+xp.z  +  (G+x)^.  fi— aj=  amaximum; 

whofe  fluxion  being  put  equil  to  nothing,  and  the  value  of  « 
iubliitutcd  inftead  of  it,  there  refulw  2  =  ^  L.         ^E,D. 

Cor  o  l  l  ar  '^ 

By  thus  bife6ling  the  length  of  a  tree,  and  then  each  of  the 
fNirts,  and  fo  on,  continually  bifcdting  the  lengths  of  the  feveral 
parts,  the  meafure  of  the  \vhole  will  be  continually  increafed. 
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PROBLEM    V. 

io  find  where  a  Tree  Jhould  be  Cut,  Jo  that  the 

Tart  next  the  Greater  End  may  meajurc 

to  the  Moji  Poffible. 

*  From  the  greater  girt  take  3  times  the  Icfs ;  then> 
as  the  diiference  of  the  girts  is  to  the  remainder,  fa 
is  4.  of  the  whole  length,  to  the  length  from  the  lefs 
end  to  be  cut  off. 

Or,  cut  it  where  the  girt  is  -J.  of  the  greatcft  girt. 

Note.  If  the  greateft  girt  do  not  exceed  3  times 
the  leaft,  the  tree  cannot  be  cut  as  is  required  by 
this  problem.  For,  when  the  leaft  girt  is  exaftly 
equal  to  4  of  the  greater,  the  tree  already  meafures  to 
the  greateft  poffible ;  that  is,  none  can  be  cut  off, 
nor  indeed  added  to  it,  continuing  the  Tame  taper> 
that  the  remainder  or  fum  may  meafure  to  fo  much 
as  the  whole  :  And  when  the  leaft  girt  exceeds  ^'  of 
the  greater,  the  refult  by  the  rule  fhews  how  much  in 
kngth  hiuft  be  added^  that  the  refult  may  meafure 
to  ribe  moft  poffible. 

EXAMPLE. 


MM»Ma**aMMaHkM«tMHMaiaa«i«.ta^i^MaBM 


•    DXMONSTR  A  TI  OK, 

TJfing  the  fame  notation  as  in  the  laft  denionftration ;  we  fiial] 
bare  here  alfo  jr  =  *—^^  +  ^,  and  (G-^x)^.  (L-^x)  =  % 

maximum;  which,  treated  as  before,  gives  »  =:-r--2£    x  4Z.» 

G—g 

And  X  =r——K+g  =  I  G,  by  fubftitudng  the  above  value  of  »• 
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EXAMPLE. 

Taking  here  the  fame  example  as  before^  we  ttia^l 
have  as  12  :  8  :  :  y  :  7-^  =  the  length  to  be  cutoff; 
and  cohfequei^tly  the  length  of  the  remaining  part 
is  244- ;  alfo  y-  =  4^  is  the  girt  at  the  feftion.  Hence 
the  content  of  the  remaining  part  is  135-J^T  feet; 
whereas  the  whole  tree,  by  the. fame  metlioid,  mea- 
fures  only  to  128  feet. 

FROBLEM     VI#  . 

Td  Cut  a  Tree  Jo  as  that  the  Part  next  the  Greater 

End  may  rHeafurey  by  the  Common  Method,  to  e'xa£lly 

the  fame  ^antity  as  the  Whole  meajures  to. 

*  Call  the  fum  of  the  girts  of  the  two  ends  s,  and 
their  difference  d.  Then  multiply  d  by  the  fnm  of  d 
and  4  J,  and  from  the  root  of  the  produdt  take  the 
difference  between  d  and  2j;  then,  as  2^  is  to  the 
remainder,  fo  is  the  whole  length,  to  the  length  to 
be  cut  off  the  fmall  end. 

And  if  s  be  taken  from  the  faid  root, .  half  tlic 
remainder  will  be  the.  girt  at  the  feftion. 


UU4    .  EXAMPLE. 


*DEMONSTRATION. 

UiGng  ftill  the  fame  notation,  we  Ihall  have  s'^L  :=i(L—%). 
(G-\-x)'^\  hence,  inllead  of  ;ir,  fubftituting  its  value —  + ^,  wt 

obtain  %  =  --yX  (^(4J-W).<^— aj  +  </>l.      Aqd    hence    x  =» 
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EXAMPLE. 

Ufing  ftill  the  £ame  example,  we  have  j  =  i6j 
</  ss  12,  and  the  length  X,  :?=  32 ;  hence 

20)=  V*  v^57  — 264.  =  13-599118  3P  the  length  to 
be  cutoff;  and  confecjucntly  18-400882  h  the  length 

of  the  remaining  part.  Alfo  ■i\/C4S+dJ.d'^  •{■  -^  = 
2\/57  -^  8  —  7*099669  is  the  girt  at  the  feftion. 
Hence  the  girt  in  the  middle  of  the  greater  part  is 

u    7^099    9  =- 10-549834, whofe ^th  paiTt  is  2*637458; 

and  confequently  the  content  of  the  famg,  part  is 
^'637458*  X  1 8-400882  ==:  128,  the  very  fame  as 
the  whple  tree  mcafures  to,  potwidiftanding  above  |, 
part  is  cut  pff  the  length. 
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0605 

01947727 

0650 

02166975 

1 

■ 

0561 

01741548 

0606 

01952497 

0651 

02171906 

ii 

0562 

01746152 

C607 

01957271 

C652 

02176842 

71 
■1 

0563 

01750760 

c6o8 

01962048 

0653 

02181781 

1 

■  i 

■ 
■ 

0564 

•0175537* 

0609 

01966829 

0654 

02186724 

-«i 

0565 

0)1759908 

0610 

01971614 

0655 

02191671 

0566 

0*1764608 

061 1 

01 976403 

0656 

02196620 

1 

0567 

01769231 

0612 

01981195 

0657 

02201574 

i 

0968 

01773S59 

0613 

01986990 

0658 

02206531 

■1 

a!' 

0569 

01778490 

0614 

01991790 

0659 

02211491 

^p  1 

0570 

0/783125 

6615 

01996593 

0660 

02216455 

0571 

01787763 

0616 

02001400 

0661 

02220422 

H  1 

0572 

01792406 

0617 

02006210 

0662 

02225393 

1 

05-73 

01797052 

0618 

02011024 

0663 

02230369 

^B 

0574 

01801702 

0619 

02015842 

0664 

02235346 

0575 

01806356 

0620 

02020663 

0665 

02240327 

i 

0576 

0181 1014 

0621 

02025488 

0666 

©2245312 

ft 

0577 

01815676 

0622 

02030317 

0667 

02250300 

L] 

OS  7^ 

01820341 

0623 

02035149 

0668 

02255292 

^^ 

OS79 

01825010 

0624 

02039985 

0669 

02260287 

K  ^ 

c>8o 

01829683 

0625 

02044824 

0670 

02265286 

B< 

0581 

01834360 

0626 

02049667 

0671 

02270288 

1, 

0^-82 

01839041 

0627 

02054514 

0672 

02275294 

■  i 

0583 

01843725 

0628 

02059364 

0673 

02280303 

1' 

0584 

01848413 

0629 

02064218 

0674 

02285316 

K 

o?S,- 

oi 853 105 

0630 

0206907  5 

0675 

02290332 

* 

CIltCULAil    SEGMENTS. 


€jt 


Vevf. 
fine 

067O 
0677 
0678 
0679 
0C80 
0681 
0682 
0683 
0684 
0685 
0686 
0687 
0688 
0689 
0690 
0691 
0692 
0693 
0694 
0695 
0696 
0697 
0698 
0699 
0700 
0701 
0702 

0703 
0704 

0705 

0706 

0707 

0708 

0709 

0710 

0711 

0712 

0713 

0714 

0715 

0716 

C717 

0718 

0719 

0720 


Seg. 
area 


Veif. 
fine 


02295351 
02300374 
02305401 
02310431 
02315484 
02320500 
02325540 

02330584 
02335631 
02340681 

02345735 
02350792 

02355852  I 

02360916 

02365984 

02371055 

02376129 

02381206 

02386287 

02391372 

-02396459 

02401550 

02406646 

0241 1 743 

02416845 

02421949 

02427057 

02432169 

02437283 

02442401 

02447523 
02452648 

02457776 

02462908 

02468042 

0^473180 

02478322 

02483467 

02488615 

02493766 

02498921 

02504079 

025C9241 

02514405 

02519574 


0721 
0722 
0723 
0724 
0725 
0726 
^9727 
0728 
0729 
0730 
0731 
0732 

0733 
0734 

073s 
0736 

0737 
0738 

0739 
0740 
0741 
0742 

0743 
0744 

0745 
0746 

0747 

0748 

0749 
0750 

0751 

0752 

0753 
0754 

0755 
0756 

0757 
0758 

07«;9 
0760 

0761 

0762 

0763 

0764 

0765 


Seg. 
area 


02524745 
02529920 
02535098 
02540279 
02545464 
02550652 
02555843 
0:^561037 
02566235 
02571437 
02576641 
02581848 
02587059 
02592273 
02597491 
02602712 
02607936 
02613163 
02618393 
02623627 
02628864 
02634105 
02639348 
02644598 
02649845 
02655098 
02660355 
02665614 
02670877 
02676144 
02681413 
02686686 
02691962 
02697241 
02702^26 
02707809 
02713097 
02718389 
02723684 
02728982 
02734284 
02739589 
02744897 
02750208 
02755523 


Verf.    Seg. 
fine     area 


0766  02760840 

0767  c 2766161 
0768'  02771485 

0769  02776812 

0770  02782142 

0771  02787475 

0772  02792812 

0773  02798152 

0774  02803495 

0775  02808841 

0776  02814190 

0777  02819543 

0778  02824898 

0779  02830257 

0780  02835619 

0781  02840984 

0782  02846352 

0783  02851723 

0784  02857097 

0785  02862475 

0786  02867856 

0787  02873240 

0788  02878627 

0789  02884017 

0790  02889410 

0791  02894806 

0792  02900206 

0793  02905608 
^794  02911014 

0795  02916423 

0796  02921835 

0797  02927250 

0798  02932668 

0799  02938089 

0800  02943513 

0801  02948941 

0802  .  02954371 

0803  02959805 

0804  02965241 

0805  02970C81 

0806  C2976124 

0807  0198 1 570 
0S08  02987019 

0809  02992471 

0810  02997926 


6j± 


T  A  B  L  is 


6  F 


Vcrf. 

Scg. 

Verf. 

Seg. 

Vcrf. 

1 

Scg. 

fine 

area 

fine 

area 

fine 

area 

O^ll 

0300338s  1 

0856 

03252145 

0901 

03506905 

0812 

03008846 

0857 

03257742 

0902 

03512633 

0813 

03014310 

0858 

03263342 

0903 

03518364 

0814 

03019778 

0859 

03268945 

0904 

03524098 

0815 

03025248 

o8eo 

03274550 

0905 

03529834 

0816 

03030722 

0861 

03280159 

0906 

03535574 

0817 

03036198 

0862 

03265771 

0907 

03541316 

0818 

03041678 

0863 

03291386 

0908 

03547061 

0819 

03047 I 4i 

0864 

03297003 

0909 

03552809 

0820 . 

03052646 

0865 

03302624 

0910 

03558560 

0821 

03058135 

0866 

03308247 

091 1 

03564313 

0822 

03063627 

0867 

03313874 

0912 

0357CO70 

0^23 

03069122 

0868 

03319503 

0913 

03575829 
05^581591 

0824 

03074620 

0869 

033*5135 

0914 

0825 

03580121 

10870 

03330771 

0915 

03587356 

0826 

03085625 

.  0871 

03336409 

0916 

03593124 

0827 

03091132 

0872 

03342050 

0917 

^^3598895 

0828 

03096642 

0873 

03347694 

0918 

03604668 

0829 

03102155 

0874 

03353341 

0919 

03610444 

0^30 

03107671 

087^    03358991  1 

0920 

036162^3 

o8u 

03113190 

0S76 

03364643 

0921 

03622005 

0832 

03118713 

*  0877 

0.3370299 

0922 

03627790 

0833 

0312423b 

0878 

0337S958 

0923 

03633578 

0834 

03i29';66 

0  79 

03381619 

0924 

03639368 

083.' 

03^35297 

o8bo 

03387284 

0925 

03645 161 

0S36 

03140832 

0881 

03392951 

0926 

03650957 

0837 

03146369 

0882 

03398621 

0927 

03656756 

0838 

0315-1909 

0883 

03404294 

0928 

03662558 

0839 

0315745^ 

0384 

03409970 

0929 

03668362 

0840 

03162999 

0885 

03415649 

0930 

03674169 

0841 

03168548 

0886 

03421331 

0931 

03679980 

0842 

03174100 

0887 

03427C16 

0932 

03685792 

0843 

03179655 

0888 

03432704 

0933 

03691608 

0844 

o3i8>2]4 

0889 

03438394 

0934 

03697426 

0845 

03190775 

08^0 

03444088 

0935 

05703248 

0S46 

03 '9^339 

0891 

03449784 

C936 

03^:09072 

0847 

03201906 

0892 

03455483 

0937 

03714809 

0848 

03207476  J 

0893 

03461185 

0938 

03720-;28  . 

0849 

03213050  1 

0894 

03466890 

0939 

03726561 

08^0 

03218626 

0895 

03472598 

0940 

03732396 

0851 

03224205 

0S96 

•  03478309 

094.1 

03738234 

0S52 

03229787 

""1^1 

03484022 

0942 

03744074 

oS'3 

03235372 

0898 

03489739 

0-^43 

03749918 

08  >  4  03240960 

0899. 

03495458 

0944 

03755764 
03761615 

o8<^;   032465?! 

OCJOO 

03501180 

094  J 

CIRCULAR  SEGMENTS. 


673 


Verf. 
iine 

0946 
0947 
0948 
0949 
09^0 
0951 
09>? 

09  >  4 

0955: 
0956 

09S7 
0958 

0959 
0960 

0961 

0962 

0963 

0964 

0969 

0966 

0967 

0968 

0969 

0970 
0971 

0972 

0973 
0974 

0975 
0976 

0977 
0978 

0979 
0900 

0981 

0982 
0983 
0984 
0989 
0986 
0987 
0988 
0989 
0990 


Scg. 
area 


037674^5 
03773320 

03779>77 
0378)037 

037909*0 

03796766 

03802634 

03808506 

03814380 

03820256 

03826136 

03832018 

03837903 

03843791 
03849681 

03855574 
03861470 

03867369 

03873270 

03879174 

03885081 

03890991 

03896903 

03902818 

03908736 

039^657 
63920580 

03926506 

0393243? 
03938366 

03944300 

03950237 

03956176 

03962119 

03968064 

0397401 1 

03979962 

03985915 

03991870 

03997829 

04003790 

04009754 

04015720 

04021689 

04027661 


Verf. 
iine 


0991 
0992 

0993 

0994 

0^95 
0996 

0997 

0^98 

0999 

000 

001 

002 

003 

004 

005 

006 

007 

008 

009 

010 

on 

012 

013 

614 

015 

016 

017 

018 

019 
020 
021 
022 

023 

024 
025 
026 
OZ7 
02  8 
029 
030 
031 
032 

033 
034 
035 


Seg. 

area 


^^* 


04033^3^ 
04039613 

04045593 
04051576^ 

04057561 

04063549 

04069 540 

04075533 
0408 1 5 29 

04087528 

04093529 

04099533 
04105540 

64111549 

04117561 

04^23576 

04129593 

041356x3 
04141635 

04147661 

04153689 

041 59719 

04165752 

04171788 

04177827 

04183868 

04189912 

04195958 

04202007 

04208059 

04214113 

04220170 

04226229 

04232291 

04238356 

04244424 

04250494 

0425.6566 

04262642 

04^68719 

042  7480a 

04280883 

04286969 

04293057 

04299148 


Verf. 
iine 


036 

037 
038 

039 
040 

041 

042 

043 
044 

045 
046 

047 
048 

049 

oso 

051 

052 

053 
054 

055 
056 

057 

058 

059 
060 

061 

062 

063, 

064 

065 

066 

067 

068 

069 

070 

071 

072 

073 

074 

075 
076 

077 
078 

079 

080 


Seg. 
area 

04305241 

043 « ' 338 
04317436 

043^3538 
6432964a 

04335748 
04341857 

04347969 

04354083 

043601:00 

04366319 

04372442 
04378566 

04384693 
04390823 

04396955 
04403090 

04409228 

04415368 

0442 151 1 

04427656 

04433804 

04439954 
04446107 

04452262 

04458420 

04464581 

04470744 
04476910 

04483078 

04489249 

04495422 

04501598 

04507777 

04513958 

04520141 

04526327 

04532516 

04538707 

04544901 

04551097 

04557296 

04563497 
04569701 


674 


T  A  B  t  B   0  ^ 


• 


Verf. 
fine 

1081 

1082 

1083 

1084 

1089 

10S6 

1087 

1088 

1089 

1090 

J091 

1092 

1093 

1094 

109^ 

1096 

1097 

1098 

1099 

iioo 

1 101 

iio2 

1103 

1104 
110^ 

1 106 

1 107 

1 108 

1 109 

IIIO 

nil 

1II2 
III3 
III4 
III5 
II16 
III7 
III8 
1119 
II20 
II2I 
1 1  22 
1123 
I  12^ 
I  [29 


Seg. 
area 

C45821 16 
04588327 
04594541 
04600758 
04606977 
04613198 
04619422 
04625649 
04631878 
04638109- 

04644343 
04650580 

04656819 

04663060 

04669304 

04675551 

0|68i8oo 
04688052 
04694306 
04700562 
04706821 
04713083 

047^9347 
04725613 

04731882 

04738154 

04744428 

04750704 

04756983 

0476326*; 

04769^48 

0477^835 

04782124 

04788415 

04794709 

04801005 

04807304 

04813605 

04819908 

04826215 

04832523 

04838834 

04845148 

04851464 

648,-7782 


Verf. 
fine 

26" 

28 
29 

30 

31 

32 

33 

34 

35: 
36 

37 

38 

39 
40 

41 

42 

43 

44 

45 
46 

47 
48 

49 
50 
S^ 
Si 
53 
54 
55 
56 

57 
58 

59 

60 

61 
62 

63 
64 

65 
66 

67 
68 

69 


Seg. 
area 

048O4103 
04870426 
04S76752 
04883080 
0488941 1 

04895744 
04902079 

04908417 

04914758 

0492 II 00 

04927446 

04933793 
04940 144 

04946496 

04952851 

04959209 

04965568 

04971931 

04978295 

04984663 

04991032 

04997404 

05003779 

05010155 

05016535 

05022916 

05029300 

05035687 

0^^042076 

05048467 

0505486; 

05061257 

05067655 

05074056 

05080459 

050S6865 

05093273 

05099684 

05106097 

05112512 

05118930 

05125350 

05131772 

05138197 

0514462-4 


Verf, 
fine 


1171 

05 

1172 

05 

"73 

05 

1174 

05 

"75 

1176 

05 

05 

1177 
U78. 

05 
05 

1179 
1180 

05 
05 

1181 

05 

1182 

05 

1183 
1184 
1185 
11S6 

05 
05 
05 
05 

1187 
1188 

05 
05 

1189 

OS 

1 190 

05 

1191 

05 

1192 

05 

1193 

05 

1 194 

05 

1195 
1196 

05 
05 

1197 
1198 

05 
05 

1 199 

05 

1200 

05 

1201 

05 

1202 

05 

1203 

05 

1204 

05 

1205 

05 

1206 

05 

1207 

1208 

05 
05 

1209 

05 

1210 

.o> 

I21I 

05 

1212 

OS 

1213 

05 

I2I4 

05 

I215 

05 

Seg. 
area 

151C54 
157486 

163920 

170357 

176796 

183237 
I 8968 I 

196127 

202576 

209027 

215480 

221936 

228394 

23485s 

;24i3«7 

247783 
254250 

260720 

267192 

273667 

'2  So  144 

:2  86623 
293105 
299589 
306075 
312564 

319055 

325548. 

332044 

338542 

345042 

351545 
358050 

364558 
371067 

377579 

384094 
390610 

397^50 
403651 

:41017s 
;4i67oi 

425*«9 
429760 


eiRCVtAk    SSOMBMTS* 


67i 


Verf. 

Seg. 

Verf. 

Seg. 

Verf. 

Seg. 

fine 

area 

fine 

area 

fine 

area 

1216 

05442828 

1 261 

05739292 

1306 

060403 I »- 
0604705^ 

I2I7 

05449366 

1262 

05745932 

1307 

1218 

05455906: 

1263 

05752575 

1308 

'  06053801 

1219 

05462448 

1264 

05759220 

1309 

06060546 

1220 

65468992 

1265 

05765867 

1310 

06067293 

1221 

09479939 

,1266 

05772516 

1311 

06074042 

1222 

05482088 

1267 

05779168 

1312 

06080793 

1223 

05488640 

1268 

05785822 

1313 

06087546,. 

1224 

05495194 

1269 

05792478 

13H 

06094302 

1229 

05501750 

1270 

05299136 
05805797 

1315 

06101060 

1226 

05508308 

1271 

1316 

06107820 

1227 

05514869 

1272 

05812460 

1317 

06114582 

1228 

05521432 

1273 

05819125 

1318 

06121347 

1229 

05527997 

1274 

05825792 

1319 

06128113 

1230 

05534965 

1275 

05832461 

1320 

06134882 

1231 

OS  54' 139 

1276 

05839^33 

1321 

'0614165J 

1232 

05547707 

1277 

05845807 

1322 

06148426 

1233' 

05554281 

1278 

05B52483 

1323 

06155201 

1234 

05560858 

1279 

05859162 

'324 

06161978 

1235 

05567437 

1280 

05865843 

1325 

06168758 

1236 

05574019 

1281 

05872525 

13Z6 

06175540 

1237 

05580602 

1282 

058792x1 

1327 

06182324 

1238 

05587188 

1283 

05885898 

1328 

C6189110 

1239 

05593776 

1284 

05892588 

1329 

06195898 

1240 

05600367 

1285 

05899279 

1330 

06202688 

1 241 

05606960 

1286 

05905973 

>33i 

06209481 

1242 

05613955 

jzSn 
1288 

05912670 

1332 

06216276 

»243 

05620152 

05919368 

1333 

06223073 

1244 

05626752 

1289 

05926069 

1334 

06229872 

*  1249 

05633353 

1290 

05932772 

1335 

'06236673 

1246 

05639958 

1291 

-05939477 

'336 

06243476 

1247 

05646564 

1292 

05946184 

1337 

06250282 

1248 

05653173. 

1293 

05952894 

1338 

06257090 

1249 

05659784 

1294 

05959605 

IJ39 

06263899 

1250 

05666397 

1295 

05966319 

1340 

06270711 

1251 

05673012 

1296 

05973035  • 

1341 

06277525 

12(2  • 

05679730 

J297 

05979754 

1342 

06284342  ' 

1253 

05686250 

1298 

05986474 

1343 

06291 160 

1254 

05692873 

1299 

05993197 

1344 

06297081 

1259 

05699497 

1300 

05999922 

1345 

06304803 

1256 

05706124 

130X 

06006649 

-1346 

06311628 

"^ 

09712753 

1302 

06013379 

1347 

06318455 

05719384 

1303 

060201 10 

1348 

06325284 

12J9 

05726018 

1304 

06026844 

1349 

06332116  1 

1260 

05-732654 

1305 

06033580 

1390 

o6^3Sj^4q  1 

X  X  a 


676 


TABLE      OP 


Verf.  \ 
fv  c 

3>3 
354 
395 
3$6 

3S7 

•358 

399 
360 

36! 
362 

363 
364 
36> 
.366 

367 
368 

369 
370 

371 
3^72 

373 
374 
375 
37^ 
377 
378 

379 
380 

381 
382 

383 

384 

385 
386 

387 
3S8 

389 
390 

39« 
392 
393 
394 
'30> 


Seg. 
arei 


0634578) 
06352622 
06350462 
06366304 
06373148 

0^379994 
06386843 

0^393^93 
06400546 

06407400 

06414257 

0642 1 1 16 

06427977 

06434840 

06441706 

06448573 

06455443 
06462314 

06469188 

06476064 

06482942 

06489822 

06496704 

06503589 

06510475 

06517364 

0^524254 

06531147 

06538042 

0^544939 
06551838 

065^8739 

06565642 

o65';2548 

06579455 
06586365 

06593276 

06600 I 90 

06607106 

06614024 

06620944 

06627866 

06634790 

06641716 

0*^648644  ( 


Verf. 

fine 


396 
397 
398 

399 
400 
401 
402 
403 
404 
405 
406 
407 
408 
409 
410 
411 
412 

4^3 
414 

416 

418 
419 
420 
421 
422 

423 
424 

r-s 

426 

427 
428 

429 

430 

43' 

432 

433 

431 

-13> 
436 

437  \ 
438 

439 
4.40 


Seg. 
arctl 


06655575 
06662507 
06O69442 
06676378 
06683317 
06690258 
06697201 
06704146 
0671 1093 
06718042 
06724993 
0673 194& 
06-38901 
06-45859 
06752818 
06759780 
06766743 
06773709 
06780676 
06787646 
06794618 
06801592 
06808567 
.06815545 
06822525 
06829507 
06836491 
06843478 
*o68 50466 
06857456 
06S64448 
06871443 
06878439 
06885437 
06892438 
06899440 
06906445 
06913451 
06920460 
06927470 

^^954483 
0694 I 498 

o6r?485i5 

06955533 
o')q62  5  54 


Verf. 
fine 


44 » 
442 

443 

444 

445 
446 

447 
448 

449 
450 

451 
452 

453 

454 

455 
456 

457 
458 

459 
460 

461 

462 

463 

464 

465 
466 

467 
468 

469 

470 

471 
4?2 

473 

474 

475 
476 

477 
478 

479 
4S0 

481 

482 

483 

484 

485 


Seg. 
area 


06969577 
06976602 
06983629 

06990657 
06997688 

0700472 I 
07011756 

07018793 
07025832 

07032873 
07039916 

07046961 

07054008 

07061057 

07068108 

07075162 

070P2217 

07089274 

07096333 

07103394 
07 1 10457 
07117522 
07124589 
07131659 

07138730 
07145803 

0715287S 

0715999J 
07167034 
07174115 
07181 198 
071S8284 
07195371 
07202460 
07209551 
07216644 
07223739 
07230836 

07237935 
07245036 

07252139 

07259244 

07266351 

07273460 

07280;-! 


i 
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Verf. 
line 

"486" 

487 
:483 
489 
490 
491 
492 

493 
404 

495 

496 

497 
498 

499 
500 

501 

502 

503 
504 

505 
506 

507. 

508 

>09 

J 10 

512 

5^3 
514 
S15 

S18 

919 
520 

524 

526 

527 
528 

529 
530 


Seg. 
area 


07287(^84 
07294798 
07301915 

07309034 
0731O195 

07323278 
07530402 

07337529 
07344658 

07351788 

0-358921 

07366056 

07373^92 
07380331 

O; 387471 

07394^13 
07401758 

O740S9O4 

07416052 

07423203 

07430355 
07437509 
07444665 

07451823 
07458983 
O746OJ45 

07473309 
07480475 

07487643 

0-494812 

0750^984 

07509158 

07516333 

07523511 

07  5  30690 
0-7537872 

07545055 
07552240 

07559427 
07566616 

07573808 

a758iooi 

07588195 

07595392 
07602591 


Verf. 

.Seg. 

fine 

area 

,  153* 

07''09792 

1532 

07616994 

1533 

07024199 

:  1534 

07631406 

i  '^'35 

0763'86i4 

1  153^^ 

07645824 

1537 

07653037 

1538 

97660251 

1539 

07667467 

1540 

07674685 

1541 

07681905 

1^2 

07689127 

1543 

0-696350 

1544 

07703576 

154s 

07710804 

1546 

07718033 

1547 

07725265 

1543 

07732498 

'549 

07739733 

1550 

0774^^970 

M51 

07754209 

1552 

07761450 

»5'^3 

07768693 

'554 

O/775938 

'5^5 

07783185 

1556 

07790433 

1557 

07797684 

1558 

07804936 

1559 

07812190 

1560 

07819446 

1561 

078267O4 

1562 

07833964 

i5^?3 

C7841226 

1564 

07848490 

1565 

07855756 

1566 

07863023 

1567 

07870292 

1568 

07877564 

1569 

07884837 

1570 

07892112 

157T 

07899389 

1572 

07906668 

1573 

079 ' 3949 

1574 

07921231 

1575 

079285*6 

Verf. 
fine 

7776" 

»5'77 
1578 

>579 
1580 

1581 

1582 

1583 
1584 

1585 

1586 

1587 

Is  88 


1589 
1590 
1591 

I5Q2 

1593 

>594 

1595 

1596 

1597 
1598 

^599 
1600 

1601 

1602 

1603 

1604 

1605 

1606 

1607 

i6o3 

1609 

1610 

1611 

1612 

1613 

1614 

161 5 

1616 

1617 
1618 

1619 

1620 


X  35  3 


Seg. 
area 

07^3^802 
07943090 
07950380 
07957672 
07964966 
07972262 
07979560 
079868^9 
0:994161 
08001464 
08008769 
08016076 
08023385 
08030696 
08038008 
0804,323 
08052639 
08059957 

08067277 
08074599 
08081923 
0H089248 
08096576 
08103905 
08111236 
08118569 
08125904 
08133241 
08146580 
08147920 
08155262 
08162607 
0816995J 
08177300 
08184650 
08192002 
08199355 

08206710 
08214067 
0^221426 
08228789 
08236150 
08243514 
08250880 

0<^2CS248j 
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TABLE      OF 


Verf. 

Seg. 

VerC 

Seg.   . 

Verf. 

Seg. 

fine 

area 

line 

area 

liDC 

area 

1621 

o826;6i8 

1666 

08599148 

,7,, 

08936:102 

i6zz 

08^72990 

1667 

,66& 

08606601, 

17,3 

0894383? 

1613 

08280364 

08614056 

1713 

o89S'36? 

1624 

0S287739 

166^ 

08621513 

17,4 

08958906 

1625 

0829^16 

1670 

08628972 

17.15 

08966444 

l6z6 

08 302 49 J 

08309876 
08317259 

i67. 

08636432 

1716 

08973983 
089&1525 
0S989068 

i6z8 

1672 
1673 

08658824 

171; 

,718 

16Z9 

08324644 

1674 

1719 

08996613 

1630 

08532030 

167  i 

08666292 

1720 

09004160 

1631 

08339418 

1676 

08673761 

,7^1 

09011709 

1632 

08346808 

1677 
1678 

08681232 

i7zi 

09019259 

,4 
^634 

08688705 

1723 

09026811 

0     14 

1679 

08696,80 

1724 

09034364 

163J 

0     19 

1680 

08703656 

.7^ 

09041920 

1636 

c    i^ 

168 1 

08711,34 

1726 

09049477 

167 
1633 

c            (6 

1682 

087,8614 

1727 

09057036 

c     J7 

.683 

o8-;26o96 

1728 

09064596 

1639 

0H398S90 

1684 

08733580 

1729 

•9072159 

1640 

08405994 

1685 

08-4,065 

1730 

0907971 J 

1641 

0841340' 

08420809 

1686 

08748552 

,731 

09087289 

164Z 

1687 

08756041 

1732 

09094856 

1643 

08428219 

1688 

08763532 

1733 

09102425 

1644 

08435631 

1689 

08771024 

1734 

09109996 

164s 

08443044 

1690 

08778518 

173! 

09117569 

1646 

08450460 

.69. 

08786014 

1735 

09125,43 

1647 

08457877 

1692 

087935,2 

1737 

•913=720 

1648 

08465296 

1693 

oSSojoji 

1738 

0914029B 

1649 

08+72717 

169+ 

088085,2 

1739 

09147877 

i6lo 

08480140 

1695 

088,6015 

1740 

09,55458 

t6$i 

08487564 

1696 

08823520 

1741 

09,63042 

l6j2 

08494991 

1697 

0883,027 

1742 

09170626 

16^3 

08502419 

1698 

08838535 

1743 

09178213 
09185801 

i6i4 

08509849 

1699 

08S46045 

1744 

[6;; 

08517281 

1700 

08853557 

174s 

09,93391 

1656 

o8s»47"4 

1701 

08861070 

1746 

09200983 

i6(7 
1658 

08532149 

1702 

0886858s 

1747 

09208576 

08539587 

1703 

08876103 

1748 

092,6171 

i6;9 

08547925 

1704 

0888362, 

1749 

091Z3768 

1660 

08554466 

1705 

0S89.14Z 

17JO 

0923.366 

1661 

08561909 

1 706 

08898664 

1751 

09238966 

1662 

08569353 

'-P7 

08906.88 

nsi 

09246508 

1663 

085-6799 

1708 

089137,4 

1753 

09IS4";1 

1664 

o?5  84247 

1709 
1710 

08921242 

I7I4 

09261777 

1665 

o8s9"6y7 

08928771 

I7^S 

09269384 

CIRCULAR  SEGMENTS. 
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Vcrf. 
fine 

756 

M 
758 

759 
760 

761 

762 

763 
764 

765 

766 

767 

765 
769 

770 

771 

772 

773 

774 

771; 
776 

777 
778 

779 
780 

781 
782 

783 
784 

789 
,786 

787 
788 

789 
790 

791 

792 

793 

794 

79? 
796 

797 
798 

799 
800 


Seg. 
area 


I  Verf. 
fine 


09276993 
09284603 
09292216 
09299829 

09307445 
09315062 

09322681 
09330302 

09337924 

09345 S48 

09353174 
09360802 

09568431 

09376062 

09383694 

09391328 

09398964 

09406602 

09414241 

0942-1882 

09429525 
09437^69 

09444815 

09452463 
094601 12 

09467764 

09475416 
09483071 
09490727 
09498385 
09506044 
09513705 
09521368 

09529033 
09 5 56699 

09544367 
09552036 

09559708  I 

09567381 

09575055 
09582731 

09590409 

09598089 

09605770 

09613453 


801 
802 
803 
804 
805 
806 
807 
808 
809 
810 
811 
S12 

813 

814 

815 
816 

817 

818 

819 
820 
821 

822 

823 
824 

825 
826 

827 
828 
829 
830 

831 

832 

833 

834 

835 
836 

837 
833 

839 
840 

841 

842 
843 
844 

845 


^m^-mm 


Seg. 

area 


0962 1 1 38 
09628824 
09636512 
09644201 
09651893 
09659585 
09667280 
09674976 
09682674 

09690374 
09698075 

09705778 
09713482 
09721188 
09728896 
09736606 

097443*7 
09752029 

09759744 
09767460 

09775178 
09782897 
09790618 
09798341 
09806065 

09813791 

0982 1 5 \9 
09829248 

09836979 

"098447 1 1 

09852445 

09860181 

09867919 

09875658 

09883398 
09891141 
0989S885 

09906630 

099*4377 
09922126 

099298.77 
09937629 

09945383 
09953*38 
09960895 


Verf. 
line 


846 

847 
848 

849 
850 

851 

852 

853 

854 

855 
856 

857 
858 

859 
860 

861 

862 

863. 

864 

865 

866 

867 
868 
869 
870 

871 
872 

873 

874 

875 
876 

877 
878 

IP 
880 

881 

882 

883 

884 

885 

886 

887 

888 

889 

800 


Seg. 

area 


-r^W" 


09968654 

09976414 

09984176 

09991939V 
09999704. 

000747 1 
0015240 
0023010 
0030781 

0038555 

0046330 

0054106 
0061884 
0069664 

0077445 

0085228 
00930J2 
0100799 

0108586 

OII6376 
0124167 

OI3I959 
0139754 
0147549 

0155347 

0163146 

0170947 
0178749 

0186553 

0194358 

0202165 
0209974 
0217784 
0225596 

0233409 

0241224 
0249041 
0256859 
0264679 
0272500 
0280323 
0288148 

0295974 , 

0303802 " 
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TABLE      OF 


Verf. 

Seg. 

Verf. 

Seg. 

Verf. 

Seg. 

9 

fine 

area 

fine 

aiea  , 

fine 

area 

1891 

10319462 

1936 

10673487 

1981 

11030652 

1892 

1032729s 

1937 
1938 

1068 I 390 

1982 

11038624 

1893 

10335 1 29 

10689295 

1983 

I 1046598 

1894 

10342965 

'939 

10697201 

1984 

ii054573r 

■ 

189s 

16350802 

194c 

10705109 

1985 

1 1062550 

1896 

10358641 

1941 

10713018 

1986 

11070528 

1897 

10366481 

1942 

10720929 

1987 

11Q78507 

1898 

10374324 

1943 

10728842 

1988 

110864S9 

1899 

10J82167 

1944 

10736756 

1989 

1 109447 1 

I 

1900 

10390013 

194? 

10744671 

1990 

1 1 102456 

1 

I()(Sl 

10397859 

1946 

10752588 

1991 

II 110441 

•          r 

1902 

10405708 

1947 

10760507 

1992 

11118429 

^9^3 

10413558 

1948 

10768427 

1993 

11126417 

1904 

1042 1409 

1949 

10776349 

1994 

11134407 

1905 

10429262 

1950 

10784272 

1999 

II 142399 

1906 

10437117 

1951 

10792197 

1996 

11150392 

1907 

10444973 

1952 

10800123 

»997 

1115B387 

r  908 

10452831 

1953 

10808051 

1998 

11166383 

1909 

I 046069 I 

19)4 

10815980 

1999 

11174381 

. 

1910 

10468552 

195^ 

10823911 

2000 

11182350 

1911 

1 04764 1 4 

1956 

10831844 

2001 

11190381 

• 

1912 

fo484278 

1957 

10839778 

2002 

II 198383 

1913 

10492144 

1958 

1  10847713 

2003 

11206387 

1914 

10500011 

1559 

,  10855650 

2004 

11214392 

191s 

10507880 

19''0 

10863589 

2005 

1 1222399 

1916 

10515751 

1961 

10871529 

2006 

11230407 

■ 

1917 

10523623 

1962 

10879471 

2007 

11238417 

r 

1918 

10531496 

1963 

10887414 

2008 

1 1 246428 

1919 

10939371 

1964 

10895359 

20C9 

11254441 

'  1920 

10547248 

1965 

10903305 

2010 

1126245) 

1921 

10555126 

T966 

10911253 

201 1 

11270471 

1922 

10563006 

1967 

T 09 I 9202 

20U 

ii2'78488 

. 

1923 

10570887 

1968 

10927153 

2013 

I 1286507 

1924 

10578770 

1969 

10935105. 

2014 

11294527 

^                      I 

iqz^ 

10586655 

1970 

'IO943059 

2015 

11302549 

1926 

iov94S4» 

1971 

IO95IOI4 

2016 

11310572 

1927 

10602428 

•1972 

10958971 

aoi7 

11318597 

1 

,1928 

10610318 

^9"? 

10966930 

2018 

11326623 

1929 

10618208 

1974 

10974890 

2019 

1 1 334650 

1930 

10626101 

1975 

10982851 

2020 

11342679 

^931 

10633994 

1976 

169908x4 

2021 

11350710 

1932 

10641 8 QO 

1977 

10998779 

2022 

1 1358742 

1933 

10649787 

1978 

11006745 

2023 

11366776 

'934 

10657*^85 

1979 

IIOI47I3 

i024 

11374811 

•  J 

193? 

10665585 

1980 

11022682 

2025 

11382847 

•4 

•A  1 

• 

^  ' 

w 

1 

CIRCt7LAR     SEGMENTS. 
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Verf. 
line 

2026 
2027 
2028 
2029 
2030 
4031 
2032 
2033 

^034 

2035 
2036 

20J7 

2238 

■2039 

2040 
2041 
2042 

2043 
2044 
2045 

2046 

2047 

2048 

2649 

2050 
2051 
2052 

2093 
2054 

loss 
2056 
2097 
2058 
2099 
2060 
2061 
2062 
2063 
2064 
2065 
2066 
2067 
2068 
2069 

20-0 


Seg. 
area 


Verf. 
fine 


11390^^85 

1139892s 
1 1 406966 
11415008 
1 1423092 
11431097 

«H39>44 

11447193 

11459242 
1 1463294 

1147 1 346 
11479401 
11487456 
I 14995 14 
11503572 
11511632 
11,519694 
11527757 
11535821 

11543887  I 

11551955 

1 1 560024 

1 1 568094 

11576166 

1 1584239 

11592314 

11600390 

11608468 

Ii6i6>47 

11624628 

11632710 

1 1640793 

11648878 

1 1656965 

11665053 

11673142 

Ii68i233 

1 1689325 

11697419 

11705514 

11713610 

11721708 

1 1 729808 

11737909 

11746011 


2071 
2072 
2073 
2074 
2075 
2076 
2077 

2078 
2079 
2080 
2081 
2082 
2o8j 
2084 

2085 
2086 

2087 

2088 

2089 
2090 
2091 
2092 

2093 
7094 
2095 

2096 
2097 
2098 
2099 

2100 

2IOI 
2102 
2103 
2104 
2fo5 

2106 

2107 

2108 

2109 
2110 

2II1 
2112 
2113 
2114 
2115 


Seg. 
area 


11754115 
1I762220 
11770327 
11778435 
11786545 
11794656 
11802768 
11810882 
11818998 
11827114 

11^35233 
11843352 

11851474 

J 1859596 

11867720 

11875846 

11883972 

11892101 

11900230 

11908362 

1 1916494 

11924628 

11932764 

11940901 

11949039 

11957179 

11965320 

1197346?. 

II 98 1606 

119^9752 

11997899 

12006047 

12014197 

12022348 

12030501 

12038655 

12046810 . 

12654967 

12063125 

12071285 

12079446 

12087608 

12095772 

12103938 

^2112104 


Verf. 

fine 


2116 

2117 

2flS 

2119 

2120 

2I2X 

2122 

3^123' 

2124 

2125 

2126 

2127 

2128 

2129 

2130 
2I3I 

2132 

2133 

2134 

2135 
2136 

2137 
2138 

2139 
2140 

214.1 

■ 

2142 

2143 
2144 

2145 

2146 
2147 
2148 
2149 
2150 
2151 
2152 

2155 
2154 

2155 

2156 

2152 

2158 

2159  , 

2160  I 


area 


2120272 
2128442 
2136613 
21^4785 
2152959 
2161134 
2169311 
I774«9 
2185668 
2193849 
[2202031 

[2210215 
2218400 
2226587 

2234774 
[2242964 

[225II54 
2259346 
2267540 
2275735 
2283931 
2292129 
2300328 

[2308528 
2316730 

2324933 

2333138 
[2341344 

2349551 
2357760 

2365970 

2374182 

2382395 

2390609 

[2398825 
2407042 

[2415261 
2423481 
2431702 

2439924 
2448149 

2456374 
2464601 

12472829 

2481059 


iiz 


TABLE     or 


Verf. 

Seg. 

Verf. 

Scg. 

Verf. 

Scg, 

1 

• 

fine 

area 

fiae 

area 

fine 

area 

. 

2161 

1 2489290 

2206 

12861101 

2251 

13235641 

2i6i 

12497522 

2207 

12869394 

2252 

13243994 

2163 

12505756 

2208 

12877689 

2253 

13252349 

' 

2164 

12513991 

2209 

12885986 

2254 

13260705 

*i65 

12522227 

2210 

12894283 

2255 

13269063 

> 

2166 

12530465 

2211 

• 

1 2902 583 

2256 

132.77422 

2167 

12538704 

2212 

1 2910883 

2257 

13285782 

2168 

12546945 

2213. 

12919185 

2258 

13294143  = 

2169 

12555187 

2214 

12927488 

2259 

13302506 

^170 

12563430 

2215 

12935792 

2260 

13310870 

/ 

2171 

12571675 

2216 

12944098 

2261 

13319236 

2172 

12579921 

2217 

12952405 

2262 

13327603 

# 

2173 

12588169 

2218 

12960714 

2263 

13335971 

' 

2174 

12596418 

2219 

129690^4 

2264 

13344340 

. 

217J 

12604668 

2220 

'2977335 

2265 

13352711 

2176 

12612919 

2221 

12985647 

2266 

I 3 36 1083 

2177 

12621172 

2222 

12993961 

2267 

13369456 

2178 

12629427 

2223 

13002276 

2268 

13377831 

21-79 

12637682 

2224 

130105.93 

2269 

13386206- 

• 

2180 

12645939 

2225 

1301,8911 

2270 

13394584 

• 

2181 

12654198 

2226 

13027230 

2271 

13402962 

2182 

12662458 

2227 

^3035550 

2272 

13411342 

.2183 

12670719 

2228 

X3043872 

2273 

I34»9723 

2184 

12678981 

2229 

13052195 

2274 

13428 105 

2185 

12687245 

2230 

13060520 

2275 

13436489 

2186 

12695511 

2231 

13068846 

^276 

13444874 

^ 

2187 

12703777 

2232 

13077173 

2277 

13453260 

1 

2188 



12712045 

2233 

13085501 

2278 

13461648 

2189 

12720314 

2234 

13093831 

2279 

13470037 

^ 

t 

2190 

12728585 

2235 

13102162 

2280 

13478427 
I 3486819 

2191 

12736857 

2236' 

131 10495 

2281 

. 

2192 

12745131 

2237 

X3118828 

2282 

13495212 

1 

2193 

12753405 

2238 

13127164 

2283 

13503606 

1 

2194 

12761682 

2239 

13135500 

2284 

13512.001 

2195 

12760959 

2240 

i3i43838 

2285 

13520398 

2196 

12778238 

2241 

13152177 

2286 

13528796 

• 

' 

2197 

12786518 

2242 

13160517 

2287 

1353719s 

2198 

12794800 

2243 

I3i68&59r 

2288 

2289 

13545595 

1 

■ 
I 

^ 

2199 

12803082 

2244 

13177202 
13185546: 

13553997 

P 

1 

2200 

12811367 

2245 

'  «290 

13562400 

1 
■ 

2201 

12819652 

2246 

13 193892 

2291 

13570805 

1 

2202 

12827939 

2247 

13202239 

2292 

13579211 

> 

^ 

2203 

12836228 

224B 

13210588 

2293 

13587618 

I 
■ 

■ 

2204 

12844517 

2249 

13218937 

2294 

13596026 
« 3604435 

t 

1 

zzof; 

12852808 

2250 

13227288 

2295 

• 

■fc 

• 

k« 

CIRCULAR    SEGMENTS. 


683 


Verf. 
fine 


Seg. 
area 


■  »- 


2296 
2297 
2298 
2299 
2300 
2301 
2302 

2303 

2304 
2305 

2jo6 

2307 

2308 

2309 

2310 
23II 
2312 

2313 

2314 
2315 

2316 

2317 

2318 

2319 

2320 

2321 

2322 

2323 
2324 
2325 

^326 
2327 

2328 
2329 

2330 
2331 

2332 

2333 
2334 
2335 

2336 

2337 

2338 

2339 
2340 


3612846 
36212^9 
3629672 

3638087 
3646503 
3654920 

3663339 
3671758 

3680180 

3688602 
3697026 

3705451 

3713877 
3722304 

3730733 
3739163 

3747595 
13756027 

3764461 

3772896 

3781333 

3789771 
3798210 

3806650 

381 5091 

^3823534 
3831978 

3840424 

13848870 

38573*8 
3865767 
3874218 
3882669 
3891123 

3899577 
3908032 

3916489 

3924947 
3933406 
3941867 
3950328 
3958791 
3967256 

397'572i 
3984188 


Verf. 
fine 


2341 
2342 

^343 
2344 

2345 
2346 

2347 
2348 

2349 
2350 

2351 
2352 
2353 
2354 

2355 
2356 

2357 
2358 

2359 
2360 

2361 

2362 

2363 

2364 

2365 

2366 

2367 

^368 

2369 

2370 

2371 
2372 

2373 

2374 

2375 
2376 

2377 
2378 

2379 
2380 

2381 

2382 

2383 
2384 
2385  I 


Seg,^ 
area 


3992656 
4001126 
4009596 
4018068 
4026541 
4035015 
4043491 
4051968 
4060446 
4068925 
4077406 
4085888 

409437^ 
4102855 

4II1341 

41 19828 

4ie83i6 

4136805 

4145296 

4153787 
4162281 

4170775 
4179270 

4187767 
4^96265 
4204764 
421^265 
4221767 
4230270 
4238774 
4247279 
4255786 
4264294 
4272803 
4281314 
4289825 

4298338 
4306852 
4315368 

4323884 
4332402 
434092 1 

434944 « 

4357963 
4366485 


Verf. 
fine 


2386 
2387 
2388 
2389 
2390 
2391 
2392 

2393 
2394 

2395 
2396 

2^397 
2398 

2399 

2400 

2401 

2402 

2403 

2404 
2405 

2406 

2407 

2408 

2409 

2410 

2411 

2412 

2413 

2414 

24*5 
2416 

2417 
241S 

2419 
2420 

24^1 

2422 

2423 
2424 

2425 

2426 

2427 

2428 

2429 
2430 


Seg. 
area  - 

14375009 

14383535 
[4392061 

[4400589 

14409117 

[4417647 

[4426179 

^4434711 

'4443245 
[4451780 

[4460316 

[4468854 

^4477392 
[4485932 

^4494473 
[4503015 

[4511559 

[4520103 

14528649 

[4537197 

^4545745 

[4554294 
[4562845 

^457*397 
[4579950 
[4588505 

[4597060 
[4605617 
[4614175 
[4622735 
[4631295 
[4639857 
[4648419 
[4656984 
[4665549 

[4674115 
[4682683 

[4691252 

[4699822 

[4708393 

[4716966 

[4725540 

14734114 
[4742691 

[4751268 


€84 


T  A  B  t  e      OP 


Vcrf. 

Scg. 

Verf. 

Scg. 

Verf. 

Seg.  - 

fine 

area 

fine 

area 

fine 

area 

2431 

14750B46 
14768426 

2476 

1 5 147 109 

2521 

15536740 

2432 

2477 

15155742 

2522 

'5545425 

•2433 

14777007 

2478 

I 5 164376 

2523 

15554111 

2434 

14785589' 

2479 

15173011 

2524 

15562798 

2435 

14794x72 

2480 

1 5 181648 

252^ 

15571487 

2436 

14802757 

2481 

15190285 

2526 

15580176 

2457 

1481 1342 

2482 

15198924 

2J27 

1558S867 

2438 

14819929 

2483 

15207564 

2528 

'5597559 

2439 

14828517 

2484 

15216205 

2529 

15606252 

2440 

14S37107 

2485 

15224848 

2530 

15614946 

2441 

14845697 

2486 

15233491 

2531 

'5623641 

2442 

14854289 

2487 

15242136 

2532 

'5632337 

2443 

14862882 

2488 

15250781 

2533 

15641035 

2444 

I487i47> 

2489 

15250428 

15268077 

2534 

'5649733 

2445 

1 488007 1 

2490 

2535 

15658433 

2446 

14888667 

2491 

15276726 

2536 

1 56671 34 

2447 

14897265 

2492 

J5285376 

2537 

15675836 

2448 

14905864 

2493 

15294028 

2538 

15684539 

2449 

1 4914464 

2494 

15302681 

2539 

15693243 

2450 

14923065 

^495 

15311334 

2540 

,15701949 

2451 

1493 1667 

2496 

15319989 

2541 

15710655 

2452 

14940271 

2497 

1 5328646 

2542 

'5719563 

2453 

14948875 
14957481 

2498 

'5337303 

2543 

15728071 

2454 

2499 

'5345961 

«544 

15736781 

24S5 

14966088 

2500 

1 53 5462 1 

2545 

'5745492 

24s6 

14974696 

2501 

15363282 

2546 

15754205 

24S7 

14983306 

2502 

15371944 

2547 

15762918 

,  24S8 

14991917 

2503 

15380607 

2548 

15771632 

2459 

15000528 

2504 

1 5389271 

2549 

15780348 

2460 

15009141 

2505 

'5397937 

2550 

15789064 

2461 

15017755 

2506 

15406603 

2551 

15797782 

2462 

15026371 

2507 

'5415271 

2552 

158065C1 

2463 

15034987 

2508 

15423940 

2553 

15815221 

2464 

15043605 

2509 

15432610 

^554 

15823942 

246^ 

15052224 

2510 

15441281 

2555 

15832665 

2466 

150608-14 

2511 

'5440954 
15458627 

2556 

15841388 

2467 

1506946,- 

2512 

2557 

158501J3 

2468 

15078088 

2513 

15467302 

2558 

15858838 

2469 

1^086711 

2514 

'5475978 

2559 

15867565 

2470 

•I  5099336 

2515 

'5484655 

2^60 

158-6293 

2471 

1 5 103962 

2516 

'5493333 

2561 

1588502* 

2472 

15112589 

2517 

I5502012 

2562 

15893752 

2473 

15121217 

2518 

1 55 16692 

2563 

15902483 

2474 

1512984' 

2519 

'55'Q374 

2564 

I59"2i5 

,  ^479 

15138477 

2520 

15528056 

2565 

'59'994t9 

CIRCULAR    SEGMENTS. 


68^ 


Vcrf. 

Seg. 

v«r. 

a=g. 

Verf. 

■   Seg. 

fine 

fine 

fine 

i;66 

15928684 

2611 

16322884 

.1^719287 

2S67 

15937419 

2612 

16331669 

16728121 

.j68 

15946157 

26.3 

16340456 

16736956 

2^69 

159H894 

2614 

16349243 , 

16745791 

2570 

i!9^3633 

26.5 

16358032 

16754628 

2j7I 

1597^373 

2616 

16366821 

16763466 

ZSI^ 

iS98ni4 

2617 

16375612 

16772305 

2S-?3 

I!  9898  ,-6 

2618 

16384404 

16781.4s 

2J74 

15998630 

2619 

16393196 

16789986 

2!7S 

16007345 

1620 

16401990 
1641078; 

16798828 

2(76 

16016091 

2621 

16807671 

2S77 

16024837 

2622 

16419581 

16816515 

2578 

16033481 

•6.3 

16428379 

16825560 

2579 

16042334 

2624 

"6437177 

16834207 

E580 

16051084 

2625 

16445976 

16843054 

zjS, 

160598^6 

2626 

'6454777 

1 68  V 1 902 

^jSz 

16.68588 

2627 

16463578 

.6860752 

^>«3 

16077341 

2628 

1647.38, 

1 6869602 

2584 

16086095 

2629 

16481184 

16878454 

2j8s 

160948 i2 

2630 

16489989 

16881306 

2586 

16103608 

Z63I 

1649879s 

16896160 

25S7 

16112366 

2632 

16507602 

16905015 

2;88 

161ZI125 

2633 

.65,64.0 

1691387Q 

;s8g 

16129885 

2634 

16525219 

16922727 

2J90 

16138646 

Z635 

16534019 

1693158s 

2S91 

16147409 

2636 

16542840 

16940444 

2591 

16156172 

2637 

16551652 

16949304 

2!93 

16164937, 

2638 

16560465 

16958165 

^594 

16173702 

2639 

16569280 

16967027 

^59! 

16181469 

1640 

16578095 

I6s§69i2 

t697s89'> 

2596 

16191237 

264. 

16984754 

2i97 

16200005 

2642 

16595719 

169936.9 

asyH 

16208775 

2643 

16604548 

17002485 

^S99 

16217546 

2644 

16613368 

1701135a 

2600 

16226319 

«64S 

16622188 

17020221 

zC-ci 

16235092 

2646 

16631010 

17029090 

i602 

16243866 

2647 

■6639833 
16648657 

17037960 

2603 

i625;64i 

2648 

,7046832 

Z604 

16261418 

2'>49 

r 66 57482 

17055704. 
17064578 

z6o; 

16270196 

2650 

16666308 

26p'> 

16278974 

2651 

.6675136 

1 -•07  3452 

?607 

16287754 

2651 

1668396+ 

17082328 

2608 

16296535 

1653 

16692793 

17091204 

2609 

16J05317 

2654 

16701624 

17100081 

2610 

16314100 

z-Si^ 

167104J5 

17108961 

<{I6 


A      TABLE.     OP 


Vcrf. 

Scg. 

Verf. 

Scg. 

Vcrf. 

Scg. 

fine 

area 

fine 

• 

area 

fine 

area 

2701 

17I17840 

2746 

17518490 

2791- 

17921186 

2702 

17 12672 1 

2747 

17527417 

2792 

17930157 

2703 

. 17 1 35603 

2748 

^7 5 3634? 

2793 

17939130 

2704 

I 7 144486 

2749 

17545274 

2794 

17948104 

2705 

17153370 

2750 

17554203 

2795 

17957079 

2706 

17162254' 

2751 

17563134 

2796 

17966054 

2707 

17171140 

2752 

17572066 

2797 
2798 

17975030 

2708 

17 1 80027 

2753 

17580999 

17984608 

2709 

17188915 

2754 

17589933 

2799 

17992986 

2710 

17197804 

2755 

17598867 

2800 

18001966 

2711 

17206694 

2756 

17607803 

2801 

18010946 

2712 

17215585 

2757 

17616740 

2802 

18019928 
18028910 

2713 

17224477 

2758 

17625678 

2803 

2714 

17233371 

2759 

17634617 

2804 

18037894 

27l>' 

17242265 

2760 

17643556 

2805 

18046878 

2716 

17251160 

2761 

17652497 

2806 

18055863 

2717 

17260056 

2762 

17661439 

2807 

18064850 

2718 

17268953 

2763 

17670382 

2808 

18073837 

2719 

17277852 

2764 

17679326 

2809 

18082825 

■ 

2720 

17286751 

2765 

17688271 

2810 

18091815 

2721 

17295651 

2766 

17697217 

2811 

18100805 

2722 

17304553 

2767 

17706163 

2812 

18109796 

• 

2723 

I73I34S5 

2768 

17715111 

2813 

18118788 

■ 

2724 

17322358 

2769 

17724060 

2814 

18127781 

2725 

17331263 

2770 

17733010 

2815 

18136775 

2726 

17340168 

2771 

17741961. 

2816 

18145771 

2727 

17349075 
17357982 

2772 

17750913 

2817 

18154767 

2728 

2773 

17759865 

2818 

18163764 

2729 

I 7 36689 I 

2774 

17768819 

2819 

18172762 

i 

2730 

17375800 

277s 

17777774 

2820 

18181761 

I 

2731 

17384711 

2776 

17786730 

2821 

181 90*761      1 

2732 

17393622 

2777 

17795687 

2822 

18199762      1 

2733 

17402535 

2778 

17804644 

2823 

18208763      1 

2734 

1741 1448 

2779 

1 78 1 3603 

2824 

18217766 

^mm 

2735 

17420363 

2780 

17822563 

2825 

18226770 

1 

2736 

17429278 

2781 

17831524^ 

2826 

18235775 

f 

.  2737 

1743S195 

2782 

17840486 

2827 

1824478Z 

1 

2738 

17447113 

2783 

1 7849448 

2828 

18253787 

1 

2739 

17456031 

2784 

i';8584i2 

2829 

i8262';95 

1 

2740 

17464951 

2785 

17867377 

2830 

18271804 
18280813 

1 

2741 

174738?* 

2786 

17876342 

2831 

1; 

2742 

17482793 

2787 

17885309 

2832 

18289824 

1 

2743 

1749*716 

2788 

17894277 

2833 

18298835 

1: 

2744 

17500640 

2789 

17903245 

2834 

18307848 

1 

2745 

17509565 

2790 

17912215 

2835 

18316861 

1 

CIRCITLAR   SEGMEICTS. 


W/ 


Vcrf. 
fine  • 

2836 
2837 
2838 
2839 
2840 
2841 
2842 
2843 
2844 
^2845: 
2846 
2847 
2848 
2849 
28^0 
28p 
2852 
2893 
2854 
28^5 
28^6 
2857 
2858 
2859 
2860 
2861 
2862 
2863 
2864 
2865 
2866 

2867 
2868 

2869 
2870 
2871 
2872 
2873 
2874 

2875 
2876 
2877 
2878 
2879 
2880 


Scg. 
area 


.8325876 
18334891 

^8343907 
[8352925 

18361943 

18370962 

18379982 

183B9004 

18398026 

'8407049 

84160"- 


1842^ 
84341 


J073 
;5098 

^J4i24 
8443150 

8452178 

8461207 

8470237 

8479267 

8488299 

8497332 
8506365 

8515400 

852443s 

8533471 
8542509 

85S1547 
8560586 

8569626 

8578667 

8587709 

18596752 
[8605796 
L8614841 
8623887 
8632934 
864 I 98 I 
865 1030 
8660080 
.8669130 
8678182 
8687234 
8696287 
8705342 

8714397 
872^4C^ 


Vcrf. 
fine 


2881 
2882 
2883 
2884 
2885 
2886 
2887 
2S88 
2889 
2890 
2891 
2892 

2893 

2894 
2895 
2896 

2897 
289B 
2899 
2900 
2901 
2902 
2903 
2904 

2905 
2906 

2907 
2908 
2909 
2910 
291 1 
-2912 

2913 
2914 

2915 

2916 

2917 

2918 

2919 

2920 

292I 

2922 

2923 
2934 

12^ 


Scg. 
area. 


8732510 
8741568 
8750627 
8759687 
8768748 
8777810 
8786872 

8795936 
880500J 

8814066 

8823132 

8832200 

8841268 

8850337 
8859407 

8868479 

887755^ 
8886623 

8895697 

8904772 

8913848 

8922924 

8932002 ' 

8941080 

8950160 

8959240 

8968321 

8977404 
8986487 

8995571 
9004656 

9013741 

9022828 

9031916 

9041005 

9050094 

9059184 

9068276 

9077368 

9086461 

9^95555 
9104650 

9113746 

9122843 


Verf. 
fine 


2926 
2927 
2928 
2929 
2930 

293' 
2932 

2933 

2934 

2935 
2936 

2937 
2938 

2939 
2940 

2941 

2942 
2943 
2944 

2945 
2946 

294 
294 

2949 

2950 

2951 

2952 

2953 
2954 

2955 
2956 

2957 
2958 

29>9 
2960 

2961 
2962 

2963 
2964 

2965 

2966 

2967 

2968 

2969 

29':o  I 


Scg. 
area. 


■ 


[9141040 
[9150139 
[9159240 
[9168341 

9^7443 
[9186547 

[9195651 

[9204756 

[9213862 

19222969 

[9232076 

[9241185 

[9250295 

[9259405 

[9268517 

[9277629 

19286742 

9295856 

[9304971 

9314087 
19323204 

^9332321 

9341440 
[9350560 

^9359680 

[9368801 

9377924 
19387047 

19396171 

9405296 

[941442 1 

9423548 
[9432676 

[9441804 

^ 945093 3 
[9460064 

[9469195 

[9478327 

[9487460 

[9496594 

[9505728 

L95 14864 

[9524001 

19533138 


68d 


A     t  A 


6  B  k    0  ^ 


Verf. 

'  Seg. 

Verf. 

Seg. 

Verf. 

Seg. 

fine 

area 

1 

fine 

area 

fine 

area 

2971 

I955i4i5  1 

3016 

199^,^3589 

306 1 

203-7514 

2972 

19560556  ; 

3017 

19972769 

3062 

20386732 

2973 

19569696  1 

3018 

19981949 

3063 

20395951 

2974 

19578838 

3019 

19991130 

3^64 

20405170 

2975 

19587981 

3020 

20000313 

3065 

20414391 

2976 

19597125 

3021 

20009495 

•  30'^^6 

20423612 

2977 

19606269 

3022 

20018679 

3067 

20432834 

2978 

1961 541 5 

30^3 

20027864 

3068 

20442057 

2979 

19624561 

3024 

20037049 

3069 

20451281 

2980 

19633708 

3025 

20046236 

3070 

20460505 

298 1 

19642856 

3026 

20055423 

3071 

20469731 

2982 

19652005 

3027 

200646 I I 

3072 

20478957 

2983 

19661155 

3028 

20073800 

3073 

20488184 

2984 

19679305 

3029 

20082990 

3074 

2049-41 2 

2985 

19679497 

3030 

20092181 

3075 

20506641 

2986 

19688609 

3^31 

20101372 

3076 

20515870 

2987 

19697763 

3032 

20110565 

3077 

20525101 

2988 

19706917 

3033 

20119758 

3078 

20534332 

2989 

19716072 

3034 

20128952 

3079 

20543564 

2990 

19725228 

3035 

20138147 

3080 

205^2797 

2991 

19734385 

3036 

20147343 

3081 

20562031 

2992 

19743542 

3037 

20156539 

3082 

20571265 

■ 

2993 

19752701 

3038 

20165737 

3083 

20580501 

» 

2994 

19961861 

3039 

201^4935 
20184134 

3084 

20589737 

■ 

299^ 

19771021 

3040 

3^!l 

20598974 

2996 

19780182 

3041 

20193335 

3006 

20608212 

2997 

19789344 

3042 

20202535 

^""ll 

20617451 

2998 

19798507 

3043 

20211737 

3088 

20626690 

1 

2999 

19807671 

3044 

20220940 

3089 

20635930 

1 

30o# 

198 16836 

3'^45 

20230143 

3090 

20645172 

1 

3001 

i98i6ooi 

3046 

20239348 

3091 

20654414 

■ 

3002 

19835168 

3^47 

20248553 

3092 

20663657 

Hi 

3003 

19844335 

3048 

20257759 

3^93 

20672900 
20682145 

H  f 

3«04 

19853S03 

3049 

20266966 

3094 

1' 

3005 

19862672 

3050 

^20276173 

3095 

2069 1 3gp 

1 

3006 

19871842 

305" 

20285382 

3096 

2O700636 

f 

3007 

19881013 

3052 

20294591 

3097 

20709883 

m 

3008 

. 19890185 

3053 

20303802 

3098 

20719I3I 
20728380 

I 

3009 

19899357 

3054 

203 1 301 3 

3099 

I 

3010 

19908531 

305? 

20322225 

3100 

20737629 

I 

3011 

19917705 

3056 

20331438  ^ 

3101 

20746879 

^H 

3012 

19926880 

3057 

20340651 

3102 

20756131 

1 

3013 

19936056 

3058 

20349866 

3103 

20765382 

1 

3014 

19945233 

3059 

203590S1 

3104 

20774625 

1 

1  30IJ 

T9954411 

3060 

20368297 

3105 

20783889 

^1 

tlRCVLAlEt     SBOMEMt|« 


689 


Verf. 
fine 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


0$ 
07 
08 
09 
o 


3 
4 

6 

7 
8 

9 
o 

21 

22 

23 

24 

2? 
26 

^7 
28 
29 

30 
31 

3« 
33  J 

34 

36 

37 

38 

39 
40 

4« 
42 

43 
44 

45 

46 


area 


I  Verf. 
fine 


^0793  H3 
20802398 

2081 1654 

2082091 I 

jto830i69 

20839427 

20848687  I 

20857947 

20867208 

20876469 

20885732 

20894995 

20904259 

20913524 

20922790 

20932057 

20941324 

20950592 

20959861 

2096913 I 

20978402 

20987073 

26996946 

2 10062 I 9 

21015493 

21024767 

21034043 

21043319 

21052596 

21601874 

2107115J 

21080432 
21080713 
21 098 994 
2 1 108276 
21117558 
21I26842 
21136126 
21145411 
21154697 
2 1 163984 
21173272 
21182560 
2 I 19 1849 
2 1 201 1 39 


3'5i 
3152 

3153 
3*54 
VSS 
3156 

3157 
3158 

3»J9 
3160 

3161 

3162 

3163 

3^64 
3165 

3166 

3168 
3169 
3170 

3^71 
3172 

3173 

3174 

.3175 
3176 

3^77 
3178 

3179 
3180 

3181 

3182 

3183 

3x84 

3185 
3186 

3187 
3188 

3189 
319^ 

3191 
3192 

3«93 
3^94 
3»95 


Seg. 
area 


2 
2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 


VerH 

fme  ' 


S^ 


210430 
219721 
229013 
238307 
247600 
256895 
266191 

275487 
284784 

294082 

303980 

312680 

321380 

3312B1 

340583 
349886 

359189 

368493 

377798 

387  ro4 
396410 

405718 j 

415026 

424335 

433644 

442955 
452266  ] 

461578 

470891 

480205 

489519 

498834 
508150 

517467 

526784 

536103 

545422 

564062 

573384 
582706 

592029 

601552 

610677 

620002 


Yy 


3196 

3197 
5198 

3199 

3200 

3201 
3202 
3203 
3204 
3205 
3206 
3207 
3208 
3209 
3210 

3211 
3212 
3213 

3214 

3«i5 
3216 

3217 
3218 

3219 
3220 

3221 
3222 

3223 
3224 

3225 
3226 

3227 
3228 

3229 
3230 

3231 
5232 

3233 

3234 

3235 
3236 

3237 

3238 

3239 
3240 


vfm 


62932^ 
638655 

647983 

6573" 
666640 

675970 

6S530t 

694632 

703964 

713297 

722631 

731966 

741 30 1 

750637 

759974 
76931 1 

7  7  86  CO 

787989 

797329 
806669 

8 1601 1 

825353 
834696 

844040 

853384 
862729 

872076 

88^22 

890770 
9001 18 

909467 

9I88I7 

928168 
937519 

946871 
956224 

965577 

974932 
984287 

993643 

22002999 
22012357 
22021715 
22031074 


2 
2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 


690 


sj 


TABLE   OF 


Vcrf. 

fine 


3M» 

3242 

3243 

3244 

3245 

324^ 

3247 
3548 

3249 
3250 

32SI 
3252 

3253 
3254 

3255 
3256 

3257 
3258 

3259 

3260 

3261 
3262 
3263 
3264 
3265 
3266 
3267 
3268 
3269 
3270 
3271 

3272 

3273 

3274 

3275 

3*76 

3277 
3278 

3279 

3280 

3181 

3282 

3283 
3284 

-32§5r 


Seg. 

area 


22049794 

22059155 
22068517 

22077879 

22087243 

22096607 

22105972 

22115337 
22124704 

22134071 
22143439 
22152807 
2,2162177 
221 7 1 547 
22180918 
22190289 
22199661 
2220Q035 
22218408 
22227783 
22237158 
22246534 
2225591,1 
22265289 
22274667 
22284046 
22293426 
22302806 
22312187 
22321569 
22330952 
22340336 
22349720 
22359105 
2^368490 
22377877 
22387264  I 
22396652 
2 2 406 040 
22415430 
22424820 
224342 I I 
22443602 
22452994 
7 


Verf. 
fine 


3286 

3287 
3288 
3289 
329c 

3291 
3292 

3293 

3294 

3295 
3296 

3297 
3298 

3299 
3300 

3301 
3302 

3303 
3304 
3305 
3306 

3307 
3308 

3309 
3310 
3311 
3312 

33^3 
3314 
3315 
3316 
3317 
3318 

3319 
3320 

3321 
3322 

3323 

3324 

3325 
3326 

3327 
3328 

3329 
3^30 


Seg. 

Verf. 

ate^ 

iine 

22471781 

3331 

22481175 

3332 

22490571 

3333 

22499966 

3334 

22509363 

3335 

22518761 

3336 

22528159 

3337 

22537557 

3338 

22546957 

3339 

22556357 

3340 

22565758 

3341 

22575160 

3342 

22584562 

3343 

22593966 

3344 

22603370 

3345 

22612774 

3346 

22622179 

3347 

22631586 

3348 

22640992 

3349 

22650400 

3350 

22659808 

3351 

22669217 

3352 

22678627 

?353 

22688037 

3354 

22697448 

3355 

22 7 06860 

335^ 

22716273 

3357 

22725686 

3358 

^2735100 

3359 

22744514 

3360 

22753930 

3361 

22763346 

3362 

22772763 

3363 

22782180 

3364 

22791599 

3365 

22801018 

3366 

22810437 

3367 

22819858 

3368 

22829279 

3369 

22838701 

3370 

22848123 

•3371 

22857546 

3372 

22866970 

3373 

228^6395 
22985820 

3374 

3375 

2289524 

22904673 

22914101 

22923529 
22932958 
22942388 
22951818 
22961249 
22970681 

22980II3 
22989546 

22998980 

23008^15 

23oi7oj:o 
23027206 
23036722 
23046160 
23055598 
23065037 

23074476 
23083916 

23093357 
23102799 

23112241 

23121684 

23131128 

23140572 

23150017 

23150463 

23 168909 

23178356 

23187804 

23197253 
23206702 

23216152 

23225602 

23235^54 
23244505 
23253958 
23263411 
23272866 
23282320 
23291776 
23301232 
23310689 


CIRCULAR     SEGli^EKTS. 


4$t 


■tevi 


Verf. 
line 

"337^ 
3377 
"3378 

3379 
33«o 
3381 

33^2 

33^3 

3384 

338s 
3386 

3387 
3388 

3389 
3390 

3391 

3392 

3393 

3394 

339S 

3396 

3397 

3398 

5399 
3400 

3401 

3402 

3403 

3404 

3405 
3406 

34<^7 
3408 

34C9 

34i<> 

341 1 
3412 

34^3 

3414 

34^? 
3416 

34n 

34x8 

3419 
3420 


Seg. 
area 


23320146 
23329604 

23339063 

23348523 

23357983 

23367444 
233769c,- 

23386368 

23395831 
23405294 

234H759 
23424224 

23433689 
23443156 

23452623 

23462090 

^3471559 
23481028 

23490498 
23499968 

23509439 
23518911 

23528384 
23537857 

23547331 
23556805 

23566280 
^3575756 

23585233 
215947  »o 
23604188 
23613666 
23623146 
23632626 
23642106 
23651587 
23661069 
23670552 
23680035 
23689519 
2  3699004 
'123708489 
23717975 
23727461 

23736949 


Verf. 
fine 


3421 
3422 

3423 
3424 

3425 
3426 

3427 
3428 

3429 
3430 

3431 
3432 

3433 
3434 
3435 
.3436 
3437 
3438 

3439 
3440 

3441 
3442 

3443 

3444 

3445 

3446 

3447 
3448 

3449 
3450 

3451 

345^ 

3453 

3454 

3455 

3456 

3457 

3458 

34*^9 
3460 

3461 
3462 

3463 
3464 
3465 


Seg. 
area 


23746437 

23755925 
23765414 

23774904 

23784395 
23793886 

23803378 

23812871 

23822364 

23831858 

23841352 

23850848 

23860343 

23869840 

23879337 
23888835 

23898334 

23907833 

23917333 
23926833 

23936334 
23945836 

23955339 
23964842 

23974345 
23983850 

23993355 
24002861 

24012367 

24021874 

24031382 

24040890 

24050399 

24059909 
24069419 

240T8930 

24088442 

24097954 
24107467 

24116980 

24126494 

24136009 

24145525 


Verf. 
fine 


3466 
3467 

3468 
3469 

3470 

3471 
3472 

3473 
3474 
3475 
3476 

3477 
3478- 

3479 
3480 

3481 
3482 

3483 
3484 

3485 
3486 

3487 
3488 

3489 
3490 

3491 

3492 

3493 

3494 

3495 

3496 

3497 

3498 

3499 
3500 

3501 
3502 

3503 

3504 

3505 
3506 

3507 
3508 
^509 
'3510 


Seg. 
area 


24174075 

24183593 
24193112 

24202631 

24212151 

24221672 

24231193 

24240715 

24250238 

24259761 

24269285 

24278809 

24288334 

24297860 

24307386 

24316913 

24326441 

24335969 
24345498 
24355028 
24364558 
24374089 
24383621 

24393153 
24402685 

24412219 

24421753 
24431288 

24440823 

24450359 

24459895 
24469432 

24478970 

24488509 

24498048 

24507588 

24517128 

7:4529669 

24536210 

24545753 

24555295 
24564839 

24574383  I 
2458392S  I 

245Q^433  I 


6gz 


TABLE      OP 


3S>' 

24603019 

3556 

2503322, 

3601 

25464656 

3i>2 

h6i2s66 

3557 

25042801 

3602 

25474257 

3i"3 

!46izii3 

3558 

25052376 

3603 

25483858 

3!H 

!463i66i 

3559 

1506195, 

3604 

25493460 

3S>i 

24641200 
14650758 

3560 

250,152, 

3605 

15503063 

351b 

3561 

2508, 104 

3606 

25511666 

3S>7 

24660308 

3562 

25090681 

360, 

255221,0 

3!'« 

2,669858 

35'3 

25100259 

3608 

25531874 

3S'9 

24679409 

3564 

15109837 

3609 

25541479 

3S'o 

2,688,6. 

3S5S 

15119416 

j6,o 

2555108; 

3S" 

24698513 

3566 

25128996 

3611 

25560691 

3S" 

2,708066 

35«7 

251385,6 

36,1 

25570197 

3;>3 

24717619 

3568 

25148157 

36,3 

25579905 

3!'4 

247«7i73 

3569 

25,5,738 

3614 

1558951. 

3S2i 

24731728 

3570 

1516,320 

36,5 

25599121 

3(26 

247>/283 

iS7i 

15176903 

36,6 

25608730 

3!!7 

24755839 

357« 

25186486 

361, 

15618339 

li'» 

24765396 

3573 

15196070 

36,8 

25617950 

35^9 

24774953 

3574 

15105654 

3619 

25637560 

3S30 

24784511 

3575 

25115139 

3620 

25647171 

353" 

24794069 
14803628 

3576 

25224814 

361. 

15656,83 

3!3' 

3577 
3578 

15134411 

j6.2 

.5666396 

3533 

248,3,87 

25243997 
25»53i85 

3623 

25676009 

JS34 

24822,48 

3579 

3624 

256856ZZ 

3!3! 

24832308 

3580 

25163173 

3625 

15695237 

3!3' 

2484,8,0 

3sBr 

252,2761 
25262350 

3626 

25704851 

3537 

24851432 

3582 

fi 

25714467 

3S36 

24860995 

3583 

25291940 

15,2408a 

3S39 

248,0558 

3584 

25301530 

362, 

25733699 

3S<0 

24880122 

3585 

253m2, 

3630 

25J43316 

3!<I 

248S96S6 

3586 

25320713 

3631 

25752933 

3S4! 

24899251 
2490S817 

l^d 

25330105 
25339898 

3631 

25761552 

3S43 

3'33 

15772170 

3S44 

24918383 

3589 

25349491 

3'34 

25781,90 

3S4S 

24927950 

3590 

25359085 
25368679 

3^35 

25791410 
25801030 

3!4' 

24937518 

3591 

3636 

3147 

24947086      3592 

15378174 

3637 

258,0651 

3«8 

24956655 

3593 

25387870 

3638 

158102,2 

iiff 

14966224 

3594 

15397466 

3639 

15S1989S 

3SSO 

2498536? 

3595 

1540,063 

3640 

25839517 

3SS1 

359S 

25416660 

3641 

15849141 
25858,64 

3(5! 

24994936 

3597 

25426258 

3641 

3SS3 

25004508 

3598 

'54J5857 

3643 

25868389 

3!S4 

250140S0 

3599 

25445456 

3'i44 

25878014 
I58i,6j, 

.,?;» 

25023653      sbod 

2545505! 

364? 

CIRCITLAR    SEGMENTS. 


693 


Vcrf, 
fine 

3646 

3647 
364S 

3649 

3650 

3651 
3652 

3653 

3654 
365J 
3656 

3657 
36s'8 

3659 
3660 

3661 

3662 

3663 

3664 

3665 

3666 

3667 

3668 

3669 

3670 

3671 

367a 

3673 

3674 

3675 
3676 

3677 
3678 

3679 
3680 

3681 

3682 

3683 

3684 

3685 
3686 
3687 
3688 
3689 
3^90 


Scg. 
area 


25897265 
25906892 
25916519 

25926147 

25945404 

259s 5034 
25964604 

«5974?94 
25983925 

2J993557 
26003189 

26012822 
26022455 
26032089 
26041724 
26051359 
26000994 
26070630 
26080267 
26089904 
26099542 
26109180 
26118819 
26128459 
26138099 
26147739 
26157381 
26167022 
26176664 
26186307 
26195950 
26205594 
26215239 
26224884 
26234529 
26244175 
26253822 
26263469 
26273117 
26282765 
26292414 
26302063 
26311713 
26321363 


Vcrf. 
fine 


3691 
3692 

3693 
3694 
3695 
3696 

3'^97 
3698 

3699 

3700 

3701 

3702 

3703 

3704 

37O) 
3706 

3707 

3708 

3709 

3710 

37*1 
37*2 
3713 
3714 
371J 
3716 

3717 
3718 

3719 
3720 

3721 

3722 

3723 

3724 

3725 
3726 

3727 
3728 

3729 
3730 

3731 
3732 

3733 
3734 
^73? 


Scg. 
area 


2633101A 
26340666 
26350318 
26359970 
26369623 
26379277 
26383931 
26398^86 
26408241 
26417897 
26427553 
26437210 
26446868 
26456526 
26466184 
26475843 
26485503 
26495163 
26504824 

26514485 
26524147 
26533809 

26543472 
26553135 

26562799 

26572463 

26582128 

26591793 

26601459 

26611125 

26620792 

26630460 

26640128 

26649796 

26699465 

26669135 

2667880s 

26688476 

26698147 

26707818 

26717491 

26727x64 

26736838 

26746511 

26756186 


ys 


Vcrf.    Scg. 
fine .    area 

3736  26765861 

3737  26775536 

3738  26785212 

3739  26794889 

3740  26804566 

374*  26814243 

3742  26823921 

3743  26833601 

3744  26843280 

3745  26852960 

3746  26862640 

3747  26872320 

3748  26!i9200I 

3749  26891683 

3750  26901365 

3751  26911048 

3752  26920731 

3753  26930415 

3754  26940009 

3755  26949784 

3756  26959469 

3757  26969155 

3758  26978841 

3759  26988528 

3760  26998216 

3761  270079CI 

3762  27017592 

3763  27027281 

3764  27036970 

3765  27046660 

3766  27056350 

3767  27066041 

3768  27075733 

3769  27085425 

3770  27095117 

3771  27104810 

3772  27114503 

3773  27124198 

3774  27133892 

3775  27143587 

3776  2715328a 

3777  27162978 

3778  27x72675  I 

3779  [  27182372  I 

3780  I  27192069  \ 

■  V   I  mm^Hf^ 


i^^n^^m 


694 


TABLE      OP 


Vcif. 

Seg. 

Verf. 

Scg. 

Verf. 

Seg. 

fine 

area 

fine 

area 

fine 

area 

3781 

27201767 

3826 

27638691 

3871 

280';  6594 

3782 

27211466 

3827 

27648412 

3872 

28086336 

3783 

27221165 

3828 

27658133 

3873 

28096078 

3784 

27230864 

3829 

27667855 

3874 

28105821 

3785 

27240565 

3830 

27677577 

3875 

28115564 

1 

3786 

27250265 

3831 

27687300 

3876 

28125308 

.3787 

27259966 

3832 

17697023 

3877 

28135052 

. 

3788 

27269668 

3833 

27706746 

3878 

28144797 

3789 

27279370 

3834 

27716470 

^^Z^ 

28154542 

1 

3790 

27289072 

3835 

27726195 

3880 

28164288 

3791 

27298775 

3836 

27735920 

3881 

28174034 

3792 

27308479 

3837 

27745645 

3882 

28l8;78l. 

379S 

27318183 

3838 

27755371 ' 

3883 

28193528 

•3794 

27327887 

3839 

27765098 

3884 

28203275 

♦3795 

27337592 

3840 

27774825 

3885 

28213023 

3796 

27347298 

3841 

27784352 

3886 

28222772 

3797 

273570P4 

3842 

27794280 

3882 

3888 

28232520 

3798 

27366710 

3843 

27804008 

28242270 

3799 

2737^417 

3844 

27813737 

3889 

28252019 

3800  1  27386125  1 

3845 

27823466 

3890 

28261770 

3801 

27395833 

3846 

27833196 

3891 

28271520 

f 

.3^02 

274^554* 

3847 

27842926 

3892 

28281272 

1 

3803 

27415259 

3848 

27852657 

3893 

28291023 

3804 

274U959 

3849 

27862388 

3894 

^8300775 

3805 

27434669 

3850 

27872120 

3895 

28310528 

♦1 
ll 

3806 

27444380 

3851 

2788J852 

3896 

28320281 

ff 

r 

^3807 

27454091 

3852 

27891585 

3897 

28330034 

i 

3808 

27463802 

3853 

27901318 

3898 

28339788 

\ 

3809 

27473514 

3854 

27911051 

3899 

^8349342 

1 

3810 

27483226 

3855 

27920785 

3900 

28359297 

3811 

27492939 

3856 

27930520 

390' 

28369052 

3812 

27502653 

3857 

27940255 

3902 

28378808 

3813 

27512367 

3858 

27949990 

3903 

28388564 

3814 

27522081 

3859 

27959726 

3904 

28398321 

3815 

27531.796 

3860 

27969463 

3905 

28408078 

■ 

3816 

27541511 

3861 

27979199 

3906 

28417835 

?8i7 

27551227 

3862 

27988937 

3907 

28427593 

3818 

27560943 

3?^3 

27998675 

3908 

28437351 

1 

3819 

27570660 

3S64 

28008413 

3909 

28447110 

3820 

27580377 

3865 

28018152 

39'0 

28456870 

3821 

27590095 

3866 

28027891 

391 1 

28466629 

3822 

27599813 

3867 

J!  803  7630 

3912 

28476389 

i«^3 

27609532 

3868 

28047370 

39'3 

28486/50 

3824 

27619251   3869  1 

2805711 I 

3914  28495911 

1 

3825  27628971  (  3870  1  280668^2  ll 

3915  |^8co567^ 

1 

CIRCULAR,    SEGMENTS. 


^9S 


Verf. 
fine 

•  Seg. 
area 

Verf. 
:  fine 

Seg. 
area 

Verf. 
'  fine 

Seg. 

area  , 

i 

3916 

28515435 

3961 

28955175 

4006 

29395776 

\ 

3917 

28525197 

3962 

28964957 

4007 

29405576 

39*8 

28534960 

3963 

28974739 

4008 

29415378 

3919 

28544723 

3964 

28984522 

•4009 

29425179 

3920 

28554487 

3966 

28994*05 

4010 

29434981 

' 

392* 

28564251 

29004089 

401 1 

29444783 

3922 

28574015 

3967 

29013873 

4012 

29454585 

3923 

28583781 

39^8 

29023657 

4013 

29464388 

3924 

28593546 

3969 

29033442 

4014 

29474192 

3925 

28603312 

3970 

29043228 

4015 

29483996 

M 

3926 

28613078 

397* 

29053013 

4016 

29493800 

W 

^927 

^862284 5 

3972 

29062799 

4017 

29503605 

3928 

28632612 

3973 

29072586  D  4018 

29513410 

3929 

28642380 

3974 

29P82373 

4019 

29523215 

3930 

28652148 

3975 

29092160 

4020 

295.33021 

3931 

28661917 

397^ 

29I01948 

4021 

29542827 

393a 

28671686 

3977 

29111736 

4022 

29552634 

3933 

28681455 

3978 

29I21525 

4^23 

29562441 

t 

t 

3934 

28691225 

3979 

29131314 

4C24 

29572248 

4 

3935 

28700995 

3980  29141 104  1 

4025 

29582056 

t 

3936 

28710766 

3981 

291 50894 

4026 

29591864, 

3937 

28720537 

3982 

29160684 

4027 

29601623 
29611482 

3938 

28730309 

398^ 

29170475 

4028 

3959 

28740081 

3984 

291 80266 

4029 

29621291 

3940 

28749853 

39^1 

29190057 

4030 

29631101 

3941 

28759626 

3986 

29199849 

4031 

29640911 

• 

3942 

28769400 

3987 

29209642 

4032 

29650722 

. 

3943 

28779173 

3988 

29219435 

4033 

29660533 

3944 

28788948 ' 

3989 

29229228. 

4034 

29670344 

3^45 

28798722 

3990 

29239022 

4035 

29680156 

394^ 

28808497 

399> 

29248816 

4036 

29689968 

3947 

28818273 

3992 

29258610 

4037 

29699781 

1 

3948 

28828049 

3993 

29268405 

4038 

29709594 

1 

3949 

28837825 

3994 

29278200 

4039 

29719407 

3950 

28847602 

,3995 

29287996 

4040 

29729221 

395 1 

28857379 

2996 

29297792 

4041 

29739035 

3952 

28867157 

3997 

29307589 

4042 

29748850 

' 

3953 

28876935 

3998 

29317386 

4043 

29758665 

I. 

3954 

28886713 

3999 

29327183 

4044 

29768480 

3955 

28896492 

4000 

29336981 

4045 

29778296 

'                     i 

395^ 

28906272 

4001 

29346779 

4046 

29788112 

* 

3957 

28916051 

4002 

293565''7 

4047 

29797928 

\ 

1 

3958 

28925832 

4003 

29366376 

4048 

29807745 

\ 

3959 

28935612 

4004 

29376176 

4049 

29817562 

i 

3q6o 

28945393 

4005 

2938597^ 

40^0, 

29827380 

1 

ry  4 

6^6^ 


T  A  ■  L  E      O  t 


V«£ 

See- 

Vcrf. 

&B. 

Verf. 

fs 

ine 
4051 

area 

fine 

area 

fine 

29837198 

4096 

JO2-940J 

4J41 

50722353 

40  J  a 

39847017 

4097 

30289139 

4'4' 

30732205 

4<'S3 

2985683s 

4098 

3029907s 

4>43 

30742057 

4054 

29866655 

4099 

3030S911 

+■44 

30751909 

40s  S 

29876474 

4100 

30318747 

4H! 

30761761 

4056 

29886194 

4101 

30328584 

4146 

30771614 

40(7 

298961 14 

410Z 

30338421 

4>47 

30781467 

40s » 

29905935 

4103 

303482,-9 

4148 

30791321 

4059 

29915756 

4104 

303S8097 

4'49 

3080117s 

4e6o 

19925578 

4105 

3036793! 

4150 

3' 

4061 

29935400 

4106 

3«377774 

4"S> 

3< 

4062 

29945222 

4107 

30387613 

t'S' 

3' 

4063 

299 S 5045 

4!o8 

30397452 

4>SJ 

J<        -- 

406+ 

29964868 

4J09 

30407292 

4>S4 

30850450 

406  s 

29974691 
29984515 

41 10 

30417132 

4>!S 

30860306 

4066 

4111 

30426973 

4156 

30B70162 

4067 

^994339 

41IZ 

30436813 

4'i7 

'°ti°2'3 

4068 

30004164 

4>»3 

3044665s 

4158 

308S9876 

4<^9 

300,3988 

4114 

304(6496 

4-«S9 

30899733 

4070 

30023814 

4MS 

30466338 

4160 

3090959" 

4071 

30033639 

4116 

30476180 

4161 

30919449 

407* 

30043466 

4117 

30486023 

4^2 

30929307 

4073- 

30053292 

4118 

30495866 

4163 

30939166 

4074' 

30063 1 19 

4119 

30505709 

4.64 

30958884 

407s 

J0072946 
30081774 

4120 

30515SS3 

4165 

4076 

4J21 

30525397 

4166 

30968744 

■4077 
4078 

30092602 

4122 

30535242 

4.6; 

30978604 

30107430 

4«3 

30545086 

4168 

3098846s 

4079 
4080 

30112259 
30122088 

4124 

30554932 

4169 

3099832s 

4J25 

30564777 

4170 

31008186 

.408, 

301319T7 

4K6 

30574623 

4171 

31018048 

4082 

30141747 

4127 

30584469 

4172 

31087910 

4083 

30'S'577 

4kS 

■30594316 

4'73 

31037772 

4084 

301 6 1408 

4129 

30604163 

4174 

31047634 

408  J 

30171239 

4130 

30614010 

4'75 

3'0S7497 

4086 

30181070 

H3« 

30623858 

4176 

31067360 

4087 

30190902 

4.132 

30633706 

4177 

31077223 

.40S8 

30200734 

4133 

30643554 

4178 

31087087 

4089 

30210566 

4134 

30653403 

4"79 

31096951 

4090 

30220399 

4"3S 

30663252 

4180 

31106816 

4091 

30230232 

4136 

30673101 

4.8, 

31226681 

4092 

30240066 

4' 37 

413$ 

30682951 
30692801 

4182 

31126546 

.4093 

30249899 

4183 

31136411 

4094 

30259734 

4139 

30702651 

4.84 

31146277 

±2i. 

3026y.6S 

4140 

30712502 

4185 

3115614, 

CIRCULAR   SBOMRKTSf 


£yf 


Verf. 

Seg. 

Verf. 

Seg. 

Verf.   ,  Seg. 

fine 

area 

fine 
4231 

area 

fine    area 

41 R6 

31106009 

31610334 

4276  320552^9 

4187 

31175876 

4232 

31620215 

4277  j  32065183 

4188 

3118^43 

4233 

31630096 

4278 

32075078 

4189 

3119^611 

4234 

J1639978 

4279 

32084974 

4190 

31205478 

4235 

31649860 

4280 

32094869 

4191 

3121^-346 

423^ 

31659743 

4281 

32104765 

4192 

3122521$ 

4^37 

31669625 

4282 

32 11466 I 

4193 

31235084 

4238 

31679509 

4283 

32124558 

4194 

31244953 

4239 

31689392 

4284 

32134455 

4195 

31254822 

4240 

31699276 

4285 

32144352 

4196 

31264692 

4241 

31709159 

4286 

32154249 

4197 

31274562 

4242 

31719044 

4287 

32164147 

4198 

31284482 

4243 

31728928 

4288 

32174045 

4199 

31294303 

4244 

31738813 

4289 

32183943 

4200 

3i304»74 

4245 

3^748698 

4290 

32193842 

4201 

31314045 

4246 

3»758584 

4291 

32203740V 

4202 

313^3917 

4247 

31768470 

4292 

32213640 

4203 

313337S9 

4248 

31778356 

4293 

32223539 

4204 

31343661 

4249 

31788242 

4294 

32233439 

4205 

3I353S34 

4250  J 

31798129 

4295 

32243339 

4206 

31363407 

4251 

21808016 

4296 

32253239 

4207 

31373280 

4252 

31817903 

4297  . 

32263139 

4208 

313831S3 

4253 

31827791 

4298 

32273040 
32282Q41 

4209 

3i393<i27 

4254 

31837679 

4299 

4210 

3i4029')2 

4255 

31847567 

4300 

32292843 

4211 

3141277^ 

4256 

3185745s 

4301 

32302744 

4212 

3142265 1 

4257 

31867344 

4302 

32312646 

4213 

31432526 

4258 

31877233 

4303 

32322548 

4214 

31442402 

4259 

31887123 

4304 

32332451 

4215 

31452278 

4260 

31897013 

4305 

32342354 

4216 

31462154 

4261 

31906903 

4306 

32352257 

421-7 
4218 

31472030 

4262 

31916793 

4307 

32 362 J 60 

31481907 

4263 

31926684 

4308 

32372064 

4219 

31491784 

4264 

3*936574 

4309 

32381968 

4220 

31501661 

4265 

31946466 

4310 

32391872 

4221 

3>5ii539 

4266 

3'9»6357 

4311 

32401776 

4222 

31521417 

4267 

31966249 

4312 

32411681 

4223 

31531296 

4268 

31976141 

4313 

32421586 

4224 

31541174 

4269 

31986033 

43  H 

32431491 

4225 

JIJ51053 

4270 

31995926 

43'S 

3244*397 

4226 

31560033 

4271 

32005819 

4316 

32451303 

4227 

31570812 

4272 

32015712 

43«7 

32461209 

4228 

31580692 

4273 

32025606 

4318 

3247U15 

4229 

31590572 

4274 

32035500 

4319 

32481022 

4230 

31600453 

4275 

J204^'394  II4320  1 

32490^29  \ 

69S 


A      TABLX      OF 


Verf. 
iine 

4321 

4322 

433^3 

4324 

4325 
4326 

4327 
4328 

4329 
4330 
4331 
4332 

4333 
4334 

433  > 
4336 

4337 

4338 

4339 
4340 

434» 

4342 

4343 

434  + 

4345 
4346 

4347 
4348 

4349 

.4350 

435' 
43S2 

4353 
4354 

4355 
4356 

4357 
4358 

4359 
4360 

4361 

4362 

4363 
43^4 


Scg. 
area 

325CX3836 

32510744 
3292065  I 

32530559 
3294046S 

32550376 
32^60285 

32^0194 
32580104 
32590013 

32599923 
32609834 

32619744 

32629655 

32639566 

32649477 

$2659389 

32669301 

32679213 

32689125 

32699038 

32708951 
32718864 

32728777 

32738691 

32748609 

32758529 
32768434 

32778348 

32788263 

32798179 

32808094 

32818010 

32827926 

32837842 

32847799 
32857676 

32867593 
32877510 

32887428 

32897346 

32907264 

32917182 

32927101 

329^7020  1 


Vcrf. 
fine 


Scg, 
area 

32946939 
329^6858 
32966778 
32976698 
32986618 
32996538 
33006499 
33016380 
33026301 
33036223 
33046144 
33056066 
33065988 

330759^ 

33085834 

33095757 
33105680 

33 1 1 5603 

33125527 

33135451 

33H5375 

33*55299 
33165224 

33175M9 
33185074 

33195000 

33204925 
33214851 

33224777 

33234704 
33244630 

33254557 
33264484 

33274412 

33284339 
33294267 

33304195 
i33i4»24 

333240^2 
33333981 
333439»o 

333 > 3840 

35363769 

33373699 
^3^8^629 


Verf.    Scg-. 
fine     area 

441 I  33393559 

4411  33403490 

4413  334>342o 

44H  33423351 

4415  33433282 

44'6  33443214 

4417  33453H^ 

4418  33463078 

4419  35473010 

4420  3348294^ 

4421  33492875 

4422  33502807 

4423  33512741 

4424  33522674 

4425  33532607 

4426  33542541 

4427  33552475 

4428  33562409 

4429  33572344 

4430  33552279 
443*  33592213 

4432  33602149 

4433  33612084 

4434  33622020 

4435  336)19^5 

4436  33641892 

4437  336? 1828 

4438  33661764 

4439  .  3367 » 70 1 

4440  33681638 

4441  3369'575 

4442  337015 «3 

4443  3371 H50 

4444  33721388 

4445  33731326 

4446  33741265 

4447  33751203 

4448  33761142 

4449  3377108 1 

4450  33781020 

4451  33790959 

4452  33800899 

4453  33810839 

4454  33820779 
44<^^  I  33830719 


CIRCULAK^    SEGMENTS.      . 


6gf 


Vcrf.    Seg, 

VerC 

Seg. 

Verf, 

Seg. 

fine    area 

fine 

area 

fine 

area 

4456 

33840660 

4501 

34288204 

4546 

34736154 

4457 

33850601 

4502 

34298154 

4547 

347461 13 

4458 

33860542 

4503 

34308105 

4548 

34756072 

4459 

33870483 

4504 

343x8055 

4549 

34766031 

4460 

33S80424 

4505 

34328006 

4550 

34775991  • 

4461 

33890366 

4506 

34337957 

4551 

34785950 

4462 

33900308 

4507 

34347908 

4552 

34795910 

4463 

339io25;o 

4508 

34357859 

4553 

34805870 

4464 

33920192 

4509 

34367811 

45  54 

34815830 

4465 

33930134 

45 10 

34377763 

4555 

34825790 

4466 

33940077 

45I1 

34387715 

4556 

34835750  • 

4467 

33950020 

45 12 

34397667 

4557 

3484571 1 

4468 

33959963 

45^3 

34407619 

4558 

34855672 

4469 

33969907 

45H 

34417572 

4559 

34865633 

.4470 

33979850 

45»5 

34427525 

4560 

34875594 

4471 

3398979^ 

45 '6 

34437478 

4561 

34885555 

4472 

33999738 

45*7 

34447431 

4562 

34895516 

4473 

34009682 

4518 

34457384 

4563 

34905478 

4474 

34019626 

45»9 

34467338 

4564 

34915440 

4475 

34029571 

4520 

34477291 

4565 

34925402 

4476 

34039516 

4521 

34487245 

4566 

34935364 

4477 

34049461 

45" 

34497199 

^^^J 

34945326 

4478 

34059406  1  4523 

34507154 

4568 

34955289 

4479 

34069352 

4524 

34517108 

4569 

34965252 

44H0 

34079297 

4525 

34927063 

4570 

34975215 

4481 

34089243 

4526 

34537018 

.4571 

.34985178 

4482 

34099189 

45^7 

34546973 

4572 

34995141 

4483 

34109136 

4528 

34556928 

4573 

35005104 

4484 

341 19082 

4529" 

34566H83 

4574 

3 50 1 5068 

4485 

34129029 

4530 

34576839 
34586795 

4575 

35025031 

4486 

34138976 

4531 

4576 

35034995 

4487 

34148923 

453- 

34596751 

4577 

35044959 

4488 

34158870 

4533 

34606707 

4578 

35054924 

4489 

3416S818 

4534 

34616663 

4579 

35064888 

4490 

34178765 

4535 

34626620 

4580 

350748^3 

4491 

34188713 

4536 

34636577 

4581 

35084817 

4492 

34198662 

4537 

34646534 

4582 

35094782 

4493 

34208610 

4538 

34656491 

4583 

35^04747 

4494 

34218558 

4539 

34666448 

4584 

35114713 

449^ 

34228507 

4540 

34676406 

4585 

35124678 

4496 

34238456 

4541 

34686363 

4586 

35134644 

4497 

34248405 

4542 

34696321 

4587 

35144609 

4498 

34258355 

!  4543 

34706279 

4588 

35154575  1 

4499 

34268304 

4544 

34716237 

4589 

35164541  1 

4500  . 

342782,-4 

1  4^45 

34726iq6 

•4590 

35i74^o8j 

foo 


T  A  K  L  E      or 


i.Vferf. 
fine 
I 

459* 

4S9* 

4593 

4594 

459-5 

4596 

14^597 

4^9^ 

4599 
4600 

4601 

460Z 

4605 

,4^4 

•4606 
46ojr 
4608 
4609 

461a 
4611 
4612 

4613 
4614 

4611; 

4616 

4617 
4618 
4619 

4620 
4621 
4622 

4625 
4624 
4625 

4626 

4627 

4628 

4629 
4630 
463! 
4632 

4633 

4<^34 

4^^> 


Seg. 
area 


35i«4474 

35 1 94441 
35.204407 

3.5214374 
35224341 
35234308 
35244276 

35254^45 
35264211 

35274*79 

35284147 

35294115 
353040S4 

35314052 
35324021 

3533J990 
35345958 
35353928 

35363S97 
,35373866 

3538383^ 
35393806 

35403776 

35413746 
35423716 

3543J686 

35443657 
35453628 

35463598 
35473569 

3548354' 
35493512 

35>03483 

35513455 

35523427 

35533399 

35543371 

35553343 

355633^5 
35573^88 

35583260 

35593233 
3>6o32o6 

3S613179 
35623F^3 


Vcrf. 
fine 


4636 

4637 
4638 

4639 
4640 

4641 

4642 

4643 

4644 

4645 
4646 

4647 

4648 

4649 
4650 
4651 
4652 

4653 
4654 
4655 
4656 

4657 
4658 
4659 
4660 
4661 
4662 
4663 
4664 
4665 
4666 
4667 
4668 
4669' 

4670 
4671 

4672 

4673 

4674 

4675 
4676 

4677 
4678 

46-'9 
4680 


Seg. 
area 


35633126 
35643099 

35653073 
35663047 

35673021 

55682995 

35692969 

35702944 

35712.9.18 

S5  7  22.895 

S5732fi68 

35742843 
35752.818 

35762793 
35772769 
35782744^ 
I-  357927^0 
35802696 
35812672 
35822648 
35832624 
35842600 

35852577 
35862553 

35872530 
35882507 

35892484 
35902461 

359^2439 
35922416 

35932394 
35942372 

35952349 
35962327 

35972306 

35982284 

35992162 

36002241 

36012219 

36022198 

36032177 

36042156 

360^-2135 

360621 15 

36072094 


4681 
4682 
4683 
4684 
4685 
4686 

46^7 
4688 

4689 
4690 
4691 
4692 

4693 
4694 

4695 

4696 

4697 
4698 

4699 

4700 

4701 

4702 

4703 
4704 

4705 
4706 

4707 
4708 

4709 
4710 

47«i 
4712 

47  »3 

47  H 

47' 5 
4716 

47^7 
4718 

47 '9 
4720 

4721 

4722 

4723 
4724 

4*725 


36082074 

36092053 

36102033 

36112013 

36121993 

361 3 1973 

36141954 

561 5  1 934. 

36161915 

36171895 

36181876 

36i9r857 

36201838 

36211820 

36221801 

36231783 

36241764 

36251746 

3626 172& 

36271710 

36281691 

36291673 

36301656 

36311638 

3632x621 

36331603 

36341586 

363  5  »  5^9- 
3636155Z 

3637153s 
36381518 

36391501 

36401485 

3641 1469 

36421452 

3643*436 

36441420 

3645  X404 
36461388 
36471372 

364^1357 

36491 34 « 
36501326 

36511310 

3652120^ 


CIRCULAR    SEGMENTS. 


7ot 


iine 


m 


rra: 

iine 


Seg. 
area 


/: 


4726 

4727 
4728 

4729 

4730 
47JI 
47S2 
4733 
4734 
473s 

4736 
4737 
4738 
4739 
4740 

474^ 
4742 

4743 
4744 
4745 
4746 
4747 
4748 

4749 
47  JO 
4751 
4752 
4753 
4754 

4755 
4756 

475 

475 

4759 

4760 

4761 

4762' 

4763 
4764 

4766 

4767 
4768 

4769, 
4770 


36531280 
36541265 
36551250 
36561236 
36571221 
36581206 
36591 192 
36601178 
36611163 
36621149 
3663 1 1 35 
36641 121 
36651108 
36661094 
36671080 
36601067 
36691053 
36701Q40 
36711027 
36721014 
36731001 
3674^988 
36750976 
36760963 
36770950 
36780938 
36790925 
36800913 
36810901 
368208S9 

36830877 
36840865 

36850853 

36860842 

36870830 

36S80819 

36890807 

36900796 

36910785 

36920774 

36930763 

3694075^ 
36950741 

36960730 

36970720 

^6980709 


Seg, 
area 


36990699 

37000688 

37010678 

3/ 020668 

37030658 

37040648 

37050638 

37060628 

37070618 

37080609 

37090599 

37100590 

37110580 

37120571 

37130562 

37H0553 
37150544 
37160535 
3717^526 

37 1805 1 7 
37190508 

37200500 
37210491 
37226483 
37230474 
37240466 
37250458 
37260450 
37270442 

37280434 
37290426 

37300418 

37310410 

37320403 

37330395 

37340387 
37350380 

37360373 

37370365 
37380358 

3739035' 
37400344 

37410337 

37420330 

37430324 

374403'? 


I 


4818 
4^19 
4820 
4821 
4822 

4«^3 
4824 

4825 
4826 
4827 
4828 
4829 
4830 
4831 
4832 
4833 
4834 

4835 
4836 

4837 
4838 

4839 
4840 

4«4i 

4842 

4843 

4844 

4^45 
4846 

4848 
4849 
4850 
4851 
4852 

4«53 
4854 

4855 
4856 

4857 
485a 

4859 
4860 

4861 

4862 

4863 


■i^ 


Seg. 
area 

37450310 

37460304 

3747029 

37480291 

37490284 

37500^78 

37510272 

37520266 

37550259 

37540253 

37550247 
37500242 

37570236 

37580230 

37590224 
37600219 
37610213 
37620208 

37630202 
37640197 
376501Q2 
37660186 
37670181 
37680176 
37690171 
37700166 
37710161 
37720156 
37730152 
37740147 
37750142 
37760138 

37770133 
37780129 

37790124 
37800120 
37810116 
37820111 
37830107 
37840103 
37850099 
37660095 
37870091 
37880087 
37890083 
37900080 


702 


TABLE       OF 


r 


Veri. 
ilne 

4864 
4865 
4866 
4867 
4868 
4869 
4870 
4871 
4672 

4873 
4874 

4876 

4877 
4878 

4879 
4880 

4881 
4882 

4883 
4884 
4885 
4886 

4887 
48S8 

4889 

4890 

4891 

4892 

4893 

4894 

4895 

4896 

4897 

4898 

4899 

4900 

490  J 

4902 

4903 

4904 

490  > 
4906 

4C07 

4908 

40 -»Q 


area 


37910076 
37920072 
37930069 
37940065 
37950062 
t^  796005  8 
^797005  5 
3 7980c 5 1 
37990048 
3  8000045 
3  B010042 
3  8020038 
38030035 
38040032 
3  8050029 
38060026 
3  8070023 
3  8080020 
38090018 
3.8100015 
3S110012 
38120010 
3  8 1 30007 
3  8140004 
3  8 1 50002 
38159999 
3  8169997 

3^^79994 
3  8189992 

3  8 1 99990 
I  3209988 


3  i2i<5985 
3  $229983 
3:5239981 
3:  {249979 
3    259977 

3  J269975 

3  12799:3 
3  1289971 
3: 1 2  99969 
3  5309967 

3  }i»9969 
3  3329963 

3"  S3  3996 1. 
3  8349960 

USiS22l2J 


Veil 
fine 

4910 
4911 
4912 

4913 
4914 

491 S 
4916 

4917 
4918 

49'9 
4920 

4921 

4922 

4923 
4924 

4925 
4926 

4927 

4928 

4929 

4930 

4931 

4932 

4933 

4934 

4935 
4936 

4937 
4938 

4939 
4940 

4941 

4942 

49+3 

4944 

4945 
4946 

4947 
4948 

4949 
4950 

4951 
4952 

4953 
4954 


area 


3^^369956 

38379955 
38389953 
38399952 
38409950 

38419949 
38429947 

38439946 
38449945 

38459943 
38469942 

38479941 
38489939 

38499938 

38509937 
38519936 

38529935 
38539934 
38549933 

38559932 
38569931 

S8 5 79930 
38589929 

38599928 
38609927 
38619926 
38629926 
38639925 
38649924 
38659923 
58669923 
38679922 
386S9921 
38699920 
38709920 
38719919 
58729919 

387399"8 
387499^8 

38759917 
38769917 

387799^6 

38789916 

38799915 
38^09915 

388iq9J4 


\ 


Veri. 
fine 


4956 

49)7 
4958 

4959 
4960 

4961 

4962 

4963 
4964 

4965 

4966 

4967 

4968 

4969 

4970 

497' 

4972 

4973 

4974 

4975 
4976 

4977 
4978 

4979 
4980 

4981 
4982 

4983 
4984 

4985 

4986 

4987 
4988 

4989 
4990 
4991 

4992 

4993 

4994 

4995. 

4990 

4997 
I  4998 

4999 
500a 


beg. 
'area 

38829914 

38839913 

38849913 

38S59913 

38869912 

38879912 

38889912 

38899912 

38909911 

38919911 

38929911 

38939911 

38949910 

38959910 

389699 JO 

38979910 

38989910 

38999909 

39009909 

390 I 9909 

39029909 

39039909 

39049909 

39059909 

39069909 

39079900 

3908990S 

39099908 

39109908 

39119908 

39129908 

3913Q908 

39149908 

39159908 

39169908 

39179908 

39189908 

39199908 

39209908 

39219908 

39229908 

39239908 

39249908 

39259908 

39269908 


CIRCULAR    SEGMENTS.  yoj 

In  the  preceding  table,  6ach  number  in  the  column 
of  fegments  is  the  area  of  the  circular  fegment, 
whofe  height,  or  verfed  ftne  of  its  half  arc,  is  the 
number  immediately  on  the  left  of  it,  the  diame- 
ter of  the  circle  being  i ,  and  the  whole  area  78539816; 
and  therefore  all  the  numbers  in  the  table  are  to  b^ 
accounted  decimals. 

This  table  is  here  extended  to  ten  times  the  length 
which  it  had  ufually  been,  the  diameter  being  divided 
into  ten  thoufand  equal  parts,  inftead  of  one  thoufand  : 
And  this  fize  of  it  alfo  allowed  me  to  carry  each. 
number  out  to  eight  places  of  figures,  inftead  of  fix  ; 
for  when  the  diametei;'  is  divided  only  into  one  thou- 
fand parts,  the  proportional  part  for  the  figures  in  the 
verfed  fine,  beyond  the-  third,  will  not  give  the  area, 
true  beyond  the  6th  figure ;  -  but  in  this  table  it  is 
always  found  true  in  the  8  th  place. 

Rule  the  9th  to  the  circular  fegment  in  page  14^ 
explains  the  ufe  of  it ;  to  which  it  may  be  only  necef^ 
fary  to  add  there,  when  a  fegment  greater  than  a, 
femicircle,  is  to  be  found,  fublradt  the  quotient  of  its 
verfed  fine,  divided  by  its  diameter,  from  i  ;  then 
fiibtraft  the  tabular iegment  which  correfponds  to  the 
remainder,  from  78539816,  the  whole  tabular  circle, 
and  the  remainder  will  be  the  tabular  circle  cor- 
refponding  to  the  fegment  required  ;  and  which  muft; 
then  be  multiplied  by  the  fquarc  of  the  diameter.  • 


s. 


